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Chapter 1

Introduction

The finite volume method is a discretization method which is well suited for the numerical simulation of
various types (elliptic, parabolic or hyperbolic, for instance) of conservation laws; it has been extensively
used in several engineering fields, such as fluid mechanics, heat and mass transfer or petroleum engineer-
ing. Some of the important features of the finite volume method are similar to those of the finite element
method, see ODEN [118]: it may be used on arbitrary geometries, using structured or unstructured
meshes, and it leads to robust schemes. An additional feature is the local conservativity of the numerical
fluxes, that is the numerical flux is conserved from one discretization cell to its neighbour. This last
feature makes the finite volume method quite attractive when modelling problems for which the flux is of
importance, such as in fluid mechanics, semi-conductor device simulation, heat and mass transfer. .. The
finite volume method is locally conservative because it is based on a “ balance” approach: a local balance
is written on each discretization cell which is often called “control volume”; by the divergence formula,
an integral formulation of the fluxes over the boundary of the control volume is then obtained. The fluxes
on the boundary are discretized with respect to the discrete unknowns.

Let us introduce the method more precisely on simple examples, and then give a description of the
discretization of general conservation laws.

1.1 Examples

Two basic examples can be used to introduce the finite volume method. They will be developed in details
in the following chapters.

Example 1.1 (Transport equation) Consider first the linear transport equation

{ uy(z,t) + div(vu)(z,t) = 0,z R%*telRy, (1.1)

u(x,0) = up(z), r € R?

where u; denotes the time derivative of u, v € C*(IR?,IR?), and ug € L®(IR?). Let 7 be a mesh of
IR? consisting of polygonal bounded convex subsets of IR? and let K € 7 be a “control volume”, that
is an element of the mesh 7. Integrating the first equation of (1.1) over K yields the following “balance
equation” over K:

/ ug(z, t)dx —|—/ v(z,t)  -ng(x)u(z, t)dy(z) =0,Vt € Ry, (1.2)
K K

where ng denotes the normal vector to 0K, outward to K. Let k € IR’ be a constant time discretization
step and let ¢, = nk, for n € IN. Writing equation (1.2) at time t,, n € IN and discretizing the time



partial derivative by the Euler explicit scheme suggests to find an approximation u(™) (z) of the solution
of (1.1) at time ¢, which satisfies the following semi-discretized equation:

1 w" ) (2) — ™ (2))dx v(z ng(2)u™ (z ) = n
7@ = @nie s [ vt mi@u @) 0 vm e NYE €T, (13

where dvy denotes the one-dimensional Lebesgue measure on 0K and u(®)(z) = u(z,0) = ug(z). We need
to define the discrete unknowns for the (finite volume) space discretization. We shall be concerned here
principally with the so-called “cell-centered” finite volume method in which each discrete unkwown is
associated with a control volume. Let (u%))KeTm@N denote the discrete unknowns. For K € 7, let £k
be the set of edges which are included in 0K, and for o C 0K, let ng , denote the unit normal to o

outward to K. The second integral in (1.3) may then be split as:

/ v(z,ty) - nK(x)U(n) (x)dy(x) = Z v(z, ty) - nKﬁu(") (2)dv(z); (1.4)
0K e
for o C 0K, let

U%L)a = / v(z, ty)ng o (z)dy(z).

Each term of the sum in the right-hand-side of (1.4) is then discretized as

F vitpuge if Uity >0, (1.5)
Ko v%t)au(Ln) if U%)a <0,

where L denotes the neighbouring control volume to K with common edge o. This “upstream” or
“upwind” choice is classical for transport equations; it may be seen, from the mechanical point of view,
as the choice of the “upstream information” with respect to the location of ¢. This choice is crucial in
the mathematical analysis; it ensures the stability properties of the finite volume scheme (see chapters 5
and 6). We have therefore derived the following finite volume scheme for the discretization of (1.1):

m(K)
k

u(lg) :/ uo(z)dz,
K

(U%H) B uf,?)) i Z Fl(("i, =0,VK € T,Vn € IN,
cEEK (16)

where m(K) denotes the measure of the control volume K and F I((n()r is defined in (1.5). This scheme
is locally conservative in the sense that if o is a common edge to the control volumes K and L, then
Fr,o = —F ,. This property is important in several application fields; it will later be shown to be a key
ingredient in the mathematical proof of convergence. Similar schemes for the discretization of linear or
nonlinear hyperbolic equations will be studied in chapters 5 and 6.

Example 1.2 (Stationary diffusion equation) Consider the basic diffusion equation

{ —Au = f on Q=]0,1[x]0, 1],

u =0 on 0f). (1.7)

Let 7 be a rectangular mesh. Let us integrate the first equation of (1.7) over a control volume K of the
mesh; with the same notations as in the previous example, this yields:

Z —Vu(x)  ng.dy(z) = /K f(x)dx. (1.8)

oelk g



For each control volume K € 7, let xx be the center of K. Let o be the common edge between the
control volumes K and L. One way to approximate the flux — [ Vu(z) - ng ,dy(z) (although clearly
not the only one), is to use a centered finite difference approximation:

Fro = —md(”) (ur, — ug), (1.9)

where (ug)rger are the discrete unknowns and d, is the distance between xyx and xj. This finite
difference approximation of the first order derivative Vu - n on the edges of the mesh (where n denotes
the unit normal vector) is consistent: the truncation error on the flux is of order h, where h is the
maximum length of the edges of the mesh. We may note that the consistency of the flux holds because
for any o = K|L common to the control volumes K and L, the line segment [xx x| is perpendicular
to 0 = K|L. Indeed, this is the case here since the control volumes are rectangular. This property is
satisfied by other meshes which will be studied hereafter. It is crucial for the discretization of diffusion
operators.

In the case where the edge o is part of the boundary, then d, denotes the distance between the center
zg of the control volume K to which o belongs and the boundary. The flux — [ Vu(z) - ng ody(z), is

then approximated by
Fioo = %y (1.10)

Hence the finite volume scheme for the discretization of (1.7) is:

> Fro=m(K)fx,VK €T, (1.11)

oelk

where Fi  is defined by (1.9) and (1.10), and fx denotes (an approximation of) the mean value of f
on K. We shall see later (see chapters 2, 3 and 4) that the finite volume scheme is easy to generalize
to a triangular mesh, whereas the finite difference method is not. As in the previous example, the finite
volume scheme is locally conservative, since for any edge o separating K from L, one has F , = —F ;.

1.2 The finite volume principles for general conservation laws

The finite volume method is used for the discretization of conservation laws. We gave in the above section
two examples of such conservation laws. Let us now present the discretization of general conservation
laws by finite volume schemes. As suggested by its name, a conservation law expresses the conservation
of a quantity ¢(z,t). For instance, the conserved quantities may be the energy, the mass, or the number
of moles of some chemical species. Let us first assume that the local form of the conservation equation
may be written as

qi(x,t) + divF (z,t) = f(x,t), (1.12)

at each point z and each time ¢ where the conservation of ¢ is to be written. In equation (1.12), (-);
denotes the time partial derivative of the entity within the parentheses, div represents the space divergence
operator: divF = 0F;/0z1+...+0F;/0zq, where F = (Fy,..., F;)! denotes a vector function depending
on the space variable x and on the time ¢, z; is the i-th space coordinate, for i = 1,...,d, and d is the
space dimension, i.e. d = 1,2 or 3; the quantity F is a flux which expresses a transport mechanism of
q; the “source term” f expresses a possible volumetric exchange, due for instance to chemical reactions
between the conserved quantities.

Thanks to the physicist’s work, the problem can be closed by introducing constitutive laws which relate
q, F, f with some scalar or vector unknown u(z, t), function of the space variable x and of the time ¢. For
example, the components of u can be pressures, concentrations, molar fractions of the various chemical
species by unit volume. .. The quantity ¢ is often given by means of a known function g of u(x,t), of the



space variable x and of the time ¢, that is q(z,t) = q(z, t,u(x,t)). The quantity F may also be given
by means of a function of the space variable x, the time variable ¢ and of the unknown u(x,t) and (or)
by means of the gradient of w at point (z,t).... The transport equation of Example 1.1 is a particular
case of (1.12) with ¢(z,t) = u(z,t), F(z,t) = vu(z,t) and f(z,t) = f(z); so is the stationary diffusion
equation of Example 1.2 with ¢(x,t) = u(x), F(z,t) = —Vu(z), and f(x,t) = f(z). The source term f
may also be given by means of a function of z, ¢t and u(x,t).

Example 1.3 (The one-dimensional Euler equations) Let us consider as an example of a system
of conservation laws the 1D Euler equations for equilibrium real gases; these equations may be written
under the form (1.12), with

q:(Zu)andF:(;ﬁZQ—i—p )
E u(E + p) ’

where p,u, E and p are functions of the space variable x and the time ¢, and refer respectively to the
density, the velocity, the total energy and the pressure of the particular gas under consideration. The
system of equations is closed by introducing the constitutive laws which relate p and E to the specific
volume 7, with 7 = % and the entropy s, through the constitutive laws:

2

p= ﬁ(r, s) and E = p(e(1,8) + u_)a
or 2

where ¢ is the internal energy per unit mass, which is a given function of 7 and s.

Equation (1.12) may be seen as the expression of the conservation of ¢ in an infinitesimal domain; it is
formally equivalent to the equation

/Kq(a:,tg)dx—/Kq(a?,t1)dx+/t:2 LKF(x,t)-nK(x)d’Y(x)dt (1.13)

:/tt2/Kf(a:,t)dxdt,

for any subdomain K and for all times ¢; and to, where ng () is the unit normal vector to the boundary
0K, at point x, outward to K. Equation (1.13) expresses the conservation law in subdomain K between
times ¢; and to. Here and in the sequel, unless otherwise mentionned, dx is the integration symbol for
the d-dimensional Lebesgue measure in R? and dry is the integration symbol for the (d — 1)-dimensional
Hausdorff measure on the considered boundary.

1.2.1 Time discretization

The time discretization of Equation (1.12) is performed by introducing an increasing sequence (ty,)neN
with ¢ty = 0. For the sake of simplicity, only constant time steps will be considered here, keeping in mind
that the generalization to variable time steps is straightforward. Let & € IR’ denote the time step, and
let ¢, = nk, for n € IN. It can be noted that Equation (1.12) could be written with the use of a space-
time divergence. Hence, Equation (1.12) could be either discretized using a space-time finite volume
discretization or a space finite volume discretization with a time finite difference scheme (the explicit
Euler scheme, for instance). In the first case, the conservation law is integrated over a time interval and
a space “control volume” as in the formulation (1.12). In the latter case, it is only integrated space wise,
and the time derivative is approximated by a finite difference scheme; with the explicit Euler scheme, the
term (q); is therefore approximated by the differential quotient (¢**% — ¢(™)/k, and ¢(™ is computed
with an approximate value of u at time ¢,, denoted by «("). Implicit and higher order schemes may also
be used.



1.2.2 Space discretization

In order to perform a space finite volume discretization of equation (1.12), a mesh 7 of the domain € of
IR¢, over which the conservation law is to be studied, is introduced. The mesh is such that Q = Uger K,
where an element of 7', denoted by K, is an open subset of 2 and is called a control volume. Assumptions
on the meshes will be needed for the definition of the schemes; they also depend on the type of equation
to be discretized.

For the finite volume schemes considered here, the discrete unknowns at time t¢,, are denoted by u%),

K € 7. The value u%) is expected to be some approximation of u on the cell K at time t,,. The basic
principle of the classical finite volume method is to integrate equation (1.12) over each cell K of the mesh
7. One obtains a conservation law under a nonlocal form (related to equation (1.13)) written for the
volume K. Using the Euler time discretization, this yields

¢V (@) — ™ (2) _
/K ? dx + /BK F(x,t,) - ng(z)dy(z) = /K [z, t,)dz, (1.14)

where ng () is the unit normal vector to 0K at point z, outward to K.

The remaining step in order to define the finite volume scheme is therefore the approximation of the “flux”,
F(x,t,) - ng(x), across the boundary 0K of each control volume, in terms of {u(Ln),L € 7} (this flux
approximation has to be done in terms of {qu, L € T} if one chooses the implicit Euler scheme instead of
the explicit Euler scheme for the time discretization). More precisely, omitting the terms on the boundary
of Q, let K|L = KN L, with K, L € T, the exchange term (from K to L), leL F(z,t,) - ng(x)dy(z),
between the control volumes K and L during the time interval [t,,, ;1) is approximated by some quantity,
FI(?)L, which is a function of {us&l), M € T} (or a function of {u!, M € T} for the implicit Euler scheme,

or more generally a function of {usc;), M € T} and {u?}', M € T} if the time discretization is a one-step

method). Note that FI((W)L = 0 if the Hausdorff dimension of K N L is less than d — 1 (e.g. K N L is a
point in the case d = 2 or a line segment in the case d = 3).

Let us point out that two important features of the classical finite volume method are

1. the conservativity, that is FI(:)L = —Fg}){, for all K and L € 7 and for all n € IN.

2. the “consistency” of the approximation of F(z,t,) -nk (x), which has to be defined for each relation
type between F and the unknowns.

These properties, together with adequate stability properties which are obtained by estimates on the
approximate solution, will give some convergence properties of the finite volume scheme.

1.3 Comparison with other discretization techniques

The finite volume method is quite different from (but sometimes related to) the finite difference method
or the finite element method. On these classical methods see e.g. DAHLQUIST and BJORCK [44], THOMEE
[144], CIARLET, P.G. [29], CIARLET [30], ROBERTS and THOMAS [126].

Roughly speaking, the principle of the finite difference method is, given a number of discretization points
which may be defined by a mesh, to assign one discrete unknown per discretization point, and to write
one equation per discretization point. At each discretization point, the derivatives of the unknown are
replaced by finite differences through the use of Taylor expansions. The finite difference method becomes
difficult to use when the coefficients involved in the equation are discontinuous (e.g. in the case of
heterogeneous media). With the finite volume method, discontinuities of the coefficients will not be any
problem if the mesh is chosen such that the discontinuities of the coefficients occur on the boundaries of
the control volumes (see sections 2.3 and 3.3, for elliptic problems). Note that the finite volume scheme
is often called “finite difference scheme” or “cell centered difference scheme”. Indeed, in the finite volume



method, the finite difference approach can be used for the approximation of the fluxes on the boundary
of the control volumes. Thus, the finite volume scheme differs from the finite difference scheme in that
the finite difference approximation is used for the flux rather than for the operator itself.

The finite element method (see e.g. CIARLET, P.G. [29]) is based on a variational formulation, which is
written for both the continuous and the discrete problems, at least in the case of conformal finite element
methods which are considered here. The variational formulation is obtained by multiplying the original
equation by a “test function”. The continuous unknown is then approximated by a linear combination
of “shape” functions; these shape functions are the test functions for the discrete variational formulation
(this is the so called “Galerkin expansion”); the resulting equation is integrated over the domain. The
finite volume method is sometimes called a “discontinuous finite element method” since the original
equation is multiplied by the characteristic function of each grid cell which is defined by 1x(z) = 1, if
x € K, 1g(z) =0, if x ¢ K, and the discrete unknown may be considered as a linear combination of
shape functions. However, the techniques used to prove the convergence of finite element methods do not
generally apply for this choice of test functions. In the following chapters, the finite volume method will
be compared in more detail with the classical and the mixed finite element methods.

From the industrial point of view, the finite volume method is known as a robust and cheap method
for the discretization of conservation laws (by robust, we mean a scheme which behaves well even for
particularly difficult equations, such as nonlinear systems of hyperbolic equations and which can easily be
extended to more realistic and physical contexts than the classical academic problems). The finite volume
method is cheap thanks to short and reliable computational coding for complex problems. It may be more
adequate than the finite difference method (which in particular requires a simple geometry). However,
in some cases, it is difficult to design schemes which give enough precision. Indeed, the finite element
method can be much more precise than the finite volume method when using higher order polynomials,
but it requires an adequate functional framework which is not always available in industrial problems.
Other more precise methods are, for instance, particle methods or spectral methods but these methods
can be more expensive and less robust than the finite volume method.

1.4 General guideline

The mathematical theory of finite volume schemes has recently been undertaken. Even though we choose
here to refer to the class of scheme which is the object of our study as the ”finite volume” method, we
must point out that there are several methods with different names (box method, control volume finite
element methods, balance method to cite only a few) which may be viewed as finite volume methods.
The name ”finite difference” has also often been used referring to the finite volume method. We shall
mainly quote here the works regarding the mathematical analysis of the finite volume method, keeping
in mind that there exist numerous works on applications of the finite volume methods in the applied
sciences, some references to which may be found in the books which are cited below.

Finite volume methods for convection-diffusion equations seem to have been first introduced in the early
sixties by TICHONOV and SAMARSKII [142], SAMARSKII [130] and SAMARSKII [131].

The convergence theory of such schemes in several space dimensions has only recently been undertaken.
In the case of vertex-centered finite volume schemes, studies were carried out by SAMARSKII, LAZAROV
and MAKAROV [132] in the case of Cartesian meshes, HEINRICH [83], BANK and ROSE [7], CA1 [20],
Car, MANDEL and Mc CORMICK [21] and VANSELOW [149] in the case of unstructured meshes; see
also MORTON and SULI [111], SULT [139], MACKENZIE, and MORTON [103], MORTON, STYNES and
SULI [112] and SHASHKOV [136] in the case of quadrilateral meshes. Cell-centered finite volume schemes
are addressed in MANTEUFFEL and WHITE [104], FORSYTH and SAMMON [69], WEISER and WHEELER
[158] and LAzZAROV, MISHEV and VASSILEVSKI [99] in the case of Cartesian meshes and in VASSILESKI,
PETROVA and LAzZAROV [150], HERBIN [84], HERBIN [85], LAZAROV and MISHEV [98], MISHEV [109] in
the case of triangular or Voronoi meshes; let us also mention COUDIERE, VILA and VILLEDIEU [40] and
COUDIERE, VILA and VILLEDIEU [41] where more general meshes are treated, with, however, a somewhat
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technical geometrical condition. In the pure diffusion case, the cell centered finite volume method has also
been analyzed with finite element tools: AGOUZAL, BARANGER, MAITRE and OUDIN [4], ANGERMANN
[1], BARANGER, MAITRE and OUDIN [8], ARBOGAST, WHEELER and YOTOV [5], ANGERMANN [1].
Semilinear convection-diffusion are studied in FEISTAUER, FELOCMAN and LUKACOVA-MEDVIDOVA [62]
with a combined finite element-finite volume method, EYMARD, GALLOUET and HERBIN [55] with a
pure finite volume scheme.

Concerning nonlinear hyperbolic conservation laws, the one-dimensional case is now classical; let us men-
tion the following books on numerical methods for hyperbolic problems: GODLEWSKI and RAVIART [75],
LEVEQUE [100], GODLEWSKI and RAVIART [76], KRONER [91], and references therein. In the multidi-
mensional case, let us mention the convergence results which where obtained in CHAMPIER, GALLOUET
and HERBIN [25], KRONER and ROKYTA [92], COCKBURN, COQUEL and LEFLOCH [33] and the error
estimates of COCKBURN, COQUEL and LEFLOCH [32] and VILA [155] in the case of an explicit scheme
and EYMARD, GALLOUET, GHILANI and HERBIN [52] in the case of explicit and implicit schemes.

The purpose of the following chapters is to lay out a mathematical framework for the convergence and
error analysis of the finite volume method for the discretization of elliptic, parabolic or hyperbolic partial
differential equations under conservative form, following the philosophy of the works of CHAMPIER,
GALLOUET and HERBIN [25], HERBIN [84], EYMARD, GALLOUET, GHILANI and HERBIN [52] and
EYMARD, GALLOUET and HERBIN [55]. In order to do so, we shall describe the implementation of the
finite volume method on some simple (linear or non-linear) academic problems, and develop the tools
which are needed for the mathematical analysis. This approach will help to determine the properties of
finite volume schemes which lead to “good” schemes for complex applications.

Chapter 2 introduces the finite volume discretization of an elliptic operator in one space dimension.
The resulting numerical scheme is compared to finite difference, finite element and mixed finite element
methods in this particular case. An error estimate is given; this estimate is in fact contained in results
shown later in the multidimensional case; however, with the one-dimensional case, one can already un-
derstand the basic principles of the convergence proof, and understand the difference with the proof of
MANTEUFFEL and WHITE [104] or FORSYTH and SAMMON [69], which does not seem to generalize to
the unstructured meshes. In particular, it is made clear that, although the finite volume scheme is not
consistent in the finite difference sense since the truncation error does not tend to 0, the conservativity of
the scheme, together with a consistent approximation of the fluxes and some “stability” allow the proof of
convergence. The scheme and the error estimate are then generalized to the case of a more general elliptic
operator allowing discontinuities in the diffusion coefficients. Finally, a semilinear problem is studied, for
which a convergence result is proved. The principle of the proof of this result may be used for nonlinear
problems in several space dimensions. It will be used in Chapter 3 in order to prove convergence results
for linear problems when no regularity on the exact solution is known.

In Chapter 3, the discretization of elliptic problems in several space dimensions by the finite volume
method is presented. Structured meshes are shown to be an easy generalization of the one-dimensional
case; unstructured meshes are then considered, for Dirichlet and Neumann conditions on the boundary
of the domain. In both cases, admissible meshes are defined, and, following EYMARD, GALLOUET and
HERBIN [55], convergence results (with no regularity on the data) and error estimates assuming a C?
or H? regular solution to the continuous problems are proved. As in the one-dimensional case, the
conservativity of the scheme, together with a consistent approximation of the fluxes and some “stability”
are used for the proof of convergence. In addition to the properties already used in the one-dimensional
case, the multidimensional estimates require the use of a “discrete Poincaré” inequality which is proved
in both Dirichlet and Neumann cases, along with some compactness properties which are also used and
are given in the last section. It is then shown how to deal with matrix diffusion coefficients and more
general boundary conditions. Singular sources and mesh refinement are also studied.

Chapter 4 deals with the discretization of parabolic problems. Using the same concepts as in Chapter 3,

an error estimate is given in the linear case. A nonlinear degenerate parabolic problem is then studied,
for which a convergence result is proved, thanks to a uniqueness result which is proved at the end of the
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chapter.

Chapter 5 introduces the finite volume discretization of a hyperbolic operator in one space dimension.
Some basics on entropy weak solutions to nonlinear hyperbolic equations are recalled. Then the concept
of stability of a scheme is explained on a simple linear advection problem, for which both finite difference
and finite volume schemes are considered. Some well known schemes are presented with a finite volume
formulation in the nonlinear case. A proof of convergence using a “weak BV inequality” which was found
to be crucial in the multidimensional case (Chapter 6) is given in the one-dimensional case for the sake
of clarity. For the sake of completeness, the proof of convergence based on “strong BV estimates” and
the Lax-Wendroff theorem is also recalled, although it does not seem to extend to the multidimensional
case with general meshes.

In Chapter 6, finite volume schemes for the discretization of multidimensional nonlinear hyperbolic con-
servation equations are studied. Under suitable assumptions, which are satisfied by several well known
schemes, it is shown that the considered schemes are L stable (this is classical) but also satisfy some
“weak BV inequality”. This “weak BV?” inequality is the key estimate to the proof of convergence of the
schemes. Following EYMARD, GALLOUET, GHILANI and HERBIN [52], both time implicit and explicit
discretizations are considered. The existence of the solution to the implicit scheme is proved. The ap-
proximate solutions are shown to satisfy some discrete entropy inequalities. Using the weak BV estimate,
the approximate solution is also shown to satisfy some continuous entropy inequalities. Introducing the
concept of “entropy process solution” to the nonlinear hyperbolic equations (which is similar to the no-
tion of measure valued solutions of DIPERNA [46]), the approximate solutions are proved to converge
towards an entropy process solution as the mesh size tends to 0. The entropy process solution is shown
to be unique, and is therefore equal to the entropy weak solution, which concludes the convergence of the
approximate solution towards the entropy weak solution. Finally error estimates are proved for both the
explicit and implicit schemes.

The last chapter is concerned with systems of equations. In the case of hyperbolic systems which are
considered in the first part, little is known concerning the continuous problem, so that the schemes which
are introduced are only shown to be efficient by numerical experimentation. These “rough” schemes seem
to be efficient for complex cases such as the Euler equations for real gases. The incompressible Navier-
Stokes equations are then considered; after recalling the classical staggered grid finite volume formulation
(see e.g. PATANKAR [123]), a finite volume scheme defined on a triangular mesh for the Stokes equation
is studied. In the case of equilateral triangles, the tools of Chapter 3 allow to show that the approximate
velocities converge to the exact velocities. Systems arising from modelling multiphase flow in porous
media are then considered. The convergence of the approximate finite volume solution for a simplified
case is then proved with the tools introduced in Chapter 6.

More precise references to recent works on the convergence of finite volume methods will be made in the
following chapters. However, we shall not quote here the numerous works on applications of the finite
volume methods in the applied sciences.



Chapter 2

A one-dimensional elliptic problem

The purpose of this chapter is to give some developments of the example 1.2 of the introduction in the
one-dimensional case. The formalism needed to define admissible finite volume meshes is first given
and applied to the Dirichlet problem. After some comparisons with other relevant schemes, convergence
theorems and error estimates are provided. Then, the case of general linear elliptic equations is handled
and finally, a first approach of a nonlinear problem is studied and introduces some compactness theorems
in a quite simple framework; these compactenss theorems will be useful in further chapters.

2.1 A finite volume method for the Dirichlet problem

2.1.1 Formulation of a finite volume scheme

The principle of the finite volume method will be shown here on the academic Dirichlet problem, namely a
second order differential operator without time dependent terms and with homogeneous Dirichlet bound-
ary conditions. Let f be a given function from (0,1) to IR, consider the following differential equation:

—uz(x) = f(z), x€(0,1),
u(0) = 0, (2.1)
u(1) = 0.

If f € C([0,1],R), there exists a unique solution u € C?([0,1],IR) to Problem (2.1). In the sequel, this
exact solution will be denoted by u. Note that the equation —u,, = f can be written in the conservative
form div(F) = f with F = —u,.

In order to compute a numerical approximation to the solution of this equation, let us define a mesh,
denoted by 7, of the interval (0, 1) consisting of N cells (or control volumes), denoted by K;, i =1,..., N,
and N points of (0,1), denoted by x;, i = 1,..., N, satisfying the following assumptions:

Definition 2.1 (Admissible one-dimensional mesh) An admissible mesh of (0,1), denoted by 7, is
given by a family (K;);=1,..n, N € IN*, such that K; = (xi_%,xi+%), and a family (z;)i=o,... N+1 such
that

xozx%:0<x1<x%<---<xi,%<xi<xi+%<---<xN<a:N+%:a:N+1:1.
One sets
N
hizm(Ki):xH% —xi_%,izl,...,N, and therefore Zhizl,
N i=1
h; :xi—xi_%,hi :xi+%—xi,z=1,...,N,
hi+ :wiJrl—{Ei,Z':O,...,N,

1
sizezT) =h=max{h;,i=1,...,N}.

12
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The discrete unknowns are denoted by u;, ¢ = 1,..., N, and are expected to be some approximation of
u in the cell K; (the discrete unknown w; can be viewed as an approximation of the mean value of u
over K;, or of the value of u(z;), or of other values of u in the control volume Kj;...). The first equation
of (2.1) is integrated over each cell K;, as in (1.14) and yields

—Ug (T 1) +ua(z;_1) = f(x)dx, i=1,...,N.
K;
A reasonable choice for the approximation of —um(a:iJr%) (at least, for i = 1,..., N — 1) seems to be the
differential quotient
Ui+1 — U
F . =t T
z+% h7+%

This approximation is consistent in the sense that, if u € C2([0,1],IR), then

__ul@in) —u(w) _ (s 3) + O(R), (2.2)

F*
hi+§

1
i+3

where |0(h)| < Ch, C' € IRy only depending on u.

Remark 2.1 Assume that z; is the center of K;. Let @; denote the mean value over K; of the exact
solution u to Problem (2.1). One may then remark that |@; — u(z;)| < Ch?, with some C only depending
on u; it follows easily that (ti41 — @i)/h;y1 = ua(w;4 1) + 0(h) also holds, for i =1,..., N —1 (recall
that h = max{h;,i = 1,..., N}). Hence the approximation of the flux is also consistent if the discrete
unknowns wu;, i = 1,---, N, are viewed as approximations of the mean value of u in the control volumes.

The Dirichlet boundary conditions are taken into account by using the values imposed at the boundaries to
compute the fluxes on these boundaries. Taking these boundary conditions into consideration and setting
fi = hi J K, f(z)dx for i = 1,...,N (in an actual computation, an approximation of f; by numerical
integration can be used), the finite volume scheme for problem (2.1) writes

FH%—Fi_%:hifi,i:l,...,N (2.3)
Ui+1 — Uy
Foi=——"——1i=1...,N—-1 24
er% hv-}-% ’ ’ ’ ’ ( )
ul
2
un
FN—‘,—% - hN+l (2 6)
2
Note that (2.4), (2.5), (2.6) may also be written
Uil — Uj
‘Fi—l—%:_ b 1 ) :O; 7N7 (27)
i+3
setting
Up = UN+1 = 0. (2.8)

The numerical scheme (2.3)-(2.6) may be written under the following matrix form:

AU = b, (2.9)
where U = (u1,...,un), b= (b1,...,bn)", with (2.8) and with A and b defined by
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1 Uj+1 — Uy Ui — Uj—1 .
_ =1,...,N 2.1
hi( hi+l h 1 )7 1 ) ) ) ( 0)
2 2
1 .
b = — / f(z)dz,i=1,...,N, (2.11)
hz’ K;

Remark 2.2 There are other finite volume schemes for problem (2.1).

1. For instance, it is possible, in Definition 2.1, to take 1 > 0, zx < 1 and, for the definition of the
scheme (that is (2.3)-(2.6)), to write (2.3) only for i = 2,..., N —1 and to replace (2.5) and (2.6) by
u; = un = 0 (note that (2.4) does not change). For this so-called “modified finite volume” scheme,
it is also possible to obtain an error estimate as for the scheme (2.3)-(2.6) (see Remark 2.5). Note
that, with this scheme, the union of all control volumes for which the “conservation law” is written
is slightly different from [0, 1] (namely [z3/2, zx—1/2] # [0,1]) .

2. Another possibility is to take (primary) unknowns associated to the boundaries of the control
volumes. We shall not consider this case here (cf. KELLER [90], COURBET and CROISILLE [42]).

2.1.2 Comparison with a finite difference scheme

With the same notations as in Section 2.1.1, consider that u,; is now an approximation of w(z;). It is
interesting to notice that the expression

1 (_ Ujp1 — Wi Uy — Ui—l)

=3

is not a consistent approximation of —u,,(z;) in the finite difference sense, that is the error made by
replacing the derivative by a difference quotient (the truncation error DAHLQUIST and BJORCK [44]) does

not tend to 0 as h tends to 0. Indeed, let U = (u(z1), ... ,u(xN))t; with the notations of (2.9)-(2.11), the
truncation error may be defined as

r= AU — b,
with 7 = (r1,...,7n)t. Note that for f regular enough, which is assumed in the sequel, b; = f(z;) +0(h).
An estimate of r is obtained by using Taylor’s expansion:
L. 13
w(Tiy1) = u(®;) + by 1ue(@) + §hi+%um(az¢) + ghi+%umg¢m(§i),
for some &; € (;,x;41), which yields

1 hips +hi g .
—E%uw(xz)—kuTT(x?)—!—O(h), 1=1,...,N,

which does not, in general tend to 0 as h tends to 0 (except in particular cases) as may be seen on the
simple following example:

T =

Example 2.1 Let f = 1 and consider a mesh of (0, 1), in the sense of Definition 2.1, satisfying h; = h
for even i, h; = h/2 for odd i and x; = (2;11/2 +T;-1/2)/2, fori=1,..., N. An easy computation shows
that the truncation error r is such that

r; = —1. for even i

r; = —|—g, for odd 1.

Hence sup{|r;|,i=1,...,N} A~ 0as h — 0.
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Therefore, the scheme obtained from (2.3)-(2.6) is not consistent in the finite difference sense, even
though it is consistent in the finite volume sense, that is, the numerical approximation of the fluxes is
conservative and the truncation error on the fluxes tends to 0 as h tends to 0.

If, for instance, x; is the center of K;, for ¢ = 1,..., N, it is well known that for problem (2.1), the
consistent finite difference scheme would be, omitting boundary conditions,

4 Wipl — Ui | Ui — Ui 1 .
- = flz;),i=2,...,N—1, 2.12
ST +h¢+1[ hi s i), i (2.12)
v 2 2
Remark 2.3 Assume that x; is, for i = 1,..., N, the center of K; and that the discrete unknown wu; of

the finite volume scheme is considered as an approximation of the mean value u; of u over K; (note that
@i = u(z;) + (h?/24)ugy(x;) + 0(h3), if u € C3([0,1],IR)) instead of u(x;), then again, the finite volume
scheme, considered once more as a finite difference scheme, is not consistent in the finite difference sense.
Indeed, let R = AU — b, with U = (@y,...,ay)", and R = (Ry,..., Ry)*, then, in general, R; does not
go to 0 as h goes to 0. In fact, it will be shown later that the finite volume scheme, when seen as a finite
difference scheme, is consistent in the finite difference sense if u; is considered as an approximation of
w(x;) — (h?/8)uzz(w;). This is the idea upon which the first proof of convergence by Forsyth and Sammon
in 1988 is based, see FORSYTH and SAMMON [69] and Section 2.2.2.

In the case of Problem (2.1), both the finite volume and finite difference schemes are convergent. The
finite difference scheme (2.12) is convergent since it is stable, in the sense that || X||s < C|AX]| s,
for all X € R", where C is a constant and || X||ec = sup(|Xi],...,|Xn]), X = (X1,...,Xn)*, and
consistent in the usual finite difference sense. Since A(U — U) = R, the stability property implies that
|U - Ulleo < C||R||sc which goes to 0, as h goes to 0, by definition of the consistency in the finite
difference sense. The convergence of the finite volume scheme (2.3)-(2.6) needs some more work and is
described in Section 2.2.1.

2.1.3 Comparison with a mixed finite element method

The finite volume method has often be thought of as a kind of mixed finite element method. Nevertheless,
we show here that, on the simple Dirichlet problem (2.1), the two methods yield two different schemes.
For Problem (2.1), the discrete unknowns of the finite volume method are the values u;, i = 1,..., N.
However, the finite volume method also introduces one discrete unknown at each of the control volume
extremities, namely the numerical flux between the corresponding control volumes. Hence, the finite
volume method for elliptic problems may appear closely related to the mixed finite element method.
Recall that the mixed finite element method consists in introducing in Problem (2.1) the auxiliary variable
q = —ug, which yields the following system:

Q+Um=0,
Gz = f;

assuming f € L?((0,1)), a variational formulation of this system is:
g € H'((0,1)), u e L*((0,1)), (2.13)

1 1
/ 4(@)p(z)dz = / w(@)pa(z)dz, Vp € H'(0,1)), (2.14)
0 0

/ Gz (x)v(2)de = / f(z)v(z)dz, Vv € L*((0,1)). (2.15)
0 0

Considering an admissible mesh of (0,1) (see Definition 2.1), the usual discretization of this variational
formulation consists in taking the classical piecewise linear finite element functions for the approximation
H of H((0,1)) and the piecewise constant finite element for the approximation L of L?((0,1)). Then,
the discrete unknowns are {u;,i = 1,..., N} and {gj+1/2,7 = 0,..., N} (u; is an approximation of u in
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K; and ¢;41/2 is an approximation of —u,(z;41/2)). The discrete equations are obtained by performing
a Galerkin expansion of u and ¢ with respect to the natural basis functions ¢, [ = 1,..., N (spanning
L), and @;i1/2, j = 0,...,N (spanning H) and by taking p = ©;1/2, = 0,...,N in (2.14) and
v="1p,k=1,...,Nin (2.15). Let hg = hxt1 =0, up = unyy1 = 0 and q_; /o = qn43/2 = 0; then the
discrete system obtained by the mixed finite element method has 2/N + 1 unknowns. It writes

hi + hia h; hig1

qi+%(T) +qi7%(€) +qi+%(T) =i — Ui+1, 1 =0,..., N,

qi+%—qi,%=/ flx)dx,i=1,... N.
K;

Note that the unknowns ¢; 1/, cannot be eliminated from the system. The resolution of this system of
equations does not give the same values {u;,7 = 1,..., N} than those obtained by using the finite volume
scheme (2.3)-(2.6). In fact it is easily seen that, in this case, the finite volume scheme can be obtained
from the mixed finite element scheme by using the following numerical integration for the left handside

of (2.14):
/K, o) dr = g(x7;+1)2+ g(ﬂfz’)hi.

This is also true for some two-dimensional elliptic problems and therefore the finite volume error estimates
for these problems may be obtained via the mixed finite element theory, see AGOUZAL, BARANGER,
MAITRE and OUDIN [4], BARANGER, MAITRE and OUDIN [8].

2.2 Convergence theorems and error estimates for the Dirichlet
problem

2.2.1 A finite volume error estimate in a simple case

We shall now prove the following error estimate, which will be generalized to more general elliptic problems
and in higher space dimensions.

Theorem 2.1

Let f € C([0,1],IR) and let u € C*([0,1],R) be the (unique) solution of Problem (2.1). Let T =
(Ki)i=1,....n be an admissible mesh in the sense of Definition 2.1. Then, there exists a unique vector
U= (ui,...,uy)t € RN solution to (2.3) -(2.6) and there exists C' > 0, only depending on u, such that

N (o o2
3 (ein1—e)” _ oy (2.16)
X hi+l
1=0 2
and
le;] < Ch, Vi e {1,...,N}, (2.17)

with eg = exyy1 =0 and e; = u(x;) — u;, for alli € {1,...,N}.

This theorem is in fact a consequence of Theorem 2.3, which gives an error estimate for the finite volume
discretization of a more general operator. However, we now give the proof of the error estimate in this
first simple case.

PROOF of Theorem 2.1

First remark that there exists a unique vector U = (u1,...,uy)! € RY solution to (2.3)-(2.6). Indeed,
multiplying (2.3) by w; and summing for i = 1,..., N gives
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% — Uf1+1 _uv
E Z: Zuvh f7

hits hN+2 =

Therefore, if f; =0 for any ¢ € {1,..., N}, then the unique solution to (2.3) is obtained by taking u; = 0,
for any i € {1,..., N}. This gives existence and uniqueness of U = (u1,...,ux)" € R” solution to (2.3)
(with (2.4)-(2.6)).

One now proves (2.16). Let

Fl+% :_um(xl+%)7 i:(),...,N,

Integrating the equation —u,, = f over K; yields

ﬁjl

H_;—Fv v =hifi,i=1,...,N.

)

By (2.3), the numerical fluxes F; 1 satisfy
~F, s =hifi,i=1,....N.

Therefore, with Gi+% = Fi-i—l — Fi+%7

2

Giy1—G,_1=0,i=1,...,N.
2 2
Using the consistency of the fluxes (2.2), there exists C' > 0, only depending on u, such that
F;F% __H-%—’_RH-% and |Ri+%|.§0h, (2.18)
Hence with e¢; = u(x;) — u;, for i =1,..., N, and eg = enx+1 = 0, one has
€it1 — € .
Gi+% = —T _RH»%? Z:O7...,N,
i+3
so that (e;)i=0,... n4+1 satisfies
SO TS R+ 2SR =0, Vie{1,..., N}, (2.19)
hi+% 2 hz_% 2

Multiplying (2.19) by e; and summing over ¢ = 1,..., N yields

o (e e;)e N (e; —ei—1)e N o
i+1 — €;)€; i~ €i—1)€ , ,
=1 2 =1 2 i=1 i=1
Noting that ey = 0, ey41 = 0 and reordering by parts, this yields (with (2.18))
N (e e:)? N
i1 — €

> el cony el (220)
=0 2 =0

The Cauchy-Schwarz inequality applied to the right hand side gives

N N ( 1
> leirn —eil < (3 8“7) (ZhH )" (2.21)

i=0 i=0
N
Since h;»1 =11in (2.21) and from (2.20), one deduces (2.16).
i+
i=0
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Since, for all i € {1,...,N}, ¢; = Z(ej —ej_1), one can deduce, from (2.21) and (2.16) that (2.17)

j=1

holds. ]

Remark 2.4 The error estimate given in this section does not use the discrete maximum principle (that
is the fact that f; > 0, for all i = 1,..., N, implies u; > 0, for all ¢ = 1,..., N), which is used in the
proof of error estimates by the finite difference techniques, but the coerciveness of the elliptic operator,
as in the proof of error estimates by the finite element techniques.

Remark 2.5

1. The above proof of convergence gives an error estimate of order h. It is sometimes possible to
obtain an error estimate of order h%. Indeed, this is the case, at least if u € C*([0,1],R), if x; is
the center of K; for all i = 1,..., N. One obtains, in this case, |e;| < Ch?, for all i € {1,..., N},
where C' only depends on u (see FORSYTH and SAMMON [69]).

2. It is also possible to obtain an error estimate for the modified finite volume scheme described in
the first item of Remark 2.2 page 14. It is even possible to obtain an error estimate of order h? in
the case 21 = 0, zy = 1 and assuming that x; /0 = (1/2)(z; +zi41), foralli=1,...,N —1. In
fact, in this case, one obtains |R; /2| < Cih?%, foralli=1,...,N —1. Then, the proof of Theorem
2.1 gives (2.16) with h? instead of h? which yields |e;| < Coh?, for all i € {1,..., N} (where (4
and Cy are only depending on u). Note that this modified finite volume scheme is also consistent
in the finite difference sense. Then, the finite difference techniques yield also an error estimate on
le;|, but only of order h.

3. It could be tempting to try and find error estimates with respect to the mean value of the exact
solution on the control volumes rather than with respect to its value at some point of the control
volumes. This is not such a good idea: indeed, if z; is not the center of K; (this will be the general
case in several space dimensions), then one does not have (in general) |&;| < C3h? (for some C3
only depending on u) with é; = @; — u; where @; denotes the mean value of u over K;.

Remark 2.6

1. If the assumption f € C([0,1],IR) is replaced by the assumption f € L?((0,1)) in Theorem 2.1,
then u € H?((0,1)) instead of C*([0,1],IR), but the estimates of Theorem 2.1 still hold. Then,
the consistency of the fluxes must be obtained with a Taylor expansion with an integral remainder.
This is feasible for C? functions, and since the remainder only depends on the H? norm, a density
argument allows to conclude; see also Theorem 3.4 page 55 and EYMARD, GALLOUET and HERBIN
[55].

2. If the assumption f € C([0,1],IR) is replaced by the assumption f € L'((0,1)) in Theorem 2.1,
then u € C?([0,1],IR) no longer holds (neither does u € H?((0,1))), but the convergence still holds;
indeed there exists C'(u,h), only depending on u and h, such that C(u,h) — 0, as h — 0, and
le;| < C(u,h), for alli =1,..., N. The proof is similar to the one above, except that the estimate
(2.18) is replaced by |R;1/2| < Ci(u,h), for all i = 0,..., N, with some C;(u,h), only depending
on u and h, such that C(u,h) — 0, as h — 0.

Remark 2.7 Estimate (2.16) can be interpreted as a “discrete Hg” estimate on the error. A theoretical
result which underlies the L estimate (2.17) is the fact that if {2 is an open bounded subset of IR, then
H}(Q) is imbedded in L>°(Q). This is no longer true in higher dimension. In two space dimensions,
for instance, a discrete version of the imbedding of Hg in LP allows to obtain (see e.g. FIARD [65])
lell, < Ch, for all finite p, which in turn yields e[| < Chlnh for convenient meshes (see Corollary 3.1
page 62).
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The important features needed for the above proof seem to be the consistency of the approximation of
the fluxes and the conservativity of the scheme; this conservativity is natural the fact that the scheme is
obtained by integrating the equation over each cell, and the approximation of the flux on any interface
is obtained by taking into account the flux balance (continuity of the flux in the case of no source term
on the interface).

The above proof generalizes to other elliptic problems, such as a convection-diffusion equation of the form
—Uge + au, + bu = f, and to equations of the form —(Auy), = f where A € L° may be discontinuous,
and is such that there exist a and 3 in IRfir such that o < A < 3. These generalizations are studied
in the next section. Other generalizations include similar problems in 2 (or 3) space dimensions, with
meshes consisting of rectangles (parallepipeds), triangles (tetrahedra), or general meshes of Voronoi type,
and the corresponding evolutive (parabolic) problems. These generalizations will be addressed in further
chapters.

Let us now give a proof of Estimate (2.17), under slightly different conditions, which uses finite difference
techniques.

2.2.2 An error estimate using finite difference techniques

Convergence can be obtained via a method similar to that of the finite difference proof of convergence
(following, for instance, FORSYTH and SAMMON [69], MANTEUFFEL and WHITE [104], FAILLE [58]).
Most of these methods, are, however, limited to the finite volume method for Problem (2.1). Using the
notations of Section 2.1.2 (recall that U = (u(z1),...,u(xy)), and » = AU — b = 0(1)), the idea is to
find U “close” to U, such that

AU =b+7, with 7 = 0(h).

This value of U was found in FORSYTH and SAMMON [69] and is such that U =T -V, where

h2 rxx\L1i .
V= (v,...,on)" andvi:%'(x),zzl,...,N.

Then, one may decompose the truncation error as
r=AU —U) = AV + 7 with |Vl = 0(h?) and 7 = 0(h).

The existence of such a V' is given in Lemma 2.1. In order to prove the convergence of the scheme, a
stability property is established in Lemma 2.2.

Lemma 2.1 Let 7 = (K;)i=1,... 5 be an admissible mesh of (0, 1), in the sense of Definition 2.1 page 12,
such that x; is the center of K; for alli =1,...,N. Let ar > 0 be such that h; > arh foralli=1,...,N
(recall that h = max{hy,...,hx}). Let U = (u(z1),...,u(zyn))t € RY, where u is the solution to (2.1),
and assume u € C3([0,1],IR). Let A be the matriz defining the numerical scheme, given in (2.10) page
14. Then there exists a unique U = (uy,...,uyn) solution of (2.3)-(2.6) and there exists T and V e RY
such that

r=AU—-U) = AV +7, with ||Vl < Ch? and |[T||ec < Ch,

where C' only depends on u and cr.

PROOF of Lemma 2.1

The existence and uniqueness of U is classical (it is also proved in Theorem 2.1).
For i =0,... N, define

u(zipr) — u(w;)
= -2t o).
v 2

Remark that
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1 .
m:h—i(RH%—Ri_%), fori=0,...,N, (2.22)

where r; is the i—th component of r = A(U — U).
The computation of R, 1 yields

1(hz+1 h)uww( )+O(h2) i_]-a"'vN_]-v

R,
R — hlum(O)—kO( ) RN-i—l = —hN'LLgm( )+0(h2)

|| t\:|>—A

1
2

Define V = (vy,...,vn)" with v; = }W%T('m,izl,...,N. Then,

Vi1 — U 2\ . _
S T Ry O = LN -
v 2
2
L= Ry +0(h),
Chy
2’UN 2
Since h; > arh, fori=1,..., N, replacing R;, 1 in (2.22) gives that r; = (AV); +0(h), fori=1,..., N,
and ||V ||oo = 0(h?). Hence the lemma is proved. ]

Lemma 2.2 (Stability) Let 7 = (K;)i=1,... n be an admissible mesh of [0,1] in the sense of Definition
2.1. Let A be the matriz defining the finite volume scheme given in (2.10). Then A is invertible and

1
AL < 7 (2.23)
4
PrROOF of Lemma 2.2
First we prove a discrete maximum principle; indeed if b; > 0, for alli = 1,..., N, and if U is solution of

AU = b then we prove that u; >0 foralli=1,..., N.
Let a = min{u;,i =0,..., N +1} (recall that ug = uny4+1 = 0) and ip = min{i € {0,..., N+ 1}; u; = a}.
If ip # 0 and i9 # N + 1, then

L(Uio — Uig—1  Uig41 — Um) —b, >0

hi, hio—% hio+%

this is impossible since w;,+1 — i, > 0 and u;, — u;,—1 < 0, by definition of i¢g. Therefore, i = 0 or
N + 1. Then,a=0and u; >0 foralli=1,..., N.

Note that, by linearity, this implies that A is invertible.

Next, we shall prove that there exists M > 0 such that ||[A™}|| . < M (indeed, M = 1/4 is convenient).
Let ¢ be defined on [0,1] by ¢(z) = 32(1 —z). Then —¢q(x) =1 for all z € [0,1]. Let ® = (¢1,...,¢n)
with ¢; = ¢(x;); if A represented the usual finite difference approximation of the second order derivative,
then we would have A® = 1, since the difference quotient approximation of the second order derivative
of a second order polynomial is exact (¢, = 0). Here, with the finite volume scheme (2.3)-(2.6), we
have A® —1 = AW (where 1 denotes the vector of R” the components of which are all equal to 1), with

W = (wi,...,wy) € RY such that W; = —%? (see proof of Lemma 2.1). Let b € RY and AU = b, since
A(® — W) =1, we have

AU — [|blloo(® = W)) <0
this last inequality being meant componentwise. Therefore, by the above maximum principle, assuming,
without loss of generality, that h < 1, one has

bl

i < ||blloo (s — wy), so that u; < 4
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(note that ¢(z) < £). But we also have
AU + [[b]] o (® = W) = 0,
and again by the maximum principle, we obtain

e
[ 4 .

Hence ||U]|os < 3/[b]|oo. This shows that |A™! e < "

1
Z.
This stability result, together with the existence of V' given by Lemma 2.1, yields the convergence of the
finite volume scheme, formulated in the next theorem.

Theorem 2.2 Let 7 = (K;)i=1,....n be an admissible mesh of [0,1] in the sense of Definition 2.1 page
12. Let ar € R} be such that hy > arh, for all i =1,...,N (recall that h = max{hi,...,hny}). Let
U = (u(z1),...,u(zn))t € RY, and assume u € C3([0,1],R) (recall that u is the solution to (2.1)). Let
U= (u1,...,un) be the solution given by the numerical scheme (2.3)-(2.6). Then there exists C > 0,

only depending on ar and u, such that |U — Ul|s < Ch.

Remark 2.8 In the proof of Lemma 2.2, it was shown that A(U — V) = b+ 0(h); therefore, if, once
again, the finite volume scheme is considered as a finite difference scheme, it is consistent, in the finite
difference sense, when wu; is considered to be an approximation of u(x;) — (1/8)hZu..(z;).

Remark 2.9 With the notations of Lemma 2.1, let 7 be the function defined by
r(x)y=r; ifaxekK; i=1,... N,

the function r does not necessarily go to 0 (as h goes to 0) in the L> norm (and even in the L' norm),
but, thanks to the conservativity of the scheme, it goes to 0 in L*((0,1)) for the weak-* topology, that
is

/0 r(z)p(x)dr — 0, as h— 0, Voe L'((0,1)).

This property will be called “weak consistency” in the sequel and may also be used to prove the conver-
gence of the finite volume scheme (see FAILLE [58]).

The proof of convergence described above may be easily generalized to the two-dimensional Laplace
equation —Awu = f in two and three space dimensions if a rectangular or a parallepipedic mesh is used,
provided that the solution w is of class C®. However, it does not seem to be easily generalized to other
types of meshes.

2.3 General 1D elliptic equations

2.3.1 Formulation of the finite volume scheme

This section is devoted to the formulation and to the proof of convergence of a finite volume scheme for
a one-dimensional linear convection-diffusion equation, with a discontinuous diffusion coefficient. The
scheme can be generalized in the two-dimensional and three-dimensional cases (for a space discretization
which uses, for instance, simplices or parallelepipedes or a “Voronoi mesh”, see Section 3.1.2 page 37)
and to other boundary conditions.

Let A € L>((0,1)) such that there exist A and A € R with A <X < X a.e. and let a,b,¢,d € R, with
b>0,and f € L*((0,1)). The aim, here, is to find an approximation to the solution, u, of the following
problem:

—(Mug)z () + aug(x) + bu(z) = f(x), x € [0,1], (2.24)
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u(0) = ¢, u(l) =d. (2.25)
The discontinuity of the coefficient A may arise for instance for the permeability of a porous medium,
the ratio between the permeability of sand and the permeability of clay being of an order of 10%; heat
conduction in a heterogeneous medium can also yield such discontinuities, since the conductivities of the
different components of the medium may be quite different. Note that the assumption b > 0 ensures the
existence of the solution to the problem.

Remark 2.10 Problem (2.24)-(2.25) has a unique solution u in the Sobolev space H((0,1)). This
solution is continuous (on [0, 1]) but is not, in general, of class C? (even if A\(z) = 1, for all z € [0, 1]
Note that one has —Au,(z) = fOT g(t)dt+ C, where C is some constant and g = f — au, —bu € L((0,1))
so that Au, is a continuous function and u, € L>((0,1)).

3

Let T = (K;)i=1,...nv be an admissible mesh, in the sense of Definition 2.1 page 12, such that the
discontinuities of A coincide with the interfaces of the mesh.
The notations being the same as in section 2.1, integrating Equation (2.24) over K; yields

() (@14 y) + i) y) + aulay, ) — aua;

1 1
2 2

)+ bu(x)de = flx)dx, i=1,...,N.
K K

Let (u;)i=1,... v be the discrete unknowns. In the case a > 0, which will be considered in the sequel,
the convective term au(z;41/2) is approximated by au; (“upstream”) because of stability considerations.
Indeed, this choice always yields a stability result whereas the approximation of au(z;41/2) by (a/2)(u; +
u;+1) (with the approximation of the other terms as it is done below) yields a stable scheme if ah < 2,
for a uniform mesh of size h and a constant diffusion coefficient A\. The case a < 0 is easily handled in the
same way by approximating au(z;41/2) by auiy1. The term [ K, bu(x)dx is approximated by bh;u;. Let
us now turn to the approximation H; /o of —Aug(z;41/2). Let A; = h% fKi A(z)dx; since Nk, € CY(K;),
there exists ¢y € R4, only depending on A, such that [A; — A(z)| < exh, Vo € K;. In order that the
scheme be conservative, the discretization of the flux at x;4,/, should have the same value on K; and
Kiy1. To this purpose, we introduce the auxiliary unknown u;;1 /o (approximation of u at z;41/2). Since
on K; and K1, A is continuous, the approximation of —Au, may be performed on each side of x;; 1/,
by using the finite difference principle:

ht

K3

HiJr%:—)\i OnKi,i:].,...,N,

Wil — Uip l .
i+l =—/\7;+1h%2 on Kj41,i=0,...,N —1,

with u;/9 = ¢, and uy41/2 = d, for the boundary conditions. (Recall that h;’ = Tip1/2 — v and
h; = x; — x;_1/2). Requiring the two above approximations of Au,(z;}1/2) to be equal (conservativity
of the flux) yields the value of u; 1/ (fori=1,...,N —1):

Ai Ai
Uif1 o + Ui
= Pt i 2.26
Uil = Nt N by (2.26)
hipn B

which, in turn, allows to give the expression of the approximation H, 1 of Aug (. 1 ):

1
A (2.27)
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with

Aidit1 )
— ,1=1
hi Nig1 + hijg A

Tip1 .. N—1. (2.28)

Example 2.2 If h; = h, for all i € {1,..., N}, and =; is assumed to be the center of K;, then h;” =
h, = %, so that
2N w1 —ug

Ai + Aig1 h 7

and therefore the mean harmonic value of A is involved.

Hy o

The numerical scheme for the approximation of Problem (2.24)-(2.25) is therefore,

FiJr —FZ;; —l—bhiui:hifi, Vi € {].,...,N}, (229)

1
2 2

with f; = hif:% f(z)dz, for i = 1,...,N, and where (F}

+%)i€{07m7N} is defined by the following

expressions
FiJr% = _Ti+%(ui+1 — ui) + au;, Vi € {]., ooy, N — 1}, (230)
A1 An
Fr=——(u1 —¢)+ac, Fy 1 =——"(d—un)+auy. (2.31)
2 hl 2 hN

Remark 2.11 In the case a > 0, the choice of the approximation of au(x;41/2) by auiy1 would yield an
unstable scheme, except for h small enough (when a < 0, the unstable scheme is au;).

Taking (2.28), (2.30) and (2.31) into account, the numerical scheme (2.29) yields a system of N equations

with N unknowns uq,...,un.

2.3.2 Error estimate

Theorem 2.3

Let a,b>0, c,d € R, A € L>°((0,1)) such that A < X\ < X a.e. with some A\, X € R, and f € L'((0,1)).
Let u be the (unique) solution of (2.24)-(2.25). Let T = (K;)i=1,....n be an admissible mesh, in the sense of
Definition 2.1, such that A € C*(K;) and f € C(K;), for alli=1,---,N. Let v = max{||toz| 1o (r;): 1 =
L,---,N} and 6 = max{||\||p>~(x,),i = 1,---,N}. Then,

i

1. there exists a unique vector U = (u,...,un)" € RN solution to (2.28)-(2.31),

2. there exists C, only depending on A\, X,y and &, such that
N
ZTiJr%(e”l —ei)? < Ch?, (2.32)
i=0
where 7, 1 is defined in (2.28), and

les| < Ch,Vie{l,...,N}, (2.33)

with eg = en+1 =0 and e; = u(x;) —u;, for alli € {1,...,N}.
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PROOF of Theorem 2.3

Step 1. Existence and uniqueness of the solution to (2.28)-(2.31).

Multiplying (2.29) by w; and summing for ¢ = 1,..., N yields that if c = d = 0 and f; = 0 for any i €
{1,..., N}, then the unique solution to (2.28)-(2.31) is obtained by taking u; = 0, for any i € {1,..., N}.
This yields existence and uniqueness of the solution to (2.28)-(2.31).

Step 2. Consistency of the fluxes.
Recall that h = max{hq,...,hn}. Let us first show the consistency of the fluxes.
Let H1/2 = —(Aug)(wi41/2) and HY g = —Tip1/2(u(wipr)—u(zy)), fori =0,..., N, with 7y )5 = Ay /hT
and Tni1/2 = )\N/h?\',. Let us first show that there exists C1 € IR’ , only depending on A, A, and 6,
such that

H* Fer% + Ti+% 5

it+3

2.34
|Ti+%|§01h,i=0,...,N. ( )
In order to show this, let us introduce
,— w(wiy 1) —u(w;) " u(wiyr) —u(x;; 1)
Hiir% = _)\ith and HHE =—Aiq1 hity =; (2.35)

since A € C'(K;), one has u € C?(K;); hence, there exists C € IR’ , only depending on 7 and ¢, such
that

Hg%:ﬁﬁ%+R;?xmmﬂRﬁggCMi:L”wN, (2.36)
and
H;E:ji+%+RL%,WmmﬂRL%h;CMi:O““,N—J. (2.37)

This yields (2.34) for i =0 and ¢ = N.
The following equality:

Hyy=H - Ry =H - R i=1... N-1, (2.38)
yields that
Ai
hjl u(zit1) + —ulz;)
u(xl-i-%) = ot Ai )\i+1l +Sz+%’ Z = ].,...,N— ]_, (239)
— +
hi higa
where . B
S . Ri+% Ri+%
i+% o Ap + Ait1
R R
so that N
1 hihy _
1Sip1l < S |RE L - R

%

Sl g
Ahf+hi e

Let us replace the expression (2.39) of u(z41/2) in H;I/Q defined by (2.35) (note that the computation

is similar to that performed in (2.26)-(2.27)); this yields

Ai

_ h_*S'

H;__% = =71 (u(@it1) — u(z;)) it i=1..., N1 (2.40)
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Using (2.38), this implies that H*

1 =
1,+§

H; 1 +T;, 1 where

- DY
ITieg| S IR+ IR, — RO 155

Using (2.36) and (2.37), this last inequality yields that there exists C;, only depending on X, A, 7, §, such
that

|H:+1—Fi+%|=|Ti+%|SClh,iZL...,N—l.
2

Therefore (2.34) is proved.

Define now the total exact fluxes;

FH% = —(/\um)(a:iJr%)—Fau(xiJr%), Vie{0,...,N},
and define

F;;% = _TiJr%(u(xiJrl) - U(:El)) + a‘u(xi)a Vi € {]—a o '7N - 1}7

A
Fg = ——(u(z1) — ¢) + ac, FZ’\LH% = —%(d —u(zn)) + auy.
Then, from (2.34) and the regularity of u, there exists Cy, only depending on A, A,y and 6, such that

Sy = Fipy + Ry, with |[R 1| < Coh,i=0,...,N. (2.41)

Hence the numerical approximation of the flux is consistent.

Step 3. Error estimate.
Integrating Equation (2.24) over each control volume yields that

Fipy —Fi_y +bhi(u(z) + S;) = hifi, Vie {1,..., N}, (2.42)

where S; € IR is such that there exists C5 only depending on w such that |S;| < Csh, for i =1,..., N.
Using (2.41) yields that

Let e; = u(x;) —u;, for i =1,...,N, and ey = ey41 = 0. Substracting (2.29) from (2.43) yields

_TiJr%(eH_l — 67;) —l—TF%(ei — 67;_1) —|—a(ei — ei_l) + bh;e; = —bh;S; + RiJr% — Rif%a Vi € {1, .. .,N}.

Let us multiply this equation by e;, sum for ¢ = 1,..., N, reorder the summations. Remark that
N 1 N+l
Zei(ei —ei1) =3 Z (ei —€io1)?
i=1 i=1
and therefore
N o VAL N N N
ZTiJr% (€i+1 — ei)Q + 5 Z (ei — 61;1)2 + thlef = — thlSlel — Z Ri+%(ei+1 — ei).
i=0 i=1 i=1 i=1 i=0

Since |S;| < Csh and thanks to (2.41), one has
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N N N
ZTiJr% (61'4_1 — 61)2 < Zb03h7h|€7| + Z Cgh|€7;+1 — 61'|.
1=0 =1 =1

1

Remark that |e;| < Z;V:1 le; —ej—1]. Denote by A = (Z?{:o Tip (€t — ei)Q) *and B = (Z?{:o L )

i+%

1
2

The Cauchy-Schwarz inequality yields

N
A? <) " bCshihAB + CyhAB.

=1
Now, since
1 h a N
T+1§P (hipy +h), Y (hipy +hf) =1, with hf =hy,, =0, and > h; =1,
T3 — i=0 =1

one obtains that A < Cyh, with Cy only depending on A\, A,y and §, which yields Estimate (2.32).
Applying once again the Cauchy-Schwarz inequality yields Estimate (2.33). [

2.3.3 The case of a point source term

In many physical problems, some discontinuous or point source terms appear. In the case where a
source term exists at the interface x;;1/2, the fluxes relative to K; and K;;1 will differ because of this
source term. The computation of the fluxes is carried out in a similar way, writing that the sum of the
approximations of the fluxes must be equal to the source term at the interface. Consider again the one-
dimensional conservation problem (2.24), (2.25) (with, for the sake of simplification, a =b=c¢=d = 0,
we use below the notations of the previous section), but assume now that at z € (0,1), a point source of
intensity « exists. In this case, the problem may be written in the following way:

—(Mug(2))e = f(z), v €(0,2)U(z,1), (2.44)
u(0) =0, (2.45)

u(1) =0, (2.46)

(Aug) ™ (2) — (Aug) ™ (2) = —a, (2.47)

where

Aug)t(z) = lim  (Oug)(z) and \ug) (2) =  lim (Aug)(2).

T—T,r>T r—z,x<T

Equation (2.47) states that the flux is discontinuous at point z. Another formulation of the problem is
the following:

—(Mig)e = g in D'((0,1)), (2.48)
u(0) =0, (2.49)
u(1) =0, (2.50)

where g = f + ady, where ¢, denotes the Dirac measure, which is defined by < 65, ¢ >p/ p= ¢(x), for
any ¢ € D((0,1)) = C((0,1),IR), and D’'((0,1)) denotes the set of distributions on (0,1), i.e. the set of
continuous linear forms on D((0,1)).

Assuming the mesh to be such that x = x7+1 2 for some i € 1,..., N — 1, the equation corresponding to
the unknown ui is Fi_ /2~ E 12 = J X, x)dx, while the equatlon corresponding to the unknown ;41

s Fiyzp — 7+1/2 fK - x)dz. In order to compute the values of the numerical fluxes F one

i+1/20
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must take the source term into account while writing the conservativity of the flux; hence at x; /o, the

two numerical fluxes at z = z, namely F| + i and F ,, must satisfy, following Equation (2.47),

+ 1
+ - _
F‘H%—F‘H%—a. (2.51)
Next, the fluxes F+1/2 and F+1/2 must be expressed in terms of the discrete variables ug, k =1,..., N;

in order to do so, introduce the auxiliary variable u; /o (which will be eliminated later), and write

F* Ai
it+2 +1 h;—i—l
_ Uipq — Wi
Fi+% =X nt
Replacing these expressions in (2.51) yields
hih;, A
i+1 i+1
Uiyl = —— —Uj1 + U + @
T (i + By Air) [hi+1 i h+ !
and therefore
At Aii
F+ = L +l o — +l (qu — 'Ll,l)

i+3 hi 1A +h;")\i+1 hi 1A +h;’>\i+1

“hoA Ak
= A o — — Jﬂ (Wig1 — uy).
T2 b+ i hivadi +hi Aiva

Note that the source term « is distributed on either side of the interface proportionally to the coefficient
A, and that, when a = 0, the above expressions lead to

_ Aihi
Fl, =F, s

Ujg — Uj ).
7+2 h;}-l)‘l + h:r)\iJrl ( i )

Note that the error estimate given in Theorem 2.3 still holds in this case (under adequate assumptions).

2.4 A semilinear elliptic problem

2.4.1 Problem and Scheme

This section is concerned with the proof of convergence for some nonlinear problems. We are interested,
as an example, by the following problem:

—Ugz () = f(a,u(z)), x € (0,1), (2.52)

u(0) =u(l) =0, (2.53)
with a function f: (0,1) x R — IR such that

f(z, s) is measurable with respect to z € (0,1) for all s € IR

and continuous with respect to s € R for a.e. x € (0, 1), (2.54)

FeL®(0,1) x R). (2.55)

It is possible to prove that there exists at least one weak solution to (2.52), (2.53), that is a function u
such that
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we HY((0,1)), /0 ()02 (2)d: = /0 @, u(@))o(@)d, Yo € HL((0,1)). (2.56)

Note that (2.56) is equivalent to “u € Hj((0,1)) and —ug, = f(-,u) in the distribution sense in (0,1)”.
The proof of the existence of such a solution is possible by using, for instance, the Schauder’s fixed point
theorem (see e.g. DEIMLING [45]) or by using the convergence theorem 2.4 which is proved in the sequel.

Let 7 be an admissible mesh of [0, 1] in the sense of Definition 2.1. In order to discretize (2.52), (2.53),
let us consider the following (finite volume) scheme

FiJr%—Fif%:hf(u?) i=1,...,N, (2.57)
o Ui — U
FH’%__ﬁ’Z_O""’N’ (258)
v 2
Up = UN+1 = 0, (2.59)
with f;(u;) = L fK (z,u;)dx, 1 =1,...,N. The discrete unknowns are therefore uy,...,uy.

In order to glve a convergence result for this scheme (Theorem 2.4), one first proves the existence of a
solution to (2.57)-(2.59), a stability result, that is, an estimate on the solution of (2.57)-(2.59) (Lemma
2.3) and a compactness lemma (Lemma 2.4).

Lemma 2.3 (Existence and stability result) Let f: (0,1) x R — R satisfying (2.54), (2.55) and
T be an admissible mesh of (0,1) in the sense of Definition 2.1. Then, there exists (u1,...,ux)t € RY
solution of (2.57)-(2.59) and which satisfies:

u7+1 - uz)2

'l
i=0 i+3

<C, (2.60)

tﬂz

for some C > 0 only depending on f.

PROOF of Lemma 2.3

Define M = || f[| o ((0,1)xr)- The proof of estimate (2.60) is given in a first step, and the existence of a
solution to (2.57)-(2.59) in a second step.

Step 1 (Estimate)

Let V = (v1,...,on5)t € RY, there exists a unique U = (uy,...,uyx)’ € RY solution of (2.57)-(2.59)
with f;(v;) instead of f;(u;) in the right hand-side (see Theorem 2.1 page 16). One sets U = F(V), so
that F is a continuous application from R to R, and (u1,...,uy) is a solution to (2.57)-(2.59) if and
only if U = (uy,...,uy)? is a fixed point to F.

Multiplying (2.57) by u; and summing over 7 yields

N
PPl (vt —w)” MZh |, (2.61)

i=0 h7+ 3
and from the Cauchy-Schwarz inequality, one has

N
Juil < (
j=0

(wj+1 — uy)

T

then (2.61) yields, with C' = M?2,
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u7+1 - Ufz

Mz

<C. (2.62)

=0

This gives, in particular, Estimate (2.60) if (uq, ... ,uN)t e RY is a solution of (2.57)-(2.59) (that is
u; = v; for all 7).

Step 2 (Existence)
The application F: RY — R defined above is continuous and, taking in IR the norm

2

'U1+1 2 1 + .
V] = Z 2 , for V.= (v1,...,0n)", with vg =vn41 =0,
i=0 H’z

one has F'(Bys) C By, where By is the closed ball of radius M and center 0 in RY. Then, F' has a
fixed point in By thanks to the Brouwer fixed point theorem (see e.g. DEIMLING [45]). This fixed point
is a solution to (2.57)-(2.59). m

2.4.2 Compactness results

Lemma 2.4 (Compactness)

For an admissible mesh T of (0,1) (see definition 2.1), let (uy,...,un)? € RY satisfy (2.60) for some
C € R (independent of T ) and let uz : (0,1) — R be defined by ur(z) =w; if v € K;, i =1,...,N.
Then, the set {ur, T admissible mesh of (0,1)} is relatively compact in L?((0,1)). Furthermore, if
uz, — u in L2((0,1)) and size(7,) — 0, as n — oo, then, u € H((0,1)).

PRrROOF of Lemma 2.4

A possible proof is to use “classical” compactness results, replacing uz by a continuous function, say
U7, piecewise affine, such that wr(x;) = u; for i = 1,..., N, and a7 (0) = wr(1) = 0. The set {ur, 7
admissible mesh of (0,1)} is then bounded in H}((0,1)), see Remark 3.9 page 49.

Another proof is given here, the interest of which is its simple generalization to multidimensional cases
(such as the case of one unknown per triangle in 2 space dimensions, see Section 3.1.2 page 37 and Section
3.6 page 93) when the construction of such a function, uz, “close” to uzr and bounded in H{((0,1))
(independently of 7), is not so easy.

In order to have us defined on IR, one sets uy(z) =0 for = ¢ [0,1]. The proof may be decomposed into
four steps.

Step 1. First remark that the set {u7, 7 an admissible mesh of (0,1)} is bounded in L?(IR). Indeed, this

an easy consequence of (2.60), since one has, for all x € [0, 1] (since ug = 0 and by the Cauchy-Schwarz
inequality),

U'1+1 ; C

Mz
\Z

N
ur ()] < Jwipr —u| < (
i=0 = Py

Step 2. Let 0 < n < 1. One proves, in this step, that

luz (- +m) — urlf2m) < Cn(n+ 2h). (2.63)
(Recall that h = size(7).)
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Indeed, fori € {0,..., N} define x;41/2 : R — IR, by x;41/2(x) = 1, if 2;41 /2 € [z, 2+n] and X;41/2(x) =
0, if 2;41/2 ¢ [z, 2 +n]. Then, one has, for all z € IR,

(ur(z+n) —ur(z Z [uit1 — Uz|X7+ (@ ))

<

Since Eivzo Xit1/2(®)hix172 < n+ 2h, for all z € IR, and flR Xit1/2(x)dx = n, for all i € {0,..., N},
integrating (2.64) over IR yields (2.63).

Mz

““’1 X7+ ) (Z it ) (2.64)

i=0 l 3

Step 3. For 0 < n < 1, Estimate (2.63) implies that

lur (- + 1) = urll3a ) < 3Cn.

This gives (with Step 1), by the Kolmogorov compactness theorem (recalled in Section 3.6, see Theorem
3.9 page 93), the relative compactness of the set {u7, 7 an admissible mesh of (0,1)} in L?((0,1)) and
also in L*(IR) (since uz =0 on IR \ [0, 1]).

Step 4. In order to conclude the proof of Lemma 2.4, one may use Theorem 3.10 page 93, which we prove
here in the one-dimensional case for the sake of clarity. Let (7, )n,en be a sequence of admissible meshes
of (0,1) such that size(7,,) — 0 and uz, — u, in L?((0,1)), as n — oo. Note that uz, — u, in L?(R),
with w = 0 on IR\ [0, 1]. For a given n € (0,1), let n — oo in (2.63), with uz, instead of us (and size(7,,)
instead of h). One obtains

” u(-+n) —u
Ui
Since (u(- 4+ n) — u)/n tends to Du (the distribution derivative of «) in the distribution sense, as n — 0,
Estimate (2.65) yields that Du € L?(IR). Furthermore, since u = 0 on IR \ [0, 1], the restriction of u to
(0,1) belongs to H}((0,1)). The proof of Lemma 2.4 is complete. ]

1Z2m) < C. (2.65)

2.4.3 Convergence

The following convergence result follows from lemmata 2.3 and 2.4.

Theorem 2.4 Let f: (0,1) x R — R satisfying (2.54), (2.55). For an admissible mesh, T, of (0,1)
(see Definition 2.1), let (uy,...,un)t € RY be a solution to (2.57)-(2.59) (the existence of which is given
by Lemma 2.3), and let ur : (0,1) - R by ur(x) =u;, ifx € K;, i=1,...,N.

Then, for any sequence (T,)neN of admissible meshes such that size(7,,) — 0, as n — oo, there exists a
subsequence, still denoted by (Tp)new, such that uz, — u, in L*((0,1)), as n — oo, where u € HE((0,1))
is a weak solution to (2.52), (2.53) (that is, a solution to (2.56)).

PROOF of Theorem 2.4

Let (7,,)nen be a sequence of admissible meshes of (0, 1) such that size(7,) — 0, as n — oo. By lemmata
2.3 and 2.4, there exists a subsequence, still denoted by (7, )nen, such that uz, — u, in L?((0,1)), as
n — oo, where u € Hg((0,1)). In order to conclude, it only remains to prove that —ug, = f(-,u) in the
distribution sense in (0, 1).

To prove this, let ¢ € C2°((0,1)). Let T be an admissible mesh of (0,1), and ¢; = ¢(z;), i =1,..., N,
and ¢ = pn+1 = 0. If (u1,...,un) is a solution to (2.57)-(2.59), multiplying (2.57) by ¢; and summing
over i =1,..., N yields
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/ wr(2) by () de = / Fr(@)or (@)da, (2.66)
0 0

where

1 i — iz i+1 — Pi :
br(a) = (P = P fr(e) = [, ) and pr(2) = i, i x € K.
i—1 i+3

Note that, thanks to the regularity of the function ¢,

Pi+1 — Pi

P =¢o(@p 1) + Ry, [Rip 1| < Chh,

with some C; only depending on ¢, and therefore

/0“7( 2)r (@)do Z/ Y (ariy) — palriey )dx+2u7 - Riy)

:/ —uT( )97 dx—l—ZRH_ Ujp1 — )
0

=0

with ug = uny41 = 0, where the piecewise constant function

T xi 1) — Pg xifl
o 3 Bl ety

hA
i=1,N v

tends to ¢, as h tends to 0.
Let us consider (2.66) with 7;, instead of 7; thanks to the Cauchy-Schwarz inequality, a passage to the
limit as n — oo gives, thanks to (2.60),

—Aﬁummwm:Amemwwm,

and therefore —uz,; = f(-,u) in the distribution sense in (0,1). This concludes the proof of Theorem 2.4.
Note that the crucial idea of this proof is to use the property of consistency of the fluxes on the regular
test function ¢. -

Remark 2.12 It is possible to give some extensions of the results of this section. For instance, Theorem
2.4 is true with an assumption of “sublinearity” on f instead of (2.55). Furthermore, in order to have
both existence and uniqueness of the solution to (2.56) and a rate of convergence (of order h) in Theorem
2.4, it is sufficient to assume, instead of (2.54) and (2.55), that f € C'([0,1] x IR,IR) and that there
exists v < 1, such that (f(z,s) — f(x,t))(s —t) < v(s —t)?, for all (z,s) € [0,1] x IR.



Chapter 3

Elliptic problems in two or three
dimensions

The topic of this chapter is the discretization of elliptic problems in several space dimensions by the
finite volume method. The one-dimensional case which was studied in Chapter 2 is easily generalized
to nonuniform rectangular or parallelipedic meshes. However, for general shapes of control volumes,
the definition of the scheme (and the proof of convergence) requires some assumptions which define an
“admissible mesh”. Dirichlet and Neumann boundary conditions are both considered. In both cases, a
discrete Poincaré inequality is used, and the stability of the scheme is proved by establishing estimates
on the approximate solutions. The convergence of the scheme without any assumption on the regularity
of the exact solution is proved; this result may be generalized, under adequate assumptions, to nonlinear
equations. Then, again in both the Dirichlet and Neumann cases, an error estimate between the finite
volume approximate solution and the C? or H? regular exact solution to the continuous problems are
proved. The results are generalized to the case of matrix diffusion coeflicients and more general boundary
conditions. Section 3.4 is devoted to finite volume schemes written with unknowns located at the vertices.
Some links between the finite element method, the “classical” finite volume method and the “control
volume finite element” method introduced by FORSYTH [67] are given. Section 3.5 is devoted to the
treatment of singular sources and to mesh refinement; under suitable assumption, it can be shown that
error estimates still hold for “atypical” refined meshes. Finally, Section 3.6 is devoted to the proof of
compactness results which are used in the proofs of convergence of the schemes.

3.1 Dirichlet boundary conditions
Let us consider here the following elliptic equation

—Au(x) + div(vu)(x) + bu(z) = f(z), x € Q, (3.1)

with Dirichlet boundary condition:
u(z) = g(x), =€, (3.2)

where

Assumption 3.1
1. Q is an open bounded polygonal subset of R, d =2 or 3,
2.b>0,
3. feL*Q),

32
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4. v e CYQ,RY);divv > 0,
5. g € C(OQ,R) is such that there exists g € H'(Q) such that ¥(g) = g a.e. on 0.

Here, and in the sequel, “polygonal” is used for both d = 2 and d = 3 (meaning polyhedral in the latter
case) and 7 denotes the trace operator from H'(Q) into L?(d2). Note also that “a.e. on 9Q” is a.e. for
the d — 1-dimensional Lebesgue measure on 0f).

Under Assumption 3.1, by the Lax-Milgram theorem, there exists a unique variational solution u € H* ()
of Problem (3.1)-(3.2). (For the study of elliptic problems and their discretization by finite element
methods, see e.g. CIARLET, P.G. [29] and references therein). This solution satisfies u = w + g, where
g € HY(Q) is such that 7(g) = g, a.e. on 9, and w is the unique function of Hg () satisfying

/ (Vw(x) V() + div(vw)(z)v(z) + bw(m)z,b(m))dm -
Q

(3.3)
[ (=¥ila) - V(o) — div(vi) @)o(e) = bile)io(o) + fa)o(e) de. Voo € HY(@).

3.1.1 Structured meshes

If Q is a rectangle (d = 2) or a parallelepiped (d = 3), it may then be meshed with rectangular or
parallelepipedic control volumes. In this case, the one-dimensional scheme may easily be generalized.

Rectangular meshes for the Laplace operator

Let us for instance consider the case d = 2, let Q = (0,1)x(0,1), and f € C?(22,IR) (the three dimensional
case is similar). Consider Problem (3.1)-(3.2) and assume here that b =0, v =0 and g = 0 (the general
case is considered later, on general unstructured meshes). The problem reduces to the pure diffusion
equation:

—Au(z,y) = f(z,y), (z,y) € Q,
u(z,y) =0, (z,y) € 0. (3.4)

In this section, it is convenient to denote by (x,y) the current point of R? (elsewhere, the notation x is
used for a point or a vector of R?).

Let T = (K j)i=1,..,Ny;j=1,--,N, be an admissible mesh of (0,1) x (0,1), that is, satisfying the following
assumptions (which generalize Definition 2.1)

Assumption 3.2 Let Ny € N*, Ny € IN*, hy,...,hy, >0, k1,...,kn, > 0 such that

Ny No
dhi=1> k=1,
=1 =1

and let hg = 0,hn,+1 = 0,ko = 0,kn,41 = 0. Fori=1,..., Ny, let T1 =0,z
Ty 41 = 1), and for j =1,..., Na, y1r=0,y41 =y 1 +kj, (so that YNy 4l =

L =T
1) and

1+ hi, (so that

Kij=[wimg, 2w 1] X Wj-1,941]-
Let (x;)i=0,N1+1, and (Y;)j=0,N,+1, Such that
Tt <@y < Tiyy, fori=1,...,Ni,20=0, zn,41 =1,
Yit <Y <¥Yjrl, forg=1,...,No, 50 =0, yn,+1 = 1,
and let x; ; = (z5,y;), fori=1,...,Nyi,, j=1,..., No; set

- _ +_ . _ .
hi —xi—xi_%,hi =T 1 — T, forz-l,...,Nl,hH%—a:H_l—a:i, fori=20,..., Ny,
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kim =y —yj—1 ki =y — vy, forj=1,...,No, ki1 =yj1 —yj, forj=0,...,No.
Let h = max{(hi,i = ].,'-',Nl), (kj,j = ].,'-',Ng)}.

As in the 1D case, the finite volume scheme is found by integrating the first equation of (3.4) over each
control volume Kj; ;j, which yields

Yj+3 Yitd
- Um(xz'-p%vy)dy =+ Uy (1, y)dy
Yy Yy

2

2 2
+/ uy(,y;_1)de — / Uy (@, Yjq1)de = f(z,y)dx dy.
Ti-1 T, 1 K;j
The fluxes are then approximated by differential quotients with respect to the discrete unknowns (u; ;,7 =
1,--+,N1,j =1,--+, N2) in a similar manner to the 1D case; hence the numerical scheme writes
FiJr%’j — Fz?%,j + Fi’jJr% — Fi,jf% = h@jf@j, v (l,]) S {1, ey Nl} X {1, Ce NQ}, (35)

where h; ; = h; x kj, f;; is the mean value of f over K; ;, and

F‘z—l—%j:_h Jl(ui-l-l,j_ui,j)? fOI‘ZZO,---7N1,j:17---,N2’
Fij+l:_ : (ui;j+1_ui,j)a fOI'Z:1,"',N1,]:0,"',N2,
c kivy
'Ll,()’j = 'LI,NIJFLJ‘ = uw = ui,Nerl = 0, fOI‘ 1= ]., - .,Nl,j = ]., - .,NQ. (37)

The numerical scheme (3.5)-(3.7) is therefore clearly conservative and the numerical approximations of
the fluxes can easily be shown to be consistent.

Proposition 3.1 (Error estimate) Let Q = (0,1) x (0,1) and f € L?(). Let u be the unique varia-
tional solution to (3.4). Under Assumptions 3.2, let ¢ > 0 be such that h; > Ch fori=1,...,N; and
k;j > Ch for j = 1,...,Na. Then, there exists a unique solution (Ui ;)i=1,.... N, j=1,,N, to (3.5)-(3.7).
Moreover, there exists C > 0 only depending on u, Q) and ¢ such that

. e )2 - _ . )2
Z—(e”l]j i)y +Z—(e”+k1 i), < on? (3.8)
i.j ity i.j it
and
Z(ei7j)2hikj S ChQ, (39)
4,7

where e; ; = uw(2;;) — wij, fori=1,---,Ni,j=1,---, Na.

In the above proposition, since f € L%(2) and Q is convex, it is well known that the variational solution
u to (3.4) belongs to H?(2). We do not give here the proof of this proposition since it is in fact included
in Theorem 3.4 page 55 (see also LAZAROV, MISHEV and VASSILEVSKI [99] where the case u € H®, s > %
is also studied).

In the case u € C%(Q), the estimates (3.8) and (3.9) can be shown with the same technique as in the 1D
case (see e.g. FIARD [65]). If u € C? then the above estimates are a consequence of Theorem 3.3 page
52; in this case, the value C' in (3.8) and (3.9) independent of {, and therefore the assumption h; > Ch
fori=1,...,Ny and k; > (h for j =1,..., N2 is no longer needed.

Relation (3.8) can be seen as an estimate of a “discrete H} norm” of the error, while relation (3.9) gives
an estimate of the L? norm of the error.
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Remark 3.1 Some slight modifications of the scheme (3.5)-(3.7) are possible, as in the first item of
Remark 2.2 page 14. It is also possible to obtain, sometimes, an “h?” estimate on the L? (or L°°) norm
of the error (that is “h*” instead of “h?” in (3.9)), exactly as in the 1D case, see Remark 2.5 page 18. In
the case equivalent to the second case of Remark 2.5, the point x; ; is not necessarily the center of Kj ;.

When the mesh is no longer rectangular, the scheme (3.5)-(3.6) is not easy to generalize if keeping to
a 5 points scheme. In particular, the consistency of the fluxes or the conservativity can be lost, see
FAILLE [58], which yields a bad numerical behaviour of the scheme. One way to keep both properties is
to introduce a 9-points scheme.

Quadrangular meshes: a nine-point scheme

Let Q be an open bounded polygonal subset of IR?, and f be a regular function from  to IR. We still
consider Problem 3.4, turning back to the usual notation z for the current point of IR?,

—Au(z) = f(x), z € Q,

u(z) =0, z € 00 (3.10)

Let 7 be a mesh defined over €; then, integrating the first equation of (3.10) over any cell K of the mesh

yields
—/ gradu-nK:/ 1
oK K

where ng is the normal to the boundary 0K, outward to K. Let ux denote the discrete unknown
associated to the control volume K € 7. In order to obtain a numerical scheme, if o is a common edge
to K € T and L € T (denoted by K|L) or if o is an edge of K € 7 belonging to 91, the expression
gradu - nx must be approximated on ¢ by using the discrete unknowns. The study of the finite volume
scheme in dimension 1 and the above straightforward generalization to the rectangular case showed that
the fundamental properties of the method seem to be

1. conservativity: in the absence of any source term on K|L, the approximation of gradu-ngx on K|L
which is used in the equation associated with cell K is equal to the approximation of —gradu - ny,
which is used in the equation associated with cell L. This property is naturally obtained when
using a finite volume scheme.

2. cousistency of the fluxes: taking for uy the value of u in a fixed point of K (for instance, the center
of gravity of K), where u is a regular function, the difference between gradu - nx and the chosen
approximation of gradu - ng is of an order less or equal to that of the mesh size. This need of
consistency will be discussed in more detail: see remarks 3.2 page 37 and 3.8 page 48

Several computer codes use the following “natural” extension of (3.6) for the approximation of gradu-ng
on KNL:

ur — UK
gradu - ng = ————

dgin

where d |y, is the distance between the center of the cells K and L. This choice, however simple, is far
from optimal, at least in the case of a general (non rectangular) mesh, because the fluxes thus obtained
are not consistent; this yields important errors, especially in the case where the mesh cells are all oriented
in the same direction, see FAILLE [58], FAILLE [59]. This problem may be avoided by modifying the
approximation of gradu - nx so as to make it consistent. However, one must be careful, in doing so, to
maintain the conservativity of the scheme. To this purpose, a 9-points scheme was developped, which is
denoted by FV9.

Let us describe now how the flux gradu - ng is approximated by the FV9 scheme. Assume here, for
the sake of clarity, that the mesh 7 is structured; indeed, it consists in a set of quadrangular cells
{K;;,i=1,...,N;j=1,...,M}. Asshown in Figure 3.1, let C; ; denote the center of gravity of the cell
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Kv:,w Oi,5—1/2y Oi+1/2,55 Oi,j4+1/2) Oi—1/2,5 the four edges to Ki,j and Nij—1/25 Mi41/2,55 Mij+1/25 Ni—1/2,5
their respective orthogonal bisectors. Let (; j_1/2, (resp. (it1/2.5, Gij+1/25 Gi—1/2,;) be the lines joining
points C@j and C@j,l (resp. Ci’j and CiJrLj, C@j and Ci’j+1, Cifl,j and Ci’j).

Mi,j+1/2
T~

Cij+1

— Cig1,j+1
Git1/2,5+41

Uij+1/2

Ki7j+1
Ki;

Gi-1/2 \ijﬂz

i,j+1/2

Cio1j

Figure 3.1: FV9 scheme

Consider for instance the edge 0; ;11,2 which lies between the cells K; ; and K; j;1 (see Figure 3.1). In
order to find an approximation of gradu - ng, for K = Kj; ;, at the center of this edge, we shall first
derive an approximation of u at the two points U; ;11,2 and D; ;12 which are located on the orthogonal
bisector 7; j11/o of the edge 0 j,1/2, on each side of the edge. Let ¢; ;1,2 be the approximation of
—gradu - ng at the center of the edge 0; j11/2. A natural choice for ¢; ;1,2 consists in taking

U D
Yij+1/2 ~ Wijr1/2

b

d(U; j41/2> Dij11/2)

Gijr1j2 = — (3.11)
where Ugj+1/2 and u£j+1/2 are approximations of u at U; jq/2 and D; jy1/2, and d(U; j11/2, D; j41/2)
is the distance between points U; j11/2 and D; j1q/2-

The points U; j11/2 and D; ;1 /2 are chosen so that they are located on the lines ¢ which join the centers
of the neighbouring cells. The points U; j11/2 and D; ;12 are therefore located at the intersection of
the orthogonal bisector 7; ;1,2 with the adequate ¢ lines, which are chosen according to the geometry
of the mesh. More precisely,

Uijri2 =Nijr12 NGio1y2541  if 11172 is to the left of C; 41
=412 NGCit1/2,541  otherwise

Dijr12 =nigr172NGim1/2,5 if 7; 4172 is to the left of Cj;
=i j+1/2 N Git1/2, otherwise

In order to satisfy the property of consistency of the fluxes, a second order approximation of u at points
Ui jy1/2 and D; ji 1/ is required. In the case of the geometry which is described in Figure 3.1, the

v

following linear approximations of u; 172

and (G

can be used in (3.11);
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d(Cij+1, Ui j+1/2)
d(Cij+1,Cit1,j+1)
ig> Dij+1/2

d(Ci-1,5,Ci ;)
The approximation of gradu-nk at the center of a “vertical” edge 0,41/ ; is performed in a similar way,
by introducing the points R; /5 ; intersection of the orthogonal bisector 7,1/ ; and, according to the
geometry, of the line (; j_1/2 or (; j11/2, and L2 ; intersection of ;41,2 5 and (415172 OF 41 j41/2-
Note that the outmost grid cells require a particular treatment (see FAILLE [58]).
The scheme which is described above is stable under a geometrical condition on the family of meshes
which is considered. Since the fluxes are consistent and the scheme is conservative, it also satisfies a
property of “weak consistency”, that is, as in the one dimensional case (see remark 2.9 page 21 of Section
2.3), the exact solution of (3.10) satisfies the numerical scheme with an error which tends to 0 in L ()
for the weak-x topology. Under adequate restrictive assumptions, the convergence of the scheme can be
deduced, see FAILLE [58].
Numerical tests were performed for the Laplace operator and for operators of the type —div( A grad.),
where A is a variable and discontinuous matrix (see FAILLE [58]); the discontinuities of A are treated
in a similar way as in the 1D case (see Section 2.3). Comparisons with solutions which were obtained
by the bilinear finite element method, and with known analytical solutions, were performed. The results
given by the VF9 scheme and by the finite element scheme were very similar.
The two drawbacks of this method are the fact that it is a 9-points scheme, and therefore computationally
expensive, and that it yields a nonsymmetric matrix even if the original continuous operator is symmetric.
Also, its generalization to three dimensions is somewhat complex.

Upjip1/p = QUig1 b1 + (1 —a)uij+1 where o =

L
—~

ui[,)j+1/2 = PBui-1,j + (1 = Blui where (=

Remark 3.2 The proof of convergence of this scheme is hindered by the lack of consistency for the
discrete adjoint operator (see Section 3.1.4). An error estimate is also difficult to obtain because the
numerical flux at an interface K|L cannot be written under the form 75|, (ux —ur) with 757, > 0. Note,
however, that under some geometrical assumptions on the mesh, see FAILLE [58] and COUDIERE, VILA
and VILLEDIEU [41], error estimates may be obtained.

3.1.2 General meshes and schemes

Let us now turn to the discretization of convection-diffusion problems on general structured or non
structured grids, consisting of any polygonal (recall that we shall call “polygonal” any polygonal domain
of IR? or polyhedral domain or IR®) control volumes (satisfying adequate geometrical conditions which
are stated in the sequel) and not necessarily ordered in a Cartesian grid. The advantage of finite volume
schemes using non structured meshes is clear for convection-diffusion equations. On one hand, the stability
and convergence properties of the finite volume scheme (with an upstream choice for the convective flux)
ensure a robust scheme for any admissible mesh as defined in Definitions 3.1 page 37 and 3.5 page 63
below, without any need for refinement in the areas of a large convection flux. On the other hand, the
use of a non structured mesh allows the computation of a solution for any shape of the physical domain.

We saw in the previous section that a consistent discretization of the normal flux —Vu-n over the interface
of two control volumes K and L may be performed with a differential quotient involving values of the
unknown located on the orthogonal line to the interface between K and L, on either side of this interface.
This remark suggests the following definition of admissible finite volume meshes for the discretization of
diffusion problems. We shall only consider here, for the sake of simplicity, the case of polygonal domains.
The case of domains with a regular boundary does not introduce any supplementary difficulty other than
complex notations. The definition of admissible meshes and notations introduced in this definition are
illustrated in Figure 3.2

Definition 3.1 (Admissible meshes) Let Q be an open bounded polygonal subset of R? d=2,or3.
An admissible finite volume mesh of €2, denoted by 7, is given by a family of “control volumes”, which
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are open polygonal convex subsets of ) , a family of subsets of € contained in hyperplanes of IR¢, denoted
by £ (these are the edges (two-dimensional) or sides (three-dimensional) of the control volumes), with
strictly positive (d — 1)-dimensional measure, and a family of points of {2 denoted by P satisfying the
following properties (in fact, we shall denote, somewhat incorrectly, by 7 the family of control volumes):

(i) The closure of the union of all the control volumes is Q;

(ii) For any K € 7, there exists a subset x of £ such that 0K = K \ K = U,cg, 0. Furthermore,
5 = UKeTgK
(iii) For any (K,L) € 72 with K # L, either the (d — 1)-dimensional Lebesgue measure of K N L is 0

or KN L =75 for some o € £, which will then be denoted by K|L.

(iv) The family P = (zx)ker is such that zx € K (for all K € T) and, if 0 = K|L, it is assumed that
T # xr, and that the straight line Dg 1, going through zx and zr is orthogonal to K|L.

(v) For any o € &€ such that o C 09, let K be the control volume such that o € Ex. If xx ¢ o, let
Dk, be the straight line going through xx and orthogonal to o, then the condition Dk, No # 0
is assumed; let y, = Dg.» No.

In the sequel, the following notations are used.

The mesh size is defined by: size(7) = sup{diam(K), K € T }.

For any K € 7 and o € £, m(K) is the d-dimensional Lebesgue measure of K (it is the area of K in the
two-dimensional case and the volume in the three-dimensional case) and m(o) the (d — 1)-dimensional
measure of o.

The set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), that is &y = {0 € &; 0 ¢ 0O}
(resp. Eext = {0 € E; 0 C 0N}).

The set of neighbours of K is denoted by N'(K), that is N(K) ={L € T;30 € £k, 5= KNL}.

If 0 = K|L, we denote by d, or dg|z, the Euclidean distance between zx and xy, (which is positive) and
by dg, ., the distance from zx to o.

If 0 € Ex N Eext, let dy denote the Euclidean distance between xx and y, (then, d, = dg o).

For any o € &; the “transmissibility” through o is defined by 7, = m(0)/d, if ds # 0.

In some results and proofs given below, there are summations over o € &, with & = {0 € &; d, # 0}.
For simplicity, (in these results and proofs) £ = & is assumed.

m(o) .
TK X,,,i ,<y", ,,,,,, X L
e
D

Figure 3.2: Admissible meshes

Remark 3.3 (i) The definition of y, for o € Eex requires that y, € o. However, In many cases, this
condition may be relaxed. The condition xx € K may also be relaxed as described, for instance, in
Example 3.1 below.
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(ii) The condition xx # xy, if 0 = K|L, is in fact quite easy to satisfy: two neighbouring control volumes
K, L which do not satisfy it just have to be collapsed into a new control volume M with xy); = zx = 7,
and the edge K|L removed from the set of edges. The new mesh thus obtained is admissible.

Example 3.1 (Triangular meshes) Let Q be an open bounded polygonal subset of R% Let 7 be a
family of open triangular disjoint subsets of €2 such that two triangles having a common edge have also two
common vertices. Assume that all angles of the triangles are less than /2. This last condition is sufficient
for the orthogonal bisectors to intersect inside each triangle, thus naturally defining the points xx € K.
One obtains an admissible mesh. In the case of an elliptic operator, the finite volume scheme defined on
such a grid using differential quotients for the approximation of the normal flux yields a 4-point scheme
HERBIN [84]. This scheme does not lead to a finite difference scheme consistent with the continuous
diffusion operator (using a Taylor expansion). The consistency is only verified for the approximation of
the fluxes, but this, together with the conservativity of the scheme yields the convergence of the scheme,
as it is proved below.

Note that the condition that all angles of the triangles are less than 7/2 (which yields zx € K) may
be relaxed (at least for the triangles the closure of which are in §2) to the so called “strict Delaunay
condition” which is that the closure of the circumscribed circle to each triangle of the mesh does not
contain any other triangle of the mesh. For such a mesh, the point zx (which is the intersection of the
orthogonal bisectors of the edges of K) is not always in K, but the scheme (3.17)-(3.19) is convenient since
(3.18) yields a consistent approximation of the diffusion fluxes and since the transmissibilities (denoted
by Tk|1,) are positive.

Example 3.2 (Voronoi meshes) Let Q be an open bounded polygonal subset of IR?. An admissible
finite volume mesh can be built by using the so called “Voronoi” technique. Let P be a family of points
of Q. For example, this family may be chosen as P = {(kih, ..., kqh), k1,...kqg € Z} NQ, for a given
h > 0. The control volumes of the Voronoi mesh are defined with respect to each point x of P by

K,={yecQ|lv—yl <|z—y|, V2 €P, 2 # x},

where |z — y| denotes the Euclidean distance between z and y. Voronol meshes are admissible in the
sense of Definition 3.1 if the assumption “on the boundary”, namely part (v) of Definition 3.1, is satisfied.
Indeed, this is true, in particular, if the number of points & € P which are located on 0f2 is “large
enough”. Otherwise, the assumption (v) of Definition 3.1 may be replaced by the weaker assumption
“d(Yo,0) < size(T) for any o € Eexy” which is much easier to satisfy. Note also that a slight modification
of the treatment of the boundary conditions in the finite volume scheme (3.20)-(3.23) page 42 allows us
to obtain convergence and error estimates results (as in theorems 3.1 page 45 and 3.3 page 52) for all
Voronoi meshes. This modification is the obvious generalization of the scheme described in the first item
of Remark 2.2 page 14 for the 1D case. It consists in replacing, for K € 7 such that Ex N Eexy # 0, the
equation (3.20), associated to this control volume, by the equation ux = g(zk), where zk is some point
on 0N N OK. In fact, Voronoi meshes often satisfy the following property:

5Kﬁgext75®:>x;<€8§2

and the mesh is therefore admissible in the sense of Definition 3.1 (then, the scheme (3.20)-(3.23) page
42 yields ux = g(vg) if K € T is such that Ex N Eeyt # 0).
An advantage of the Voronoi method is that it easily leads to meshes on non polygonal domains €.

Let us now introduce the space of piecewise constant functions associated to an admissible mesh and
some “discrete H}” norm for this space. This discrete norm will be used to obtain stability properties

which are given by some estimates on the approximate solution of a finite volume scheme.

Definition 3.2 Let €2 be an open bounded polygonal subset of IRd, d =2 or 3, and 7 an admissible
mesh. Define X (7) as the set of functions from 2 to IR which are constant over each control volume of
the mesh.
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Definition 3.3 (Discrete Hi norm) Let © be an open bounded polygonal subset of R% d=2or 3,
and 7 an admissible finite volume mesh in the sense of Definition 3.1 page 37.
For u € X(T), define the discrete H} norm by

LT = (ZTU(DUU)Q)%, (3.12)

oe€

[[ul

where 7, = m(o)/d, and

Dsu = |'LLK — UL| ifoe ginta o= K|L,

Dyu = |ug| if 0 € Eext N Ek,

where ux denotes the value taken by u on the control volume K and the sets &€, Ent, Eext and Ex are
defined in Definition 3.1 page 37.

The discrete H} norm is used in the following sections to prove the congergence of finite volume schemes
and, under some regularity conditions, to give error estimates. It is related to the Hi norm, see the
convergence of the norms in Theorem 3.1. One of the tools used below is the following “discrete Poincaré
inequality” which may also be found in TEMAM [141]:

Lemma 3.1 (Discrete Poincaré inequality) Let Q be an open bounded polygonal subset of R?, d = 2
or 3, T an admissible finite volume mesh in the sense of Definition 3.1 and u € X(T) (see Definition
3.2), then

l[ull2(@) < diam(Q)]|ull1,7, (3.13)

where || - ||1,7 is the discrete H} norm defined in Definition 3.3 page 40.

Remark 3.4 (Dirichlet condition on part of the boundary) This lemma gives a discrete Poincaré
inequality for Dirichlet boundary conditions on the boundary 0S). In the case of a Dirichlet condition on
part of the boundary only, it is still possible to prove a Discrete boundary condition provided that the
polygonal bounded open set () is also connex, thanks to Lemma 3.1 page 40 proven in the sequel.

PrOOF of Lemma 3.1
For o € &, define y, from R® x R? to {0,1} by xo(z,y) = 1 if o N [z,y] # 0 and x4 (z,y) = 0 otherwise.

Let u € X (7). Let d be a given unit vector. For all x € Q, let D, be the semi-line defined by its origin, z,
and the vector d. Let y(x) such that y(x) € D,NAON and [z, y(z)] C Q, where [z, y(z)] = {tz+ (1 —t)y(z),
t €10,1]} (i.e. y(x) is the first point where D, meets 0f2).

Let K € 7. For a.e. x € K, one has

|uK| < ZDUUXU(:E’ y(x))a
oef

where the notations D,u and ug are defined in Definition 3.3 page 40. We write the above inequality
for a.e x € Q and not for all x € € in order to account for the cases where an edge or a vertex of the
mesh is included in the semi-line [z, y(z)]; in both cases one may not write the above inequality, but there
are only a finite number of edges and vertices, and since d is fixed, the above inequality may be written
almost everywhere.

Let ¢, = |d - n,| (recall that £ - i denotes the usual scalar product of ¢ and 7 in IRd). By the Cauchy-
Schwarz inequality, the above inequality yields:

Dou)?
url? € 3P o y(#) Y docoxo @ y(@)), for ne x € K. (3.14)
oce& o-a oce€

Let us show that, for a.e. z € Q,
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Zdachg(x, y(z)) < diam(9). (3.15)

e

Let © € K, K € T, such that o N [z, y(x)] contains at most one point, for all o € &, and [z, y(z)] does
not contain any vertex of 7 (proving (3.15) for such points x leads to (3.15) a.e. on €, since d is fixed).
There exists 0, € Eext such that y(x) € o,. Then, using the fact that the control volumes are convex,
one has:

D Xo(@,y(@))docoy = |(vx — 2,,) -d|.
ocef

Since zx and x,, € Q (see Definition 3.1), this gives (3.15).
Let us integrate (3.14) over €; (3.15) gives

Z/ lur[*dz < diam(€ )Z(l;:zr) /ng(x,y(x))dx.

KeT ek

Since [, Xo(,y(x))dr < diam(Q)m(o)cy, this last inequality yields

Z/ lug|?de < (diam(9 Z|D |2m

KeT e

Hence the result. ]

Let 7 be an admissible mesh. Let us now define a finite volume scheme to discretize (3.1), (3.2) page 32.
Let

1
fK = m/}(f(ﬂ?)dx,VK eT. (3.16)

Let (ux ) ker denote the discrete unknowns. In order to describe the scheme in the most general way, one
introduces some auxiliary unknowns (as in the 1D case, see Section 2.3), namely the fluxes Fi , for all
K € T and 0 € £k, and some (expected) approximation of v in o, denoted by u,, forallo € £. For K € T
and o € £k, let ng , denote the normal unit vector to o outward to K and vk , = fa v(x) - ng sdy(z).
Note that dvy is the integration symbol for the (d — 1)-dimensional Lebesgue measure on the considered
hyperplane. In order to discretize the convection term div(v(z)u(z)) in a stable way (see Section 2.3
page 21), let us define the upstream choice u, 4+ of u on an edge o with respect to v in the following way.
If o = K|L, then uy y = uk if v, > 0, and u, + = ur otherwise; if ¢ C K N 0Q, then uy 4+ = ug if
Vi, > 0 and us + = g(yo) otherwise.

Let us first assume that the points x i are located in the interior of each control volume, and are therefore

not located on the edges, hence dg , > 0 for any o € £k, where dg , is the distance from zx to 0. A
finite volume scheme can be defined by the following set of equations:

> Fro+ Y VKoo +bm(K)ux =m(K)fx, VK €T, (3.17)
cefk o€elk

FK’UZ—TK‘L('LLL—UK),VO'GSim, ifO'ZKlL, (318)

Fro=—To(9(yo) — uk), Yo € Eext such that o € Ek. (3.19)

In the general case, the center of the cell may be located on an edge. This is the case for instance when
constructing Voronoi meshes with some of the original points located on the boundary 0€2. In this case,
the following formulation of the finite volume scheme is valid, and is equivalent to the above scheme if
no cell center is located on an edge:
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Z Fro+ Z VK,oUo+ + bM(K)ug =m(K) frx, VK € T, (3.20)
o€l cefk

FK,U = _FL,O'y Vo € ginty if o = K|L, (321)

FK,adK,a = —m(o)(ug — 'LLK), Yo € (C/'K, VK € T, (322)

Ug = g(ya)7 Vo € Eext- (3.23)

Note that (3.20)-(3.23) always lead, after an easy elimination of the auxiliary unknowns, to a linear
system of N equations with N unknowns, namely the (ux)xer, with N = card(7).

Remark 3.5
1. Note that one may have, for some o € £k, xx € o, and therefore, thanks to (3.22), u, = uk.

2. The choice uy = g(y,) in (3.23) needs some discussion. Indeed, this choice is possible since g is
assumed to belong to C(99Q,IR) and then is everywhere defined on 0€). In the case where the
solution to (3.1), (3.2) page 32 belongs to H?(Q2) (which yields g € C(9£2,1R)), it is clearly a good
choice since it yields the consistency of fluxes (even though an error estimate also holds with other
choices for u,, the choice given below is, for instance, possible). If g € H'/? (and not continuous),
the value g(y,) is not necessarily defined. Then, another choice for u, is possible, for instance,

1

m(c)

Uy =

[ st
With this latter choice for u,, a convergence result also holds, see Theorem 3.2.

For the sake of simplicity, it is assumed in Definition 3.1 that xx # xp, for all K, L € 7. This condition
may be relaxed; it simply allows an easy expression of the numerical flux Fx , = —7g|(ur — ur) if
o= K]|L.

3.1.3 Existence and estimates

Let us first prove the existence of the approximate solution and an estimate on this solution. This estimate
ensures the stability of the scheme and will be obtained by using the discrete Poincaré inequality (3.13)
and will yield convergence thanks to a compactness theorem given in Section 3.6 page 93.

Lemma 3.2 (Existence and estimate) Under Assumptions 3.1, let T be an admissible mesh in the
sense of Definition 3.1 page 37; there exists a unique solution (uk)ker to equations (3.20)-(3.23).
Furthermore, assuming g = 0 and defining ur € X(7) (see Definition 3.2) by ur(xz) = uk for a.e.
r € K, and for any K € T, the following estimate holds:

lur|lr < diam(Q)[| f]l 20, (3.24)
where || - ||1,7 is the discrete H} norm defined in Definition 5.3.

PROOF of Lemma 3.2

Equations (3.20)-(3.23) lead, after an easy elimination of the auxiliary unknowns, to a linear system of
N equations with N unknowns, namely the (ux)xer, with N = card(7).

Step 1 (existence and uniqueness)
Assume that (ug)rer satisfies this linear system with g(y,) = 0 for any o € Eex, and fx = 0 for all
K € T. Let us multiply (3.20) by ux and sum over K; from (3.21) and (3.22) one deduces
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bz m(K)uj + Z Z Fr ouk + Z Z VK, oUg,+ UK = 0, (3.25)

KeT KeToelk KeToelk

which gives, reordering the summation over the set of edges

b Z m(K)u3, + E:T(,(Dgu)2 + ng (umJr - ugy,)ugﬂr =0, (3.26)

KeT oef oef
where
|Dyu| = |ug —wup)|, if 0 = K|L and |Dyu| = |uk|, if o € Ex N Eext;
vo = | [, v(z) - ndy(z)|, n being a unit normal vector to o;
Ug,— is the downstream value to o with respect to v, i.e. if 0 = K|L, then u,_ = ug if vg , < 0, and
Uy, = ug, otherwise; if o0 € Ex N Eoxt, then uy - = uk if v, <0 and uy,— = uy if VK > 0.

Note that u, = 0 if 0 € Eey.

Now, remark that

Sttt 11, ) = 5 300 (o1 — 1t 4 (0 — 02 ) (3.27)

oce€ o€l

and, thanks to the assumption divv > 0,

ZUU(“3,+ - ui_) = Z (/ v(x) -an'y(x))u%( = /(divv(m))u%(m)dm > 0. (3.28)
oee KeT JOK Q@
Hence,
blur e + lurllfr =) m(K)ugk + Y 75(Dou)* <0, (3.29)

KeT oe€

One deduces, from (3.29), that ux = 0 for all K € 7.
This proves the existence and the uniqueness of the solution (ugx)re7, of the linear system given by
(3.20)-(3.23), for any {g(ys), 0 € Eext} and {fx, K € T}.

Step 2 (estimate)
Assume g = 0. Multiply (3.20) by ug, sum over K; then, thanks to (3.21), (3.22), (3.27) and (3.28) one
has

bllurl3amy + lurll - < 3 m(E) frux.
KeT

By the Cauchy-Schwarz inequality, this inequality yields

1 1
lur |l 7 < (Y m(E)uz) (Y m(K)f7)? < |Ifllez@llur @)
KeT KeT

Thanks to the discrete Poincaré inequality (3.13), this yields |luz|l1,7 < ||f[/12(0)diam(£2), which con-
cludes the proof of the lemma. =

Let us now state a discrete maximum principle which is satisfied by the scheme (3.20)-(3.23); this is an
interesting stability property, even though it will not be used in the proofs of the convergence and error
estimate.

Proposition 3.2 Under Assumption 3.1 page 32, let T be an admissible mesh in the sense of Definition
3.1 page 37, let (fx)xer be defined by (3.16). If fx >0 for all K € T, and g(ys) > 0, for all 0 € Eext,
then the solution (uk)xer of (3.20)-(3.23) satisfies ux > 0 for all K € T.
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PROOF of Proposition 3.2

Assume that fx >0 for all K € 7 and g(y,) > 0 for all 0 € Euxt. Let a = min{ug, K € T}. Let K be
a control volume such that ux, = a. Assume first that Ky is an “interior” control volume, in the sense
that Ex C Eint, and that ugx, < 0. Then, from (3.20),

Y Fryot Y VKpoliog = 0; (3.30)

UegKO 0’65}{0

since for any neighbour L of K one has uy, > ug,, then, noting that divv > 0, one must have uy, = ug,
for any neighbour L of K. Hence, setting B = {K € T, ux = a}, there exists K € B such that Ex ¢ Eint,
that is K is a control volume “neighbouring the boundary”.

Assume then that Ky is a control volume neighbouring the boundary and that ugx, = a < 0. Then, for
an edge 0 € Eext N &k, relations (3.22) and (3.23) yield g(y,) < 0, which is in contradiction with the
assumption. Hence Proposition 3.2 is proved. [

Remark 3.6 The maximum principle immediately yields the existence and uniqueness of the solution
of the numerical scheme (3.20)-(3.23), which was proved directly in Lemma 3.2.

3.1.4 Convergence

Let us now show the convergence of approximate solutions obtained by the above finite volume scheme
when the size of the mesh tends to 0. One uses Lemma 3.2 together with the compactness theorem 3.10
given at the end of this chapter to prove the convergence result. In order to use Theorem 3.10, one needs
the following lemma.

Lemma 3.3 Let Q be an open bounded set of IRd, d=2 or3. Let T be an admissible mesh in the sense
of Definition 3.1 page 37 and u € X(7T) (see Definition 3.2). One defines @ by 4 = u a.e. on Q, and
@=0 ae onR? \ Q. Then there exists C > 0, only depending on ), such that

(- +m) — @2y < Il 7ol (In] + Csize(T)), ¥ € R (3.31)

PRrROOF of Lemma 3.3

For ¢ € &, define x, from R? x RY to {0,1} by xo(z,y) = 1if [z,y] No # 0 and x,(z,y) = 0 if
[z,y] No = 0.

Let n € IRY, 1) # 0. One has

[u(z +n) —a(z)| < Zxa(x,x +n)|Dyu|, for a.e.x €
o€l

(see Definition 3.3 page 40 for the definition of Dyu).
This gives, using the Cauchy-Schwarz inequality,

i(z +n) — a(z)]> <D Xolz,x +1)

D,ul?
| Do g Yo (2,2 +n)dycy, for ae. zeRY, (3.32)
ocef €&

doco
(e

where ¢, = |n, - %L and n, denotes a unit normal vector to o.

Let us now prove that there exists C' > 0, only depending on (2, such that

ZXU({E, x4+ n)dyco < |n|+ Csize(T), (3.33)
ek

for a.e. z € R%.
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Let z € IR? such that o N [z, x + n] contains at most one point, for all o € £, and ix,x + 7] does not
contain any vertex of 7 (proving (3.33) for such points x gives (3.33) for a.e. z € IR®, since 7 is fixed).
Since (2 is not assumed to be convex, it may happen that the line segment [z, x + 7] is not included in Q.
In order to deal with this, let y, z € [z, + ] such that y # z and [y, 2] C Q; there exist K, L € T such
that y € K and z € L. Hence,

|
Inl”
where y1 = 2 or y, with o € Eext NEK and z1 = xp, or Y5 with & € Eexy NEL, depending on the position
of y and z in K or L respectively.

Since y1 =y + y2, with |yo| < size(T), and z; = z + 22, with |z2| < size(7), one has

ZXJ(?J) z)doco = [(y1 — 21) -

e

(g1 — 21) - ﬁ <y — 2|+ [ya| + 22| < |y — 2| + 2size(T)
and
> Xo(y, 2)doco < |y — 2| + 2size(T). (3.34)
o€l

Note that this yields (3.33) with C' = 2 if [z, 2 + 7] C Q.
Since € has a finite number of sides, the line segment [x,z + 1] intersects J§2 a finite number of times;
hence there exist t1,...,t, such that 0 < t; <ty < ... <t, <1,n < N, where N only depends on {2

(indeed, it is possible to take N = 2 if 2 is convex and N equal to the number of sides of 2 for a general
) and such that

ZX” z, 2+ n)dyco = Z ZX” Ty Tit1)doCo,

o€& = 1" 1oe€
oddi

with #; =z +t;m, fori = 1,...,n, z; € 0N if t; ¢ {0,1} and [z, 2;41] C Q if i is odd.
Then, thanks to (3.34) with y = a; and z = x;41, for i =1,...,n — 1, one has (3.33) with C = 2(N — 1)
(in particular, if Q is convex, C' = 2 is convenient for (3.33) and therefore for (3.31) as we shall see below).

In order to conclude the proof of Lemma 3.3, remark that, for all o € £,

/ Xo (@, 2+ n)dz < m(o)eln]
IRd

Therefore, integrating (3.32) over R? yields, with (3.33),

[+ 1)~ i3y < (3 "% D) (] + Csize(T).
oel a

We are now able to state the convergence theorem. We shall first prove the convergence result in the case
of homogeneous Dirichlet boundary conditions, i.e. g = 0; the nonhomogenous case is then considered in
the two-dimensional case (see Theorem 3.2 page 51), following EYMARD, GALLOUET and HERBIN [55].

Theorem 3.1 (Convergence, homogeneous Dirichlet boundary conditions) Under Assumption
3.1 page 32 with g = 0, let T be an admissible mesh (in the sense of Definition 3.1 page 37). Let (uk)keT
be the solution of the system given by equations (3.20)-(3.23) (existence and uniqueness of (ur)xer are
given in Lemma 3.2). Define ur € X(T) by ur(x) = ug for a.e. x € K, and for any K € T. Then ur
converges in L*(Q) to the unique variational solution u € H} () of Problem (3.1), (3.2) as size(T) — 0.
Furthermore |[ur 1,7 converges to |lul| 1y as size(T) — 0.
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Remark 3.7

1. In Theorem 3.1, the hypothesis f € L?(Q) is not necessary. It is used essentially to obtain a bound
on |ur|i,7. In order to pass to the limit, the hypothesis “f € L!'(Q)” is sufficient. Then, in
Theorem 3.1, the hypothesis f € L?(Q) can be replaced by f € LP(Q) for some p > 1, if d = 2,
and for p > g, if d = 3, provided that the meshes satisfy, for some fixed ¢ > 0, dx » > (ds, for all
o € Ex and for all control volumes K. Indeed, one obtains, in this case, a bound on ||ur|/1,7 by
using a “discrete Sobolev inequality” (proved in Lemma 3.5 page 59).

It is also possible to obtain convergence results, towards a “very weak solution” of Problem (3.1),
(3.2), with only f € L'(), by working with some discrete equivalent of the WO1 “I_norm, with
q < dfl. This is not detailed here.

2. In Theorem 3.1, it is also possible to prove convergence results when f(z) (resp. v(x)) is replaced
by some nonlinear function f(z,u(x)), (resp. v(z,u(x)) under adequate assumptions, see [55].

PROOF of Theorem 3.1

Let Y be the set of approximate solutions, that is the set of uy where 7 is an admissible mesh in the
sense of Definition 3.1 page 37. First, we want to prove that uz tends to the unique solution (in Hg (£2))
to (3.3) as size(7) — 0.

Thanks to Lemma 3.2 and to the discrete Poincaré inequality (3.13), there exists C; € IR, only depending
on  and f, such that ||ur|i7 < Cy and |lur||2(q) < C1 for all ur € Y. Then, thanks to Lemma 3.3
and to the compactness result given in Theorem 3.10 page 93, the set Y is relatively compact in L?(Q)
and any possible limit (in L?(2)) of a sequence (u7, Jnew C Y (such that size(7,,) — 0) belongs to H ().
Therefore, thanks to the uniqueness of the solution (in H}(2)) of (3.3), it is sufficient to prove that if
(ur, )nemw C Y converges towards some u € H}(Q2), in L(Q), and size(7,,) — 0 (as n — o0), then u is
the solution to (3.3). We prove this result below, omiting the index n, that is assuming uz — u in L?(Q)
as size(7) — 0.

Let ¢ € C°(Q) and let size(7) be small enough so that ¢(x) = 0 if x € K and K € T is such that
OK NN # (. Multiplying (3.20) by ¥(xk ), and summing the result over K € 7 yields

T+ T+ 15 =Ty, (335)
with

Ty =b> m(K)ug(rk),

KeT

To==> > 7xwlur —uk)p(eg),

KeT LEN(K)

T3 = Z Z 'UK,(TUU,-Fw(xK)v

KeToelk

Ty =Y m(K)(xi) fr.

KeT

First remark that, since us tends to u in L2(2),
T — b/ u(x)y(z)dr as size(T) — 0.
Q

Similarly,
Ty — /f(a:)w(a:)dm as size(7) — 0.
Q
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Let us now turn to the study of T5;
T=— > mplur - u)(@(ek) = $lar).
K|LEEnt

Consider the following auxiliary expression:

T4 :/QuT(x)Aw(x)dx

-3 uK/KAw(x)da:

KeT
= Z (UK - U,L) V’lﬁ(x) -nK7Ld*y(a:).
K|LEE KL
Since uz converges to u in L?(Q), it is clear that T4 tends to /u(x)A¢(x) dx as size(T) tends to 0.
Q
Define

U i e ) 0
Rrer = m(K|L) K\va( ) - nxrdy(@) dgr ’

where ng, 7, denotes the unit normal vector to K|L, outward to K, then

T+ T3 =] Y m(K|L)(ux —ur)Rx L]
K\Légint
ug —ur)? 1/2
<[ ¥ mun ™ S K DR
K|LEEin: KL g|Lem

Regularity properties of the function v give the existence of Cy € IR, only depending on 1, such that
|Rr,| < Casize(T). Therefore, since

S m(K|E)dyr < dm(©),

K|LEE&ins

from Estimate (3.24), we conclude that Ty + T4 — 0 as size(7) — 0.
Let us now show that T3 tends to — [, v(z)u(x) Vi (x)dz as size(T) — 0. Let us decompose Ty = T3+ T
where

= 3 S vk (ttos — ur)(ex)

KeToelk

and

=3 3 vkouxt(ex) :Adivv(m)uT(x)wT(x)dx,

KeToelk

where 97 is defined by ¢7(z) = ¥(xx) if 2 € K, K € T. Since ur — u and 7 — v in L*(Q) as
size(7) — 0 (indeed, ¥»7 — v uniformly on 2 as size(7) — 0) and since divv € L>=(Q), one has

Ty — / divv(z)u(z)y(z)dz as size(T) — 0.
Q
Let us now rewrite 74 as T4 = 14" + rs with

T =53 (upy — ux) / V(@) - ngob(@)dy (@)

KeToelk
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and

Z Z (Yot — / v(z) ngeY(er) —¥(z))dy(x).

KeToelk
Thanks to the regularity of v and 1), there exists C5 only depending on v and v such that
|ra| < Casize(T) Y |ux —ur|m(K|L),
KlLeEint
which yields, with the Cauchy-Schwarz inequality,
| < Cssize(T)( Y mrizlux —ur)2( Y m(K|L)dg)®,
K|L€5int K‘Légint

from which one deduces, with Estimate (3.24), that 73 — 0 as size(7) — 0.
Next, remark that

T = Z“KZ/ ‘g o (x)dy(z) p TUK/dlv x))dx.
€

KeT cefk

This implies (since uT — win L*(Q)) that 73" — — [, div(v(z)¢(x))u(x)dz, so that T4 has the same
limit and T3 — — [, v(z) - Vi (z)u(z)dz

yields that the function u € H}(Q) satisfies

\_//—\

Hence, letting size(7) — 0 in (3.35

/Q (bu(@)(2) — u(@) A () — v()u(@) V() — f@)p() )de =0, ¥ € C(Q),

which, in turn, yields (3.3) thanks to the fact that u € H}(Q), and to the density of C2°() in Hg ().
This concludes the proof of uz — u in L?(€2) as size(7) — 0, where u is the unique solution (in Hg(€))
o (3.3).

S Let us now prove that [[ur|[1,7 tends to [[ul[z;(q) in the pure diffusion case, i.e. assuming b =0 and
v = 0. Since

|“T||1T—/fT r)ur(x dx—>/f x)dx as size(T) — 0,

where f7 is defined from Q to R by fr(z) = fx a.e. on K for all K € 7, it is easily seen that

lurll} + — / f(@)u(x)dr = ||u||H1(Q) as size(7) — 0.

This concludes the proof of Theorem 3.1. [

Remark 3.8 (Consistency for the adjoint operator) The proof of Theorem 3.1 uses the property
of consistency of the (diffusion) fluxes on the test functions. This property consists in writing the
consistency of the fluxes for the adjoint operator to the discretized Dirichlet operator. This consistency is
achieved thanks to that of fluxes for the discretized Dirichlet operator and to the fact that this operator
is self adjoint. In fact, any discretization of the Dirichlet operator giving “L2-stability” and consistency
of fluxes on its adjoint, yields a convergence result (see also Remark 3.2 page 37). On the contrary, the
error estimates proved in sections 3.1.5 and 3.1.6 directly use the consistency for the discretized Dirichlet
operator itself.
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Remark 3.9 (Finite volume schemes and H'! approximate solutions)

In the above proof, we showed that a sequence of approximate solutions (which are piecewise constant
functions) converges in L?({2) to a limit which is in H (). An alternative to the use of Theorem 3.10 is
the construction of a bounded sequence in H* (IRd) from the sequence of approximate solutions. This can
be performed by convoluting the approximate solution with a mollifier “of size size(7)”. Using Rellich’s
compactness theorem and the weak sequential compactness of the bounded sets of H', one obtains that
the limit of the sequence of approximate solutions is in Hg.

Let us now deal with the case of non homogeneous Dirichlet boundary conditions, in which case g €
H'?(99) is no longer assumed to be 0. The proof uses the following preliminary result:

Lemma 3.4 Let Q be an open bounded polygonal subset of R?, § € H'(Q) and g =7(j) (recall that 7 is
the “trace” operator from H(Q) to HY/?(9S)). Let T be an admissible mesh (in the sense of Definition
3.1 page 87) such that, for some ¢ > 0, the inequality di , > (diam(K) holds for all control volumes
K €T and for all 0 € Ek, and let M € IN be such that card(Ex) < M for all K € T. Let us define g
for all K € T by

i = —— g(x)dx
gK—m(K)/Kg( )d

and g for all 0 € Eext by

1
m(c)

go':

/, g(@)dy ().

Let us define

N|=

NGT) =( Y malix -3+ Y moline —30)°) (3.36)

a:K\LES;m 0E€Eext

where K (o) = K if 0 € Eext N Ex. Then there exists C € Ry, only depending on ¢ and M, such that
N(G,T) < Cllglm - (3.37)

PrROOF of Lemma 3.4

Lemma 3.4 is given in the two dimensional case, an analogous result is possible in the three dimensional
case. Let Q, g, T, ¢, M satisfying the hypotheses of Lemma 3.4. By a classical argument of density, one
may assume that g € C*(Q,R).

A first step consists in proving that there exists C7 € IR, only depending on (, such that

diam(K)
m(o)

where i (resp. o) is the mean value of § on K (resp. o), for K € 7 (resp. o € £). Indeed, without

loss of generality, one assumes that o = {0} x Jy, with Jp is a closed interval of R and K € Ry x R.

Let a = max{z1,z = (71,22)! € K} and a = (o, 3)! € K. In the following, a is fixed. For all 1 € (0, ),

let J(z1) = {z2 € R, such that (z1,72)" € K}, so that Jo = J(0).

For a.e. © = (x1,72)" € K and a.e., for the 1-Lebesgue measure, y = (0,7)" € o (with 7 € Jy), one sets

z(z,y) = ta+(1—t)y with t = £-. Note that, since K is convex, z(z,y) € K and z(z,y) = (21, 22(21,7))",

with zo(z1,7) = 24+ (1 — Z)7.

One has, using the Cauchy-Schwarz inequality,

(Gx — §o)* < Ch / |Vi(z)|?dz, VK € T,Vo € £k, (3.38)
K

(9K —G0)% < (A+ B), (3.39)

2
m(K)m(c)

where



4= / / (96 z,9))) dv(y)da,
- /K/[, (3((2,9)) — §(v)) " dy(y)da.

and

Let us now obtain a bound of A. Let D;g, i = 1 or 2, denote the partial derivative of g w.r.t.

components of & = (x1,z2)" € IR?. Then,

:/ / / (/ D2§($1,8)d8)2d§d9@2dm1.
0 JJ(z1) JJ(0) Jza(z1,7)

The Cauchy-Schwarz inequality yields

Agdiam(K)// / / (Dgg(xl,s))2dsdydm2dm1
o Ji@) Ji) Ji)

and therefore

A < diam(K)? /K (Dsii(2)) de.

One now turns to the study of B, which can be rewritten as

:/0 /J( )~/J(O) (/0 1[D1§(5722(Say))+%DQ@(S,Zg(s,ﬂ))]ds)Qdydx2dxl.

The Cauchy-Schwarz inequality and the fact that o > {diam(K) give that

_ 1
B < 2diam(K)(B; + <—2B2)7

B; = / / / / (Dig(s, ZQ(S,E)))stc@dxgdxl, 1=1, 2.
0o Ji) i) Jo

First, using Fubini’s theorem, one has

— [ | Daaem) [ [ dsdodsay,
J(0) Jo s Ja@y

B; < diam(K / / (s, 22(s y)))Q(a — s)dyds.
J(0)

with

Therefore

Then, with the change of variables zo = 25(s,7), one gets

B; < diam(K) /Oa /J(S) (Dig(s, z2))

B; < diam(K)? /K (Dj(x)) da.

—s
—dzods.
T a

Hence
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the

(3.40)

(3.41)

(3.42)

Using the fact that m(K) > w¢? (diaLm(K))Q7 (3.39), (3.40), (3.41) and (3.42), one concludes (3.38).
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In order to conclude the proof of (3.37), one remarks that

W@D) <23 Yl - an)”

KeToelk
Because, for all K € 7 and o € &k, d, > (diam(K), one gets thanks to (3.38), that

(J\/(@T))2 <2y ) %/K|V§(a:)|2dx.

KeToelk

The above inequality shows that

(V7)) <2m [ (Vi) e

which implies (3.37). L]

Theorem 3.2 (Convergence, non homogeneous Dirichlet boundary condition)

Assume items 1, 2, 3 and 4 of Assumption 3.1 page 32 and g € H'/?(99Q). Let ¢ € Ry and M € IN
be given values. Let T be an admissible mesh (in the sense of Definition 3.1 page 37) such that di o, >
¢diam(K) for all control volumes K € T and for all 0 € Ex, and card(Ex) < M for all K € T. Let
(ur)keT be the solution of the system given by equations (3.20)-(3.22) and

1
m(o)

Uy = /g(m)d’y(m), Vo € Eext- (3.43)
(note that the proofs of erxistence and uniqueness of (ui)kxer which were given in Lemma 3.2 page
42 remain valid). Define ur € X(T) by ur(x) = ug for a.e. x € K and for any K € T. Then, ur
converges, in L*(Q), to the unique variational solution u € H*(Q) of Problem (5.1), (3.2) as size(7T) — 0.

PROOF of Theorem 3.2

The proof is only detailed for the case b = 0 and v = 0 (the extension of the proof to the general case
is straightforward using the proof of Theorem 3.1 page 45). Let g € H*(2) be such that the trace of
g on 09 is equal to g. One defines uy € X(7) by ur = ur — g7 where gr € X(7) is defined by

g(x) = ﬁ Jx 9(y)dy for all z € K and all K € T. Then (ux)xer satisfies

Y Fro=m(K)fx— Y Grq VKT, (3.44)
cefk cefk
Fro = —7x (i — i), Yo € Em, if 0 = K|L, (3.45)
FKJ =7, (lUK), Vo € Eext such that o € Ek. (3.46)
GKJ = _TK|L(§L - QL), Vo € Ent, if 0= K|L, (3.47)
Gr,o = —To(Go — J1.), Yo € Ecxt such that o € &k, (3.48)

where §, = ﬁ fg g(z)dvy(x) Multiplying (3.44) by i, summing over K € 7, gathering by edges in the
right hand side and using the Cauchy-Schwarz inequality yields

lar|f - < Y m(K)frix +N (G, T)lazlh,z,

KeT

from the definition (3.36) page 49 of N(g,7) and Definition 3.3 page 40 of || - ||1,7. Therefore, thanks
to Lemma 3.4 page 49 and the discrete Poincaré inequality (3.13), there exists Cy € IR, only depending
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on Q, [|glla1 (), ¢, M and f, such that ||ir|17 < C1 and [Jir|[z2() < C1. Let us now prove that tr
converges in L%(Q), as size(7) — 0, towards the unique solution in H{(Q2) to (3.3). We proceed as in
Theorem 3.1 page 45. Using Lemma 3.3, the compactness result given in Theorem 3.10 page 93 and the
uniqueness of the solution (in H{(2)) of (3.3), it is sufficient to prove that if 47 converges towards some
@€ H}(Q), in L*(Q) as size(7) — 0, then @ is the solution to (3.3). In order to prove this result, let us
introduce the function g7 defined by

1
g7 (x) = —/ g(y)dy, Vx € K, VK € T,
K

m(K)
which converges to g in L?(Q), as size(7) — 0. Then the function ur converges in L*(Q2), as size(7) — 0
tou = a+g € H'(Q) and the proof that @ is the unique solution of (3.3) is identical to the corresponding
part in the proof of Theorem 3.1 page 45. This completes the proof of Theorem 3.2. [

Remark 3.10 A more simple proof of convergence for the finite volume scheme with non homogeneous
Dirichlet boundary condition can be made if g is the trace of a Lipschitz-continuous function g. In that
case, ¢ and M do not have to be introduced and Lemma 3.4 is not used. The scheme is defined with
us = g(y,) instead of the average value of g on o, and the proof uses §(x ) instead of the average value
of gon K.

3.1.5 (C? error estimate

Under adequate regularity assumptions on the solution of Problem (3.1)-(3.2), one may prove that the
error between the exact solution and the approximate solution given by the finite volume scheme (3.20)-
(3.23) is of order size(7) = sup s diam(kK), in a certain sense which we give in the following theorem:

Theorem 3.3 Under Assumption 3.1 page 32, let T be an admissible mesh as defined in Definition 3.1
page 37 and ur € X(7T) (see Definition 3.2 page 39) be defined a.e.in Q by ur(x) = ug for a.e. v € K,
for all K € T, where (ug)ixer is the solution to (3.20)-(3.23). Assume that the unique variational
solution u of Problem (3.1)-(3.2) satisfies u € C?(Q). Let, for each K € T, ex = u(rg) — ux, and
er € X(7T) defined by er(x) = ex for a.e. x € K, for all K € T.
Then, there exists C > 0 only depending on u, v and Q) such that

ller|li,7 < Csize(T), (3.49)
where || - ||1,7 is the discrete H} norm defined in Definition 5.3,
||€T||L2(Q) < Csize(7) (3.50)
and
Y m(o)d (”L —ux _ _1 /Vu(a:) Ny od (a:))2+
oEEnt 7 dff m(o) o Kﬂ ’Y
o=K|L
3.51)
9(Yo) — uk 1 2 . 5 (
— . < (s .
G;t m(U)dU( 0 (o) /UVu(x) nKdey(x)) < Csize(T)
ae?:;sz
Remark 3.11

1. Inequality (3.49) (resp. (3.50)) yields an estimate of order 1 for the discrete H} norm (resp. L?
norm) of the error on the solution. Note also that, since u € C1(€2), one deduces, from (3.50), the
existence of C' only depending on u and €2 such that ||u — ur||12(q) < Csize(7). Inequality (3.51)
may be seen as an estimate of order 1 for the L? norm of the flux.
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2. In BARANGER, MAITRE and OUDIN (8], finite element tools are used to obtain error estimates of
order size(7)? in the case d = 2, v = b = g = 0 and if the elements of 7 are triangles of a finite
element mesh satisfying the Delaunay condition (see section 3.4 page 85). Note that this result is
quite different of those of the remarks 2.5 page 18 and 3.1 page 35, which are obtained by using a
higher order approximation of the flux.

3. The proof of Theorem 3.3 given below is close to that of error estimates for finite element schemes
in the sense that it uses the coerciveness of the operator (the discrete Poincaré inequality) instead
of the discrete maximum principle of Proposition 3.2 page 43 (which is used for error estimates
with finite difference schemes).

PROOF of Theorem 3.3

Let ur € X(7) be defined a.e. in Q by ur(z) = ug for a.e. © € K, for all K € 7, where (ug)rxer i8
the solution to (3.20)-(3.23). Let us write the flux balance for any K € T;

> (FK#, +VK,U) +b/KU(x)dx = /Kf(af)dx, (3.52)

cEEK

where F o = — [ Vu(z) - ng dy(x), and Vi o = [ u(x)v(z) ng o dy(x) are respectively the diffusion
and convection fluxes through o outward to K.
Let F , and Vi | be defined by

Fi, = —mri(u(zr) —uw(rk)), Vo = K|L € Eg N &, VK € T,

Fi  d(zr,0) = —m(0)(u(ys) — u(rk)), Vo € Ex NEext, VK €T,

Vi o = VK ow(To 1), Vo € Ex, VK €T,

where 25 4 = i (resp. zr) if 0 € &nt, 0 = K|L and vk, > 0 (resp. vk, < 0) and x5+ = xx (resp.
Yo) if 0 = Ex N Eexy and v e > 0 (resp. vk, < 0). Then, the consistency error on the diffusion and
convection fluxes may be defined as

1

o — F o Fx ) .
RK7 m(a)( K, K,O') (3 53)
1 —
o= 7~ o % 3 .04
'K, m(o_) (VK7 VK,U) (3 5 )

Thanks to the regularity of w and v, there exists C; € IR, only depending on w and v, such that
|Ri.o| + |7K,0| < Cisize(T) for any K € T and 0 € k. For K € T, let

pxc = ) = (1/m(K) [ (o)

so that |px| < Casize(T) with some Cy € IR only depending on w.
Substract (3.20) to (3.52); thanks to (3.53) and (3.54), one has

> (Gro + Wi ) +bm(K)ex = tm(K)px = 3 m(0) (o +7ic.0): (3.55)

cEEK cEEK
where
Ggo= Fi » — Fr,o 1s such that

GKJ, = _TK|L(6L — CK), VK € T,Vo € Ex NEny, 0 = K|L,
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Grod(rk,0) =m(o)ex, VK € T, Yo € Ekx N Eexs,

with ex = u(zk) —uk, and Wi,o = Vi , — V.o = Vk,0 (W(To,1) — Uo,+)
Multiply (3.55) by ek, sum for K € 7, and note that

> Y Groex = |Doe |2

KeToelk oe&
Hence
lerlfr+ D D vkoeorex+blerlizg) <bY m(K)pxex— Y > m(o)(Rxo+rk.q)ek, (3.56)
KeToekx KeT KeToEE
where

er € X(T), er(z) = ek fora.e. x € K and for all K € 7,

|Dye| = |lex —erl, if 0 € Eng, 0 = K|L, |Dye| = |ek|, if 0 € Ex N Eext,
ot = ULy 1) — Ug +-

By Young’s inequality, the first term of the left hand side satisfies:

1 1 .
| > m(K)prer| < §||€TH%2(Q) + 5022(5126(7))2m(9)~ (3.57)
KeT

Thanks to the assumption divv > 0, one obtains, through a computation similar to (3.27)-(3.28) page 43

that
Z Z VK,o€o,+€K > 0.

KeToelk

Hence, (3.56) and (3.57) yield that there exists C5 only depending on u,b and §2 such that

le i 7+ b||eTHL2(Q) < Cy(size(T))" = D Y m(0)(Ri.o + rK0)er, (3.58)
KeToelk
Thanks to the property of conservativity, one has Rx » = —Rp , and rg,, = —rp » for o € &y such that

0 = KI|L. Let Ry = |Rk,| and 7 = |tk | if 0 € Ex. Reordering the summation over the edges and
from the Cauchy-Schwarz inequality, one then obtains

|Z Z 0)(Rk,o + K0 €K|<Zm (Dye)(Ry +75) <

KeToelk oel

(;E:gm; o?)’ (Zm o(Re+70?)

Now, since |R, + r»| < Cysize(7) and since z:m(a)cl[7 =dm(Q), (3.58) and (3.59) yield the existence
ocef
of C4 € IR only depending on u,v and €2 such that

(3.59)

1 . .
lerlt.7 + Sbllerl72() < Ca(size(T)* + Casize(T)|le|l1,T
Using again Young’s inequality, there exists C5 only depending on u, v, b and €2 such that

| 12(0) < Cs(size(T))>. (3.60)

This inequality yields Estimate (3.49) and, in the case b > 0, Estimate (3.50). In the case where b = 0,
one uses the discrete Poincaré inequality (3.13) and the inequality (3.60) to obtain
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lezll7z(q) < diam(€)*Cs (size(T))?,
which yields (3.50).

Remark now that (3.49) can be written

Z m(o)d, (uL ; ug  u(zr) — u(xK))2+

(on d(T
oE€Eint
o=K|[L
B B 9 (3.61)
3 m(a)dg(g(ya) u _ ulgo) “(xK)) < (Csize(T))2.
o€ Eext d” d”
ceKNoN

From Definition (3.53) and the consistency of the fluxes, one has

> m(a)dg(u(xL) —u(rg) 1 )/7vu(x).nK’Ud7(x))2+

cEEnt dg m(U
o=K|L
Z m(o)d(,(u(yff) ;UU(:EK) _ m?O') /Vu(x) . nK,Ud'y(x)) = (3.62)

> m(0)d,RZ < dm(Q)C7 (size(T))?.
ek
Then (3.61) and (3.62) give (3.51). ]

3.1.6 H? error estimate

In Theorem 3.3, the hypothesis v € C?(Q2) was used. In the following theorem (Theorem 3.4), one obtains
Estimates (3.49) and (3.50), in the case b = v = 0 and assuming some additional assumption on the
mesh (see Definition 3.4 below), under the weaker assumption v € H?({2). This additional assumption
on the mesh is not completely necessary (see Remark 3.13 and GALLOUET, HERBIN and VIGNAL [72]).
It is also possible to obtain Estimates (3.49) and (3.50) in the cases b # 0 or v # 0 assuming u € H?()
(see Remark 3.13 and GALLOUET, HERBIN and VIGNAL [72]). Some similar results are also in LAZAROV,
MISHEV and VASSILEVSKI [99] and COUDIERE, VILA and VILLEDIEU [41].

Definition 3.4 (Restricted admissible meshes) Let Q be an open bounded polygonal subset of R,
d =2 or 3. A restricted admissible finite volume mesh of 2, denoted by 7, is an admissible mesh in the
sense of Definition 3.1 such that, for some ¢ > 0, one has dx,, > (diam(K) for all control volumes K
and for all o € k.

Theorem 3.4 (H? regularity) Under Assumption 3.1 page 32 with b = v = 0, let T be a restricted
admissible mesh in the sense of Definition 3.4 and ur € X(7T) (see Definition 3.2 page 39) be the
approzimate solution defined in Q by ur(x) = ug for a.e. v € K, for all K € T, where (ux)xer 1
the (unique) solution to (3.20)-(3.23) (existence and uniqueness of (ux)xer are given by Lemma 3.2).
Assume that the unique solution, u, of (3.3) (with b= v = 0) belongs to H*(Y). For each control volume
K, let ex = u(rg) — uk, and ex € X(T) defined by er(x) = ek for a.e. x € K, for all K € T.

Then, there exists C, only depending on u, ¢ and ), such that (3.49), (3.50) and (3.51) hold.

Remark 3.12

1. In Theorem 3.4, the function e is still well defined, and so is the quantity “Vu - n,” on o, for all
o € €. Indeed, since u € H%(Q) (and d < 3), one has u € C(Q) (and then u(zx) is well defined for
all control volumes K ) and Vu-n, belongs to L?(o) (for the (d — 1)-dimensional Lebesgue measure
on o) for all 0 € £.
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2. Note that, under Assumption 3.1 with b = v = g = 0 the (unique) solution of (3.3) is necessarily
in H?(Q) provided that Q is convex.

PROOF of Theorem 3.4

Let K be a control volume and o € k. Define Vi, = {txx + (1 —t)z, x € 0, t € [0,1]}. For 0 € &,
let V, = Vo UV, if K and L are the control volumes such that o = K|L. For 0 € £ N Ek, let
Vo' = VK,0'~

The main part of the proof consists in proving the existence of some C, only depending on the space
dimension d and ¢ (given in Definition 3.4), such that, for all control volumes K and for all o € &k,

size 2
ol < L [ ) o) (3.63)

whereH is the Hessian matrix of v and

d
[H(u)(2)]” = ) [DiDju(2)P,

i,j=1

and D; denotes the (weak) derivative with respect to the component z; of z = (21, -+, zq)" € R%.
Recall that R, is the consistency error on the diffusion flux (see (3.53)), that is:

u(zr) — u(rk)

RK,U = do—

1
— / Vu(x) -ng ody(z), if o € & and 0 = K| L,
m(o) J, ’

_ ulyo) — ulex)
do

Note that Ry, is well defined, thanks to u € H?(f2), see Remark 3.12.
In Step 1, one proves (3.63), and, in Step 2, we conclude the proof of Estimates (3.49) and (3.50).

1
Ri o — / Vu(x) -ng ody(z), if 0 € Eext NEK-
’ m(o) J, ’

Step 1. Proof of (3.63).

Let o € . Since u € H?(12), the restriction of u to V, belongs to H%(V,). The space C?(),) is dense in
H?(V,) (see, for instance, NECAS [113], this can be proved quite easily be a regularization technique).
Then, by a density argument, one needs only to prove (3.63) for u € C?(V,). Therefore, in the remainder
of Step 1, it is assumed u € C2(V,).

First, one proves (3.63) if o € &ine. Let K and L be the 2 control volumes such that o = K|L.

It is possible to assume, for simplicity of notations and without loss of generality, that o = 0 x &, with
some & C R, and zx = (—a,0), 21 = (8,0)!, with some a > ¢diam(K), 8 > ¢diam(L) (¢ is defined
in Definition 3.4 page 55).

Since u € C%(V,) a Taylor expansion gives for a.e. (for the (d — 1)-dimensional Lebesgue measure on o)
z=(0,2) €7,

u(zy) —u(x) = Vu(z) - (zr — x) —1—/0 H(u)(te + (1 —t)ap)(zr — x) - (xg, — z)tdt,
and
u(zg) —u(r) = Vu(z) - (xg — x) +/0 H(u)(tx + (1 —t)zx)(rx — ) - (v — 2)tdt,
where H(u)(z) denotes the Hessian matrix of u at point z.

Subtracting one equation to the other and integrating over ¢ yields (note that z; — zx = ng,ds)
|Rrk,o| < Br,o + Br,s, with, for some C; only depending on d,
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Cl ! 2
Bro = mio [7/0 VH(u) (b2 + (1 — D)ok — af2tdidy(x). (3.64)

The quantity By, is obtained with Bg , by changing K in L.
One uses a change of variables in (3.64). Indeed, one sets z =t + (1 — t)xx. Since |xx — x| < diam(K)
and dz = t*~ladtdy(x), one obtains, since z; = (t — 1)a, 2z = (z1,%)?,

C1 (diam(K))? al=?

This gives, with the famous Cauchy-Schwarz inequality,

BK,U <

C1a% 3 (diam 2 5 \1 1
By < m(((i)dU(K)) (/VW |H (u)(2)[*d?) (/VK” mdz) : (3.65)

For d = 2, (3.65) gives

C1(diam(K))? ( am(o)

Bieo < ST (TR, )P
and therefore
C1 (diam(K))? BRI
BK,U = 2%(m(0)da)%(daa)% (;/VVKYG |H( )( )| d ) :

A similar estimate holds on By, , by changing K in L and « in . Since «, f > (diam(K) and d, =
a+ 3> (diam(K), these estimates on By, and By, , yield (3.63) for some C only depending on d and
C.

For d = 3, the computation of the integral A = va ;
Figure (3.1.6)):

1

mdz by the following change of variable (see

21+«

0
1
Az/ —_— dz)dzi, where t =
—d (Zl‘f'a)Q(Eet& Jdz1

_ 21 + a)?
/Eem == /ye& tdy = ( 1a2 ! m(o),

and therefore A = ) and (3.65) yields that:

[e3

1/2
Cs (diam(K))? Cssize(7)
Broe = Gao) & digg) 172 </VK 'H(“)(Z”QdZ) < V2 m(o) d )z H Wl

dK,U .

Now,

and therefore (3.65) gives:

. 0
By, < C (diam(K))? (/ m(o) d21)

[N

a?

( /V H(u)(2)2dz)

—Q

and then

Ci (diam(K))? gt
(m(a)oz(,)%(d(,a)%(/VM| (u)(2)dz)

With a similar estimate on By, ., this yields (3.63) for some C' only depending on d and ¢.

BK,(T >

Now, one proves (3.63) if 0 € Eext. Let K be the control volume such that o € £x. One can assume,
without loss of generality, that zx = 0 and 0 = {2a} x & with & C R and some o > %Cdiam(K).
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w|

(UU)

Z1

Figure 3.3: Consistency error, d = 3

The above proof gives (see Definition 3.1 page 37 for the definition of y, ), with some C5 only depending
on d,

o) Zulen) _ 2 o EDE [y
| o ) /&Vu(a:).nK,adv(a:)l < Oy (o), /V |H (u)(2))dz, (3.66)

with 6 = {(a §),z €6}, and Vs = {ty, + (1 —t)z, z € 6,t € [0,1]} U {tex + (1 —t)z, x € 5, t € [0,1]}.
Note that m(5) = g‘d(fl) and that Vs C V,.

One has now to compare I, = ﬁ [, Vu(z) -ng gdy(z) with I, = ﬁ I Vu(z) - ng gdy(z).

A Taylor expansion gives

1

=1 =4

[ [ e + 16— i)~ o) ncdtin ).

The change of variables in this last integral z = xx +t(x — x ), which gives dz = 2at?~dtdy(x), yields,
with B, = {tz + (1 —t)zx, x €0, t € [%, 1]} and some C3 only depending on d (note that ¢ > %),

Cs

LI < —2—
| | m(o)a

/ |H(u)(2)||z — xx]|dz.
E

o

Then, from the Cauchy-Schwarz inequality and since |x — 2k | < diam(K),

iam 2
IL—%F<%%@ﬁ?LAJHM@WW, (3.67)

o

with some Cy only depending on d and (.
Inequalities (3.66) and (3.67) yield (3.63) for some C only depending on d and (.

One may therefore choose C' € IR such that (3.63) holds for o € &yt or 0 € Eext. This concludes Step 1.

Step 2. Proof of Estimates (3.49), (3.50) and (3.51).
In order to obtain Estimate (3.49) (and therefore (3.50) from the discrete Poincaré inequality (3.13)),
one proceeds as in Theorem 3.3. Inequality (3.56) writes here, since R » = —Rp 0, if 0 = K|L,

lez|l}7 <Y Ro|Doelm(o),
o€l
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with Ry = |Rk s, if 0 € Ek. Recall also that |Dye| = |ex —er| if 0 € Eng, 0 = K|L and |Dye| = |ex],
if 0 € Eext N Ek. Cauchy and Schwarz strike again:

lez 3.7 < (3 R2m(0)dy) * (3 IDse Pm ).

oce€ ocef

The main consequence of (3.63) is that

Zm( d, R2 < C(size(T Z/ (2)|2dz = C(size(T /|H 2)|dz. (3.68)

ce€ ce€

Then, one obtains

1
lez |z < v/Csize(T /|H 2)2d=)

This concludes the proof of (3.49) since u € H?(2) implies [, [H (u)(z)[*dz < cc.
Estimate (3.51) follows from (3.68) in a similar manner as in the proof of Theorem 3.3. This concludes
the proof of Theorem 3.4. =

Remark 3.13 (Generalizations)

1. By developping the method used to bound the consistency error on the flux on the elements of Eqxt,
it is possible to replace, in Theorem 3.4, the hypothesis dx , > (diam(K) in Definition 3.4 page
55 by the weaker hypothesis d, > (diam(c) provided that V, is convex. Note also that, in this
case, the hypothesis xx € K is not necessary, it suffices that x; — xx = dyng o, for all o € Ein,
0 = K|L (for 0 € Eex, one always needs y, — g = dolg o).

2. It is also possible to prove Theorem 3.4 if b # 0 or v # 0 (or, of course, b # 0 and v # 0). Indeed,
if the solution, u, to (3.3) is not only in H?(2) but is also Lipschitz continuous on Q (this is the
case if, for instance, there exists p > d such that v € W?2P?(Q)), the treatment of the consistency
error terms due to the terms involving b and v are exactly as in Theorem 3.3. If u is not Lipschitz
continuous on €, one has to deal with the consistency error terms due to b and v similarly as in
the proof of Theorem 3.4 (see also EYMARD, GALLOUET and HERBIN [55] or GALLOUET, HERBIN
and VIGNAL [72]).

It is also possible, essentially under Assumption 3.1 page 32, to obtain an L7 estimate of the error, for
2<g¢g<+0ifd=2,and for 1 < g <6 if d = 3, see [39]. The error estimate for the L? norm is a
consequence of the following lemma:

Lemma 3.5 (Discrete Sobolev Inequality) Let 2 be an open bounded polygonal subset of R? and T
be a general finite volume mesh of Q in the sense of definition 3.5 page 63, and let { > 0 be such that

VK € T Vo €&k,  di.o > (do, (3.69)

Let be u € X(T) (see definition 3.2 page 39), then, there exists C > 0 only depending on Q and ¢, such
that for all g € [2,400), if d =2, and q € [2,6], if d =3,

lull o) < Cqllulli,z, (3.70)
where || - ||1,7 is the discrete H} norm defined in definition 3.3 page 40.

PROOF of Lemma 3.5

Let us first prove the two-dimensional case. Assume d = 2 and let ¢ € [2,4+00). Let d; = (1,0)" and
dz = (0,1)%; for x € Q, let D! and D2 be the straight lines going through x and defined by the vectors
dland(b.
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Let v € X (7). For all control volume K, one denotes by vi the value of v on K. For any control volume
K and a.e. x € K, one has

v3 < ZD vx W (x ZD vy (3.71)
o€l o€l

where Xa ) and X{, are defined by
X () { 0 ifonDi =0 fori=1,2.

Recall that Dyv = |vg — vi|, if 0 € &int, 0 = K|L and Dyv = |vk|, if 0 € Eext N Ex. Integrating (3.71)
over K and summing over K € 7 yields

/Q dm</<ZDvX1) ZDUXQ) )

Note that Xf,” (resp. X[(f) ) only depends on the second component x5 (resp. the first component x1) of
2 and that both functions are non zero on a region the width of which is less than m(o); hence

/ 2)dz < (Zm ) . (3.72)

oe€
Applying the inequality (3.72) to v = |u|*sign(u), where v € X(7) and « > 1 yields
/ lu(z)|**dx < (Zm ) .
ock

Now, since [vg —vr| < a(lug|*™! + |urp|* V) |uk —ugl|, if 0 € Eing, 0 = K|L and |vk| < a(juk|®™ 1) uk],
ifoefextﬁ&(,

/|u |20‘dx : <az Z o)|ur|* Dyu.

KeToelk
Using Holder’s inequality with p,p’ € IR such that % + —, =1 yields that
B l D 1
/|u |2°‘da: <aof Z Z|UK|”(°‘ Y1m(o)dr,0 )" Z Z' Gu' (0)dK,o)"
KeToelk KETU’EEK
Since Z 0)dk, = 2m(K), this gives
c€EK
3 1 D 1
(/ |u(x)|2“dx) < azi(/ ) PO Dda)? (3 Z [Doul” “' (0)dr,0) 7,
Q2 Q KET(TGEK
which yields, choosing p such that p(a — 1) = 2a, i.e. p = TO‘ and p’ = —al,

1
I

by D
ey = ( [ JutaPoae) ™ < a2b (3 3 o)) (3.73)

KeToeEk dg 0"

where ¢ = 2. Let r = % and r’ = 2%1),, Holder’s inequality yields

1
7

ZZ'D“'p zz'”“' i) (3 Y mlo)dn)?

KGT{TGEK K,o KeToelk KeToelk

replacing in (3.73) gives
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1 1 1
[ullzage) < @27 (2)2 (2m(Q2)) 7" [[ull1, 7

eV

and then (3.70) with, for instance, C' = (%)% ((2m(Q))z +1).
Let us now prove the three-dimensional case. Let d = 3. Using the same notations as in the two-
dimensional case, let d; = (1,0,0)%, d2 = (0,1,0)! and d3 = (0,0,1)! ; for = € Q, let DL, D2 and D3

be the straight hnes going through x and defined by the vectors di, ds and d3. Let us again define the

functions X((, ), X ) and X(3 by

X (a:)—{ 0 ifonDi = for i =1,2,3.

Let v € X(7) and let A € IR such that Q C [~A, A]*; we also denote by v the function defined on
[~ A, A]? which equals v on  and 0 on [—A4, A]? \ . By the Cauchy-Schwarz inequality, one has:

A A )
/ / [v(z1, 22, 23)|2 dr1drs
o (3.74)

A7 A 1, A A 1
< (/ / |v(x1,x2,x3)|dx1dx2) (/ / |v(x1,x2,x3)|2dazldaz2) )
—aJ-a —aJ-a

Now remark that
A A
/ / |v(21, 22, x3)|dx1d2s < ZD v/ / (3) x)dxidrs < Zm .
—AJ-A oe€
Moreover, computations which were already performed in the two-dimensional case give that
A A
/ / |v(x1, 20, 23 | dx1dxy < / / ZD UX ZD vxa x)dxidrs < (Zm Ozs)D v) ,
—AJ-A —Agee ocE ocE

where o, denotes the intersection of o with the plane which contains the point (0, 0, z3) and is orthogonal
to dz. Therefore, integrating (3.74) in the third direction yields:

/|v )2 < (Y m(o)D v) . (3.75)

ocel

Now let v = |u|*sign(u), since |vk —vr| < 4(luk|® + |ur|?)|ux — ur|, Inequality (3.75) yields:

/Q|u(x)|6da:§[4z > |uK|3Daum(a)f.

KeToelk

By Cauchy-Schwarz’ inequality and since Z 0)di,; = 3m(K), this yields
oc€EK

||U||L6<4\/_Z Z (Dyu)? )

d
KeToelk Ko

and since di » > (do, this yields (3.70) with, for instance, C' = 43

NG
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Remark 3.14 (Discrete Poincaré Inequality) In the above proof, Inequality (3.72) leads to another
proof of some discrete Poincaré inequality (as in Lemma 3.1 page 40) in the two-dimensional case. Indeed,
let © be an open bounded polygonal subset of IR?. Let 7 be an admissible finite volume mesh of € in
the sense of Definition 3.1 page 37 (but more general meshes are possible). Let v € X (7). Then, (3.72),

the Cauchy-Schwarz inequality and the fact that Zm(a)dg =2m(Q) yield
o€l
[vl1Z2() < 2m(@)]lv]? -

A similar result holds in the three-dimensional case.

Corollary 3.1 Under the same assumptions and with the same notations as in Theorem 3.3 page 52, or
as in Theorem 3.4 page 55, and assuming that the mesh satisfies, for some ¢ > 0, di,, > (dy, for all
o € Ex and for all control volume K, there exists C > 0 only depending on u, ¢ and 2 such that

. 1,6 if d =3,
lerllra) < Cgsize(T); for any q € { {17_300) i;d _9 (3.76)

furthermore, there exists C' € IRy only depending on u, ¢, (7 = min{ Sir;((l;))g K €T}, and Q, such that

ller || Lo () < Csize(7T)(|In(size(7T))| + 1), if d=2. (3.77)
ler Loy < Csize(T)*®,  if d =3. (3.78)

ProoF of Corollary 3.1

Estimate (3.49) of Theorem 3.3 (or Theorem 3.4) and Inequality (3.70) of Lemma 3.5 immediately yield
Estimate (3.76) in the case d = 2. Let us now prove (3.78). Remark that

1

W)EHGT”LQ- (3.79)

lezll (@) = max{lex], K € T} <(

For d = 2, a study of the real function defined, for ¢ > 2, by ¢ +— Ing+ (1 — %) Inh (with h = size(7))

shows that its minimum is attained for ¢ = —2Inh, if Inh < —1. And therefore (3.76) and (3.79) yield
(3.78).
The 3 dimensional case is an immediate consequence of (3.76) with ¢ = 6. (]

3.2 Neumann boundary conditions

This section is devoted to the convergence proof of the finite volume scheme when Neumann boundary
conditions are imposed. The discretization of a general convection-diffusion equation with Dirichlet,
Neumann and Fourier boundary conditions is considered in section 3.3 below, and the convection term is
largely studied in the previous section. Hence we shall limit here the presentation to the pure diffusion
operator. Consider the following elliptic problem:

—Au(z) = f(x), z € Q, (3.80)

with Neumann boundary conditions:

Vu(z) -n(z) = g(x), v € 09, (3.81)

where 0f) denotes the boundary of ) and n its unit normal vector outward to 2.
The following assumptions are made on the data:

Assumption 3.3



63

1. Q is an open bounded polygonal connected subset of R, d=2 or3,
2. g€ L*(09), f € L*(Q) and [, g(x)dy(z) + [, f(z)dz = 0.

Under Assumption 3.3, Problem (3.80), (3.81) has a unique (variational) solution, u, belonging to H*(€2)
and such that [, u(x)dz = 0. It is the unique solution of the following problem:

u € HY(Q), /u(m)daﬁ:O, (3.82)
Q
/ Vu(z)Vip(z) = / Flayb(e)dz + / 9(@)F() (@) (), Vb € HY(9). (3.83)
Q Q o0

Recall that 7 is the “trace” operator from H'(Q) to L2(9Q) (or to H?2 (952)).

3.2.1 Meshes and schemes

Admissible meshes

The definition of the scheme in the case of Neumann boundary conditions is easier, since the finite volume
scheme naturally introduces the fluxes on the boundaries in its formulation. Hence the class of admissible
meshes considered here is somewhat wider than the one considered in Definition 3.1 page 37, thanks to
the Neumann boundary conditions and the absence of convection term.

Definition 3.5 (Admissible meshes) Let  be an open bounded polygonal connected subset of R,
d = 2, or 3. An admissible finite volume mesh of € for the discretization of Problem (3.80), (3.81), denoted
by 7, is given by a family of “control volumes”, which are open disjoint polygonal convex subsets of €2,
a family of subsets of Q contained in hyperplanes of R?, denoted by € (these are the “sides” of the
control volumes), with strictly positive (d — 1)-dimensional Lebesgue measure, and a family of points of
Q denoted by P satisfying properties (i), (i), (i) and (iv) of Definition 3.1 page 37.

The same notations as in Definition 3.1 page 37 are used in the sequel.

One defines the set X (7) of piecewise constant functions on the control volumes of an admissible mesh
as in Definition 3.2 page 39.

Definition 3.6 (Discrete H! seminorm) Let €2 be an open bounded polygonal subset of R% d =2
or 3, and 7 an admissible finite volume mesh in the sense of Definition 3.5.
For u € X(T), the discrete H! seminorm of u is defined by

i = (X 7 (Dou?)”.

0€Eint

where 7, = n;(”) and &yt are defined in Definition 3.1 page 37, ug is the value of u in the control volume

K and D,u =U|uK —urlif o € Ent, 0 = K|L.

The finite volume scheme

Let 7 be an admissible mesh in the sense of Definition 3.5 . For K € 7, let us define:

1
= i /K f(@)dz, (3.84)

1

gk = OK N %) /8K08Qg(x)dfy(x) if m(OK NoN) #0, (3.85)

g =0 if m(OK NoN) = 0.
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Recall that, in formula (3.84), m(K) denotes the d-dimensional Lebesgue measure of K, and, in (3.85),
m(0K N o) denotes the (d — 1)-dimensional Lebesgue measure of 0K N JS2. Note that gx = 0 if the
dimension of 9K N 0N is less than d — 1. Let (ux)xer denote the discrete unknowns; the numerical
scheme is defined by (3.20)-(3.22) page 42, with b = 0 and v = 0. This yields:

— Z TK\L(UL - UK) =m(K)fx + m(OK NIN)gk, VK € T, (3.86)
LeN(K)

(see the notations in Definitions 3.1 page 37 and 3.5 page 63). The condition (3.82) is discretized by:

> m(K)ug =0. (3.87)

KeT

Then, the approximate solution, uz, belongs to X(7) (see Definition 3.2 page 39) and is defined by

ur(r) = uk, for ae. v e K, VK € 7.

The following lemma gives existence and uniqueness of the solution of (3.86) and (3.87).

Lemma 3.6 Under Assumption 3.3. let T be an admissible mesh (see Definition 3.5) and { fx, K € T},
{9k, K € T} defined by (5.84), (3.85). Then, there exists a unique solution (uk)xer to (3.86)-(3.87).

PROOF of lemma 3.6

Let N = card(7). The equations (3.86) are a system of N equations with N unknowns, namely (ux)xer.
Ordering the unknowns (and the equations), this system can be written under a matrix form with a N x N
matrix A. Using the connexity of €2, the null space of this matrix is the set of “constant” vectors (that
is ug = ug, for all K, L € 7). Indeed, if fx = gk = 0 for all K € 7 and {ux, K € T} is solution of
(3.86), multiplying (3.86) (for K € 7) by ux and summing over K € 7 yields

> 7o(Dou)® =0,

€&y

where Dyu = |ug —up| if 0 € &Ent, 0 = K|L. This gives, thanks to the positivity of 7, and the connexity
of Q, ug =wuyp, forall K, L € T.

For general (fx)ker and (9x)keT, a necessary condition, in order that (3.86) has a solution, is that

> (m(K)fx +m(dK NoQ)gk) = 0. (3.88)

KeT

Since the dimension of the null space of A is one, this condition is also a sufficient condition. Therefore,
System (3.86) has a solution if and only if (3.88) holds, and this solution is unique up to an additive
constant. Adding condition (3.87) yields uniqueness. Note that (3.88) holds thanks to the second item
of Assumption 3.3; this concludes the proof of Lemma 3.6. [

3.2.2 Discrete Poincaré inequality

The proof of an error estimate, under a regularity assumption on the exact solution, and of a convergence
result, in the general case (under Assumption 3.3), requires a “discrete Poincaré” inequality as in the
case of the Dirichlet problem.

Lemma 3.7 (Discrete mean Poincaré inequality) Let Q be an open bounded polygonal connected
subset of R?, d =2 or 3. Then, there exists C € R, only depending on ), such that for all admissible
meshes (in the sense of Definition 3.5 page 63), T, and for all u € X(T) (see Definition 3.2 page 39),
the following inequality holds:
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lullf2() < Cluli 7 + 2(m(9))’1(/Q u(x)dz)?, (3.89)

where | - |1 1 is the discrete H' seminorm defined in Definition 3.6.

PROOF of Lemma 3.7

The proof given here is a “direct proof”; another proof, by contradiction, is possible (see Remark 3.16).
Let 7 be an admissible mesh and u € X (7). Let mq(u) be the mean value of u over 2, that is

1
mq(u) = o)) /Qu(x)dx

Since
HU'H%Q(Q) < 2u-— mQ(U)||2L2(Q) +2(ma(u))*m(€),

proving Lemma 3.7 amounts to proving the existence of D > 0, only depending on €2, such that

[ = ma(w)|[720) < Dlul? 7 (3.90)
The proof of (3.90) may be decomposed into three steps (indeed, if €2 is convex, the first step is sufficient).

Step 1 (Estimate on a convezx part of Q)
Let w be an open convex subset of Q, w # @ and m,(u) be the mean value of u on w. In this step, one
proves that there exists Cy, depending only on €2, such that

1
lu(@) = mu ()72 < ——Coluli 7. (3.91)

m(w)

(Taking w = Q, this proves (3.90) and Lemma 3.7 in the case where € is convex.)

Noting that
—my,(u))?dz —1 w(x) —u 2dy)dx

3.91) is proved provided that there exists Cy € IR 4, only depending on €2, such that
+
[ [ (@)~ uto)?dody < Caul 1. (3.92)

For o € &y, let the function y, from R? x R to {0,1} be defined by

Xo(z,y) =1, if 2,y € Q, [z,y]N o # 0,
Xo(z,y) =0, ifx ¢ QorygQ or[z,yNo=0.
(Recall that [z,y] = {tz + (1 —t)y, t € [0,1]}.) For a.e. z,y € w, one has, with D,u = |ux — uy| if
o € &, 0 = K|L,

(u(@) —u@))® < (O [Doulxo(,1))?,

0€Eint

(note that the convexity of w is used here) which yields, thanks to the Cauchy-Schwarz inequality,

Dyul?
(W)~ u @) < Y 12 w) Y docoyaxola.), (3.93)
0€Em 0 TYTE 0€Eint
with
y-x
ly — =

Coy—az = | (T|a
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recall that n, is a unit normal vector to o, and that xx — z;, = +d,n, if 0 € &y, 0 = K|L. For a.e.
T,y € w, one has

y—x
Z ddcmy—mXa(xvy) = |($K B JiL) ' | - $| |7
o€Eint Y

for some convenient control volumes K and L, depending on z, y and o (the convexity of w is used again
here). Therefore,

Z doCoy—zXo(z,y) < diam(Q).
0€Eint
Thus, integrating (3.93) with respect to z and y in w,
2 . |Dyul?
(u(x) = u(y))*dedy < diam(Q) > X (@, y)dady,
wJw wlw g doCoy—=
which gives, by a change of variables,

/w /w (u(z) — u(y))*dedy < diam(9) / (> 'D"“}Q /w Xo (2, @ + 2)dx)dz. (3.94)

R

Noting that, if |z| > diam(Q), xo (2,2 + z) =0, for a.e. x € Q, and
/ Xo(#, 2 4 2)dz < m(0)|z - n,| = m(0)|2|c,.. for ae. z € RY,
Q

therefore, with (3.94):

/ / (u(w) — u(y))?dedy < (diam(Q))*m(Ba) > %7

0EEint

where B denotes the ball of R of center 0 and radius diam(Q).
This inequality proves (3.92) and then (3.91) with Cy = (diam(Q2))?m(Bg) (which only depends on ).
Taking w = €, it concludes the proof of Lemma 3.7 in the case where (2 is convex.

Step 2 (Estimate with respect to the mean value on a part of the boundary)

In this step, one proves the same inequality than (3.91) but with the mean value of u on a (arbitrary)
part I of the boundary of w instead of m,, (u) and with a convenient C; depending on I, 2 and w instead
of C().

More precisely, let w be a polygonal open convex subset of Q and let I C dw, with m(I) > 0 (m(I) is
the (d — 1)-Lebesgue measure of I). Assume that I is included in a hyperplane of R?. Let F(u) be the
“trace” of u on the boundary of w, that is J(u)(z) = ux if v+ € JwN K, for K € T. (If v+ € KN L, the
choice of F(u)(x) between ug and uy, does not matter). Let my(u) be the mean value of F(u) on I. This
step is devoted to the proof that there exists C, only depending on 2, w and I, such that

lu—mr(u)Zs,) < Cilulf 7. (3.95)

For the sake of simplicity, only the case d = 2 is considered here. Since [ is included in a hyperplane, it
may be assumed, without loss of generality, that I = {0} x J, with J C IR and w C R4+ x IR (one uses
here the convexity of w).

Let « = max{z;, z = (z1,22)"! € W} and a = (o, )" € w. In the following, a is fixed. For a.e.
x = (z1,22)" € w and for a.e. (for the 1-Lebesgue measure) y = (0,7)" € I (with ¥ € J), one sets
z(z,y) = ta+ (1 — t)y with ¢t = z1/a. Note that, thanks to the convexity of w, z(z,y) = (21, 22)" € @,
with z; = x1. The following inequality holds:
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£(u(@) =7 (u)(y)) < u(x) —u(z(z,y))] + [u(z(z, y) = F(w)(y))]-
In the following, the notation Cj, ¢ € IN*, will be used for quantities only depending on €, w and 1.

Let us integrate the above inequality over y € I, take the power 2, from the Cauchy-Schwarz inequality,
an integration over x € w leads to

2 2 ,
) /w /I(“(Z@w)) — u(y))*dy(y)dz.

Then,

[ wla) = mi)is < 24+ B),

with, since w is convex,

A:/W/I( > | Dot|xo (2, 2(z,y))) dr(y)da,

Uegint
and
B p—

e

/( 3" IDoulxo (2(2,y),9)) *dy(y)da.

I 0€Eint

Recall that, for £,7 € Q, x,(&,n) = 1if [¢,7] N0 # 0 and x,(£,m) = 0if [€,9] N = 0. Let us now look
for some bounds of A and B of the form Clul} .

The bound for A is easy. Using the Cauchy-Schwarz inequality and the fact that

Z co’,wfz(x,y)dﬂxlf(xv Z(Z‘, y)) S dlam(Q)

0€Eint

2 n,| (for n € R*\ 0) gives

= It
iza [ [ 3 Debreleste

Ueglnt {T r= Z(T y)d

(recall that ¢,y

Since z; = x1, one has ¢, 4_.(s,y) = Co,e, With e = (0,1)". Let us perform the integration of the right
hand side of the previous inequality, with respect to the first component of x, denoted by x1, first. The
result of the integration with respect to x; is bounded by |u|%T Then, integrating with respect to x»
and y € I gives A < Cs|ul} 7.

In order to obtain a bound B, one remarks, as for A, that

B<C4// Z |D U| XO' )da)yy)dxd’}/(y)

0CEm TV

In the right hand side of this inequality, the 1ntegration with respect to y € I is transformed into an
integration with respect to & = (£1,&2)" € o, this yields (note that ¢y (s,y) = Cora—y)

B< C4 Z |D0u|2/ 1/10(%5) |a_y(£)|d$d’y(£),

o CI,a—y(¢) |a - §|

where y(£) = s€ + (1 — s)a, with s&; + (1 — s)a = 0, and where 1), is defined by

wﬂ(xaf) = 1) lf y(f) € I a‘nd fl S T
Vo (x, ) =0, if y(§) €I or & > 1.
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Noting that c7 4—y) = C5 > 0, one deduces that

By Pk [ ([ wnlws =2 an)ar(9) < olul

o€Eint £|
with, for instance, C7 = Cg(diam(w))?. The bounds on A and B yield (3.95).

Step 3 (proof of (3.90))

Let us now prove that there exists D € IR, only depending on € such that (3.90) hold. Since Q is a
polygonal set (d = 2 or 3), there exists a finite number of disjoint convex polygonal sets, denoted by
{Q1,...,Q,}, such that Q = U, Q,. Let I, ; = ;N Q;, and B be the set of couples (i, ) € {1,...,n}>
such that ¢ # j and the (d — 1)-dimensional Lebesgue measure of I; ;, denoted by m(I; ;), is positive.
Let m; denote the mean value of v on Q;, i € {1,...,n}, and m;,; denote the mean value of u on I; ;,
(i,j) € B. (For o € &g, in order that w be defined on o, a.e. for the (d — 1)-dimensional Lebesgue
measure, let K € 7 be a control volume such that o € £k, one sets © = ug on ¢.) Note that m; ; = m;;
for all (i,7) € B.

Step 1 gives the existence of C;, i € {1,...,n}, only depending on Q (since the ; only depend on ),
such that

Step 2 gives the existence of C; j, 4, € B, only depending on €2, such that

lu = mijllia g, < Cijluli 7, ¥(,4) € B.

Then, one has (m; — m;;)°m() < 2(Ci + Cij)lulf £, for all (i,j) € B. Since Q is connected, the
above inequality yields the existence of M, only depending on €, such that |m; — mj| < Mlu|i,r for
all (i,7) € {1,...,n}?, and therefore |mQ(u) —m;| < Mlu|y,7 for all i € {1,...,n}. Then, (3.96) yields
the existence of D, only depending on €2, such that (3.90) holds. This completes the proof of Lemma
3.7. [

An easy consequence of the proof of Lemma 3.7 is the following lemma. Although this lemma is not used
in the sequel, it is interesting in its own sake.

Lemma 3.8 (Mean boundary Poincaré inequality) Let Q2 be an open bounded polygonal connected
subset of R, d =2 or 3. Let I C O such that the (d—1)- Lebesgue measure of I is positive. Then, there
exists C € Ry, only depending on Q0 and I, such that for all admissible mesh (in the sense of Definition
3.5 page 63) T and for all w € X(T) (see Definition 3.2 page 39), the following inequality holds:

lu—mr(u)Zz(q) < Cluli 7

where | - |17 is the discrete H' seminorm defined in Definition 3.6 and my(u) is the mean value of F(u)
on I with 7(u) defined a.e. on O by Y(u)(x) =ug ifx €0, 0 € Eexs NER, K €T.

Note that this last lemma also gives as a by-product a discrete Poincaré inequality in the case of a
Dirichlet boundary condition on a part of the boundary if the domain is assumed to be connex, see
Remark 3.4.

Finally, let us point out that a continuous version of lemmata 3.7 (known as the Poincaré-Wirtinger
inequality) and 3.8 holds and that the proof is similar and rather easier. Let us state this continuous
version which can be proved by contradiction or with a technique similar to Lemma 3.4 page 49. The
advantage of the latter is that it gives a more explicit bound.

Lemma 3.9 Let Q be an open bounded polygonal connected subset of R, d =2 or 3. Let I C O such
that the (d —1)- Lebesgue measure of I is positive.
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Then, there exists C' € R4, only depending on ), and Ce Ry, only depending on Q and I, such that,
for all u € HY(Q), the following inequalities hold:

lullZ2() < Cluli o) + 2(m(9))_1(/Q u(w)dz)*

and

lu = mr()l|Fe () < Clulip ),
where || g1 (q) is the H seminorm defined by |v|§11(ﬂ) = HVUH%LQ(QW = [ |Vo(x)|?dx for allv € H (),
and my(u) is the mean value of ¥(u) on I. Recall that 7 is the trace operator from H'(Q) to HY/?(9Q).

3.2.3 Error estimate

Under Assumption 3.3, let 7 be an admissible mesh (see Definition 3.5) and {fx, K € 7}, {9k, K € T}
defined by (3.84), (3.85). By Lemma 3.6, there exists a unique solution (ux)xer to (3.86)-(3.87). Under
an additional regularity assumption on the exact solution, the following error estimate holds:

Theorem 3.5 Under Assumption 3.3 page 62, let T be an admissible mesh (see Definition 3.5 page 63)
and h = size(T). Let (ui)kxeT be the unique solution to (3.86) and (3.87) (thanks to (3.84) and (3.85),
existence and uniqueness of (uk)ker s giwven in Lemma 3.6). Let ur € X (T) (see Definition 3.2 page
39) be defined by ur(x) = ug for a.e. v € K, for all K € T. Assume that the unique solution, u, to
Problem (3.82), (3.83) satisfies u € C%(Q).

Then there exists C € IRy which only depends on u and 2 such that

|ur — ullL2(0) < Ch, (3.97)

S m(o)d, (M mza) / Vu(z) - nx.ody(z))? < CR2. (3.98)

d
0=K|LEEn: 7

Recall that, in the above theorem, K |L denotes the element o of &y such that @ = K N JL, with K,
LeT.

PROOF of Theorem 3.5
Let C+ € IR be such that

Z u(xx)m(K) =0,

KeT
where w = u + Cr.
Let, for each K € 7, ex = u(rk) — uk, and e € X(7T) defined by er(z) = ex for a.e. x € K, for all
K € T. Let us first prove the existence of C' only depending on u and €2 such that

|€T|1,T < Ch and HGTHLQ(Q) < Ch. (3.99)
Integrating (3.80) page 62 over K € 7, and taking (3.81) page 62 into account yields:
Z / Vu(z) -ng edy(x) = / fz)dx —|—/ g(x)dy(z). (3.100)
veen o K K NAQ

For o € &y such that o = K|L, let us define the consistency error on the flux from K through o by:

1
m(o)

u(zr) — u(rrk)

Rio = /Vu(x) ‘g dy(x) — S F— (3.101)
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Note that the definition of R , remains with @ instead of w in (3.101).
Thanks to the regularity of the solution w, there exists C; € R4, only depending on u, such that
|Rr,r.| < Cih. Using (3.100), (3.101) and (3.86) yields

> rrnler —ex)? < dm(Q)(C1h)?,

K|LEE&ins

which gives the first part of (3.99).
Thanks to the discrete Poincaré inequality (3.89) applied to the function ez, and since

> m(K)ex =0

KeT

(which is the reason why e7 was defined with @ instead of u) one obtains the second part of (3.99), that
is the existence of C5 only depending on u and €2 such that

> m(K)(ex)? < Coh?.

KeT
From (3.99), one deduces (3.97) from the fact that u € C*(Q). Indeed, let Cy be the maximum value of
|[Vu| in . One has |u(x) — u(y)| < Cah, for all z, y € K, for all K € T Then, from [, u(x)dz = 0, one
deduces C7 < Csh. Furthermore, one has

Z/ w(ore) - u(z)Pdz < 3 m(K)(Coh)? = m(©)(Cah)?

KeT KeT
Then, noting that

Jur =l = 3 [ (wr —u(a)Pda

KeT

<SZ )2+ 3(C7)*m(Q +BZ/ u(zr) —u(r))?de

KeT KeT
yields (3.97).

The proof of Estimate (3.98) is exactly the same as in the Dirichlet case. This property will be useful
in the study of the convergence of finite volume methods in the case of a system consisting of an elliptic
equation and a hyperbolic equation (see Section 7.3.6). [

As for the Dirichlet problem, the hypothesis u € C2?(Q) is not necessary to obtain error estimates.
Assuming an additional assumption on the mesh (see Definition 3.7), Estimates (3.99) and (3.98) hold
under the weaker assumption u € H2() (see Theorem 3.6 below). It is therefore also possible to obtain
(3.97) under the additional assumption that w is Lipschitz continuous.

Definition 3.7 (Neumann restricted admissible meshes) Let € be an open bounded polygonal
connected subset of RY, d = 2 or 3. A restricted admissible mesh for the Neumann problem, de-
noted by 7, is an admissible mesh in the sense of Definition 3.5 such that, for some ¢ > 0, one has
dg - > ¢(diam(K) for all control volume K and for all o € Ex N Eins.

Theorem 3.6 (H? regularity, Neumann problem) Under Assumption 3.3 page 62, let T be an ad-
missible mesh in the sense of Definition 3.7 and h = size(T). Let ur € X(7T) (see Definition 3.2 page 39)
be the approzimated solution defined in Q by ur(z) = uk for a.e. © € K, for all K € T, where (ux )keT
is the (unique) solution to (3.86) and (3.87) (thanks to (3.84) and (3.85), existence and uniqueness of



71

(ur) e is given in Lemma 3.6). Assume that the unique solution, u, of (3.82), (3.83) belongs to H%(2).
Let Cr € IR be such that

Z u(rg)m(K) =0 where w =u+ Cr.

KeT

Let, for each control volume K € T, exx = u(xg) —uk, and er € X(T) defined by er(x) = ex for a.e.
e K, forall KeT.
Then there exists C, only depending on u, ¢ and Q, such that (3.99) and (3.98) hold.

i

Note that, in Theorem 3.6, the function ez is well defined, and the quantity “Vu -n,” is well defined on

o, for all ¢ € £ (see Remark 3.12).

PROOF of Theorem 3.6
The proof is very similar to that of Theorem 3.4 page 55, from which the same notations are used.

There exists some C, depending only on the space dimension (d) and ¢ (given in Definition 3.7), such
that, for all o € &,

h2
2 < 2 .
R < opi [ wE)r: (3102)
and therefore
> m(o)d, R < Ch? / |H (u)(2)|?dz. (3.103)
0E€Eint 2

The proof of (3.102) (from which (3.103) is an easy consequence) was already done in the proof of Theorem
3.4 (note that, here, there is no need to consider the case of o € ). In order to obtain Estimate (3.99),
one proceeds as in Theorem 3.4. Recall

lerlir < Y RolDocjm(o),

0€Eint

where |Dye| = |ex — er| if o € Ent is such that o = K|L; hence, from the Cauchy-Schwarz inequality,
one obtains that

|€T|%,T <( Z Rim(o)dg)%( Z |Dae|2md(:))%.

o€E€int 0E€Eint

Then, one obtains, with (3.103),

ler|i,r < \/ah(/Q|H(u)(z)|2dz)%

This concludes the proof of the first part of (3.99). The second part of (3.99) is a consequence of the
discrete Poincaré inequality (3.89). Using (3.103) also easily leads (3.98).

Note also that, if w is Lipschitz continuous, Inequality (3.97) follows from the second part of (3.99) and
the definition of @ as in Theorem 3.5.

This concludes the proof of Theorem 3.6. [

Some generalizations of Theorem 3.6 are possible, as for the Dirichlet case, see Remark 3.13 page 59.
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3.2.4 Convergence

A convergence result, under Assumption 3.3, may be proved without any regularity assumption on the
exact solution.

The proof of convergence uses the following preliminary inequality on the “trace” of an element of X (7)
on the boundary:

Lemma 3.10 (Trace inequality) Let Q2 be an open bounded polygonal connected subset of R d=2
or 3 (indeed, the connexity of Q is not used in this lemma). Let T be an admissible mesh, in the sense
of Definition 3.5 page 63, and uw € X(T) (see Definition 3.2 page 39). Let ugx be the value of u in the
control volume K. Let 7(u) be defined by ¥(u) = ux a.e. (for the (d — 1)-dimensional Lebesgue measure)
on o, if 0 € Eexy and o € Ex. Then, there exists C, only depending on ), such that

17wl 2 00) < C(lulr,7 + llull2))- (3.104)

Remark 3.15 The result stated in this lemma still holds if €2 is not assumed connected. Indeed, one
needs only modify (in an obvious way) the definition of admissible meshes (Definition 3.5 page 63) so as
to take into account non connected subsets.

PROOF of Lemma 3.10

By compactness of the boundary of 9f2, there exists a finite number of open hyper-rectangles (d = 2 or
3), {Ri,i =1,..., N}, and normalized vectors of RY, {ni,i=1,...,N}, such that

ni-n(x) >a>0forallz € ByNINie{l,...,N},
{z+tn,ze R;NIN,te R} NR; CQ,

where « is some positive number and n(z) is the normal vector to 9 at x, inward to Q. Let {ay,i =
1,...,N} be a family of functions such that vazl ai(z) =1, for all z € 99, a; € CX(R* R, ) and
a; = 0 outside of R;, for all i = 1,...,N. Let I'; = R; N 09Q; let us prove that there exists C; only
depending on « and «; such that

ey (u)llLzry) < Ci(lulir + lullz2@))- (3.105)
The existence of C', only depending on €2, such that (3.104) holds, follows easily (taking C' = Zi\;l Ci,

and using Zf\; a;(x) =1, note that a and «; depend only on ). It remains to prove (3.105).

Let us introduce some notations. For o € £ and K € 7T, define x, and xx from R? x R? to {0,1}
by Xo(z,y) = 1, if [z,y] No # 0, Xo(z,y) = 0, if [z,y] N0 =0, and xx(z,y) = 1, if [z,y] N K # 0,
Xk (z,y) =0, if [z,y) N K = 0.

Let i € {1,..., N} and let x € I';. There exists a unique ¢ > 0 such that x +tn; € OR;, let y(z) = x +tn;.
For o € &, let z,(x) = [z,y(z)] No if [z,y(x)] N o # 0 and is reduced to one point. For K € T, let

Ex(x), K (z) be such that [z, y(x)] N K = [Ex (), ni(x)] if [z,y(x)] N K £ 0.
One has, for a.e. (for the (d — 1)-dimensional Lebesgue measure) = € T';,

() @) < Y aizo(@)(ux —ur)lxe (@ y(2) + Y [(iéx (z) = ailng (@)ux [xx (@, y(2)),
o=K|LEEin KeT
that is,

a7y (u)(@)]* < A(z) + B(x) (3.106)
with
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Al) =20 Y lailze(@)(ur = ur)lxe (2, y(x)))?,

U:K‘Legint

=20 (i€ (@) — ailnx (@)ur|xx (2, y(2)))*.

KeT
A bound on A(zx) is obtained for a.e. z € I';, by remarking that, from the Cauchy-Schwarz inequality:

A < D1 Z |D(TU,| x,y(x)) Z dachg(x,y(x)),

[7 0'
0EEint 0EEint

where D; only depends on «; and ¢, = |n; - n,|. (Recall that Dyu = |ux — ur|.) Since

Z dycoxo(z,y(x)) < diam(Q),

€&y

this yields:
Az) < diam(Q)D; Y [Douf* (z,y(z))
~ 1 do’Cg Xo\Z,Ylx)).
0€Eint
Then, since
1
[ @@ < o)

there exists Dy, only depending on €, such that

A= A(x)dy(z) < D2|U|%,T~
r;

A bound B(z) for a.e. x € I'; is obtained with the Cauchy-Schwarz inequality:

B(x) < D3 Y ufexr (@, y(x))[Ex (x) o) Y x (e (@)[xx (2, y(2)),

KeT KeT
where D3 only depends on «;. Since

S lexe (@) — e (@) (@, y(@)) < diam(€) and / erc (9@ e () — e ()| () < (),

KeT T;

o

there exists Dy, only depending on €, such that

B= [ By < Dillult,
Integrating (3.106) over I';, the bounds on A and B lead (3.105) for some convenient C; and it concludes
the proof of Lemma 3.10. [

Remark 3.16 Using this “trace inequality” (3.104) and the Kolmogorov theorem (see Theorem 3.9
page 93, it is possible to prove Lemma 3.7 page 64 (Discrete Poincaré inequality) by way of contradic-
tion. Indeed assume that there exists a sequence (uy)new such that, for all n € IN, [Juy|[z2) = 1,
Joun(z)dz = 0, u, € X(7,) (where 7, is an admissible mesh in the sense of Definition 3.5) and
lunl,7, <1 ~. Using the trace inequality, one proves that (u,)nen is relatively compact in L?(Q), as in
Theorem 3.7 page 74. Then, one can assume that Uy — u, in L?(Q), as n — co. The function u satisfies
lullL2() = 1, since ||unHL2(Q) =1, and [,u(x)dr = 0, since fQun z)dz = 0. Using |upl,7, < 1,
a proof smnlar to that of Theorem 3.11 page 94 yields that D;u = 0, for all i € {1,...,n} (even if
size(7,) # 0, as n — o0), where D;u is the derivative in the distribution sense with respect to x; of w.
Since ) is connected, one deduces that u is constant on €, but this is impossible since |lu||z2(q) = 1 and
Jo u(z)dz = 0.
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Let us now prove that the scheme (3.86) and (3.87), where (fx)rxe7r and (gx)ker are given by (3.84)
and (3.85) is stable: the approximate solution given by the scheme is bounded independently of the mesh,
as we proceed to show.

Lemma 3.11 (Estimate for the Neumann problem) Under Assumption 3.8 page 62, let T be an
admissible mesh (in the sense of Definition 3.5 page 63). Let (ui)kxer be the unique solution to (3.86)
and (3.87), where (fx)ker and (g )ker are given by (3.84) and (3.85); the existence and uniqueness
of (ux)keT is giwen in Lemma 3.6. Let ur € X(T) (see Definition 3.2) be defined by ur(x) = ug for
a.e. x € K, for all K € T. Then, there exists C € Ry, only depending on 2, g and f, such that

|u7|177 <C, (3.107)
where | - |1,7 is defined in Definition 3.6 page 63.

PROOF of Lemma 3.11
Multiplying (3.86) by ux and summing over K € 7 yields

Y trplur —u)® = Y m(K)frug + Y uk,gx,m(o), (3.108)

K|L€EEns KeT oE€Eext

where, for 0 € Eext, K, € 7 is such that o € &k .
We get (3.107) from (3.108) using (3.104), (3.89) and the Cauchy-Schwarz inequality. ]

Using the estimate (3.107) on the approximate solution, a convergence result is given in the following
theorem.

Theorem 3.7 (Convergence in the case of the Neumann problem)

Under Assumption 3.3 page 62, let u be the unique solution to (3.82),(3.83). For an admissible mesh (in
the sense of Definition 3.5 page 63) T, let (ui)xer be the unique solution to (3.86) and (3.87) (where
(fK)keT and (9x)xeT are given by (3.84) and (3.85), the existence and uniqueness of (ui)keT 1S given
in Lemma 3.6) and define ur € X(7T) (see Definition 3.2) by ur(x) = ug for a.e. x € K, for all K € T.
Then,

ur — u in L*(Q) as size(T) — 0,

|u7|i7 — / |Vu(z)|*dz as size(T) — 0
Q

and
F(ur) — F(u) in L*(Q) for the weak topology as size(T) — 0,

where the function 7(u) stands for the trace of w on 08 in the sense given in Lemma 3.10 when u € X (7T)
and in the sense of the classical trace operator from HY(Q) to L2(0) (or H2(0S2)) when u € H'(Q).

PROOF of Theorem 3.7

Step 1 (Compactness)

Denote by Y the set of approximate solutions uz for all admisible meshes 7. Thanks to Lemma 3.11
and to the discrete Poincaré inequality (3.89), the set Y is bounded in L?*(Q2). Let us prove that Y is
relatively compact in L?(Q), and that, if (7,),eN is a sequence of admissible meshes such that size(7,,)
tends to 0 and uz, tends to u, in L?(Q), as n tends to infinity, then u belongs to H*(£2). Indeed, these
results follow from theorems 3.9 and 3.11 page 94, provided that there exists a real positive number C
only depending on €, f and ¢ such that



()

lir(-+n) — ﬂ'THi%]Rd) < C|n|, for any admissible mesh 7 and for any n € R¢, || < 1, (3.109)
and that, for any compact subset @ of €,

ur(-+n) —url|?, o) < Clnl(In| + 2size(T)), for any admissible mesh 7°

3.110
and for any n € IR® such that |n| < d(@, Q2°). ( )

0 otherwise. In order to prove (3.109)

Recall that a7 is defined by a7 (z) = ur(z) if x € Q and a7 (x) =
=11if [zr,y)No # 0 and x,(z,y) = 0 if

and (3.110), define x, from R? x R? to {0,1} by x,(z,v)
[z,y] No = 0. Let n € R\ {0}. Then:

la(z +n) —a(z)| < Z Xo(z,x 4+ n)|Dou| + Z Xo(z,x 4+ n)|uy|, for a.e. xz€Q, (3.111)
o€E€int 0EEext
where, for 0 € e, Us = ug, and K is the control volume such that o € E£k. Recall also that

Dyu = |lug — url, if 0 = K|L. Let us first prove Inequality (3.110). Let @ be a compact subset of Q. If
x € @ and |n| < d(@,Q°), the second term of the right hand side of (3.111) is 0, and the same proof as
in Lemma 3.3 page 44 gives, from an integration over @ instead of £ and from (3.33) with C' = 2 since
[z,2+n] C Qforz €,

luz (- +n) = url|Za@y < [ulf 7 Inl(nl + 2 size(T)). (3.112)

In order to prove (3.109), remark that the number of non zero terms in the second term of the right hand
side of (3.111) is, for a.e. x € Q, bounded by some real positive number, which only depends on Q, which
can be taken, for instance, as the number of sides of Q, denoted by N. Hence, with C; = (N +1)? (which
only depends on Q. Indeed, if £ is convex, N = 2 is also convenient), one has

[i(x +n) — a(z)|* < Oy Z Xo (2,2 4+ n)|Dyul)? + Cy Z Xo(z, 2 +n)uZ, for ae ze€Q. (3.113)

o€E€int 0EEext

Let us integrate this inequality over IRY. As seen in the proof of Lemma 3.3 page 44,

/}R (X xolw )| Doul)d < [uld 7l (1] + 2(N — 1)size(T));

0€E&int

hence, by Lemma 3.11 page 74, there exists a real positive number Cs, only depending on €2, f and g,
such that (if || < 1)

/}Rd( S Xo .z + n)|Doul) da < Colal.

0E€Eint

Let us now turn to the second term of the right hand side of (3.113) integrated over IR%;

/}R (X oo tpw)ds < 3 mio)hs

g€ Eext e Tore 9
< ||7(UJT)HL2(E)Q)|77|§

therefore, thanks to Lemma 3.10, Lemma 3.11 and to the discrete Poincaré inequality (3.89), there exists
a real positive number Cs, only depending on 2, f and g, such that

/ (D Xolz,x +n)ul)dz < Cslnl.
IRd

0E€Eext
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Hence (3.109) is proved for some real positive number C only depending on ), f and g.

Step 2 (Passage to the limit)

In this step, the convergence of ur to the solution of (3.82), (3.83) (in L?(Q) as size(7) — 0) is first
proved.

Since the solution to (3.82), (3.83) is unique, and thanks to the compactness of the set Y described in
Step 1, it is sufficient to prove that, if uz, — u in L?(Q) and size(7,,) — 0 as n — 0, then u is a solution
to (3.82)-(3.83).

Let (7,,)nen be a sequence of admissible meshes and (u7, )peN be the corresponding solutions to (3.86)-
(3.87) page 64 with 7 = 7,,. Assume uz, — u in L*(Q) and size(7,,) — 0 as n — 0. By Step 1, one has
u € H'(Q) and since the mean value of uz, is zero, one also has [, u(z)dz = 0. Therefore, u is a solution
of (3.82). It remains to show that u satisfies (3.83). Since (F(ur, ))new is bounded in L%(9), one may
assume (up to a subsequence) that it converges to some v weakly in L2(9Q). Let us first prove that

- [ w@ap)is + [ Ve n@p@ie = [ e

+ / g(@)p(@)dy(x), Yo € C*(@),
o0

(3.114)

and then that u satisfies (3.83).

Let 7 be an admissible mesh, u7 the corresponding approximate solution to the Neumann problem, given
by (3.86) and (3.87), where (fx)xer and (gx)xer are given by (3.84) and (3.85) and let ¢ € C?(Q).
Let ox = ¢(zk), define o7 by or(x) = ¢k, for a.e. z € K and for any control volume K, and
F(p7)(z) = pi for a.e. x € o (for the (d — 1)-dimensional Lebegue measure), for any o € oyt and
control volume K such that o € Ek.

Multiplying (3.86) by ¢k, summing over K € 7 and reordering the terms yields

U T — = x x)dx + ~ z)g(x)dvy(x). 3.115
I;T KLE%;K) win(en — o) / f(@)or (@) /a Aler) @@ (3.115)

Using the consistency of the fluxes and the fact that ¢ € C?(€), there exists C' only depending on ¢ such
that

> sl —ex) = [ Acwir— [ Vo) n@n@+ 3 Rrle)

LEN(K) LEN(K)

with Ri,, = —Rp i, for all L € N(K) and K € T, and |Rk 1| < Cym(K|L)size(T), where Cy only
depends on ¢. Hence (3.115) may be rewritten as

- /Q ur(2)Ap(z)dz + / V(@) - n(@)3(ur)@)dy(z) + (e, T) =

d (3.116)
f f(@)or (2)de + / Tor)(@)g(x)dr (2),
Q o0

where

(e, T Cs Y |Dulm(o)size(T)

0EEint
1

(Y |D[,u|2%i‘))%( 3 m(o)d,) *size(T)

0€Ein 0€Eint

< Cpsize(T),

IN

where Cj is a real positive number only depending on f, g, 2 and ¢ (thanks to Lemma 3.11).
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Writing (3.116) with 7 = 7,, and passing to the limit as n tends to infinity yields (3.114).

Let us now prove that u satifies (3.83). Since u € H'(2), an integration by parts in (3.114) yields

/ Vu(z) - Volz)dz + / V(@) - n(@)(w(z) - 7(w) (2)dv(z)
/ F@)o(@)de + / g(x)so(x)dv(w>,w602<ﬁ>,
o0

where %(u) denotes the trace of u on 9 (which belongs to L?(92)). In order to prove that u is solution

0 (3.83) (this will conclude the proof of Theorem 3.7), it is sufficient, thanks to the density of C2(Q2) in
HY(Q), to prove that v = F(u) a.e. on 99 (for the (d — 1) dimensional Lebesgue measure on 99). Let us
now prove that v = J(u) a.e. on 99 by first remarking that (3.117) yields

(3.117)

/Vu ) - Vo(z dx—/f r)dz, Vo € C°(Q),

and therefore, by density of C°(Q) in H}(Q),

/Vu -Vo(z dm—/f x)dx, Yo € HEH ().

With (3.117), this yields

- Veo(x) -n(z)(v(z) —F(u)(2))dy(z) = 0, Ve € C*(Q) such that ¢ = 0 on OS. (3.118)
a0
There remains to show that the wide choice of ¢ in (3.118) allows to conclude v = F(u) a.e. on 9Q (for
the (d — 1)-dimensional Lebesgue measure of 0€2). Indeed, let I be a part of the boundary 02, such that
I is included in a hyperplane of R¢. Assume that [ = {0} x J, where J is an open ball of R4 centered
on the origin. Let z = (a,2) € R witha € R%, 2 € R ' and B = {(t, = “ly—i— M2t e (—a,a),y € J}s
assume that, for a convenient a, one has

BﬂQ:{(t,a_am " )it € (0,a),y € T},

Let ¢ € C°(J), and for x = (x1,y) € R x J, define <p1(a:) = —z1¢(y). Then,
0
¢1 € C*(IR%) and oL P on I
on

(Recall that n is the normal unit vector to 952, outward to .) Let @2 € C°(B) such that 2 =1 on
a neighborhood of {0} x {¢ # 0}, where {¢) # 0} = {z € J; ¥(x) # 0}, and set ¢ = p1p2; @ is an
admissible test function in (3.118), and therefore

/w )(0,) — v(0, y))dy = 0,

which yields, since v is arbitrary in C°(J), v = F(u) a.e. on I. Since J is arbitrary, this implies that
v =7(u) a.e. on O€.

This conclude the proof of ur — u in L?(2) as size(7) — 0, where u is the solution to (3.82),(3.83).
Note also that the above proof gives (by way of contradiction) that F(uz) — 7(u) weakly in L?(99), as
size(T) — 0.
Then, a passage to the limit in (3.108) together with (3.83) yields

lurlf 7 — 1IVullZs(q), as size(T) — 0.

This concludes the proof of Theorem 3.7. [
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Note that, with some discrete Sobolev inequality (similar to (3.70)), the hypothesis “f € L*(Q) g €
L?(99)” may be relaxed in some way similar to that of Item 2 of Remark 3.7.

3.3 General elliptic operators

3.3.1 Discontinuous matrix diffusion coefficients
Meshes and schemes

Let Q be an open bounded polygonal subset of RY, d = 2 or 3. We are interested here in the discretiza-
tion of an elliptic operator with discontinuous matrix diffusion coefficients, which may appear in real
case problems such as electrical or thermal transfer problems or, more generally, diffusion problems in
heterogeneous media. In this case, the mesh is adapted to fit the discontinuities of the data. Hence
the definition of an admissible mesh given in Definition 3.1 must be adapted. As an illustration, let us
consider here the following problem, which was studied in Section 2.3 page 21 in the one-dimensional
case:

—div(AVu)(z) + div(vu)(z) + bu(z) = f(z), = € Q, (3.119)

u(x) = g(x), € 99, (3.120)

with the following assumptions on the data (one denotes by R the set of d x d matrices with real
coefficients):

Assumption 3.4

1. A is a bounded measurable function from Q to R such that for any x € Q, A(x) is symmetric,
and that there exists X and X € IR, such that A§ - & < A(z)§ - & < N - € for any x € Q and any

¢ eR™
2. ve CYQ,RY), divv >0 on Q, be R,.
3. f is a bounded piecewise continuous function from € to IR.

4. g is such that there exists § € HY(Q) such that 7(§) = g (a.e. on ) and is a bounded piecewise
continuous function from 0 to IR.

(Recall that 7 denotes the trace operator from H'(Q) into L?(92).) As in Section 3.1, under Assumption
3.4, there exists a unique variational solution u € H'(£2) of Problem (3.119), (3.120). This solution
satisfies u = w + g, where § € H'(Q) is such that ¥(§) = g, a.e. on 9Q, and w is the unique function of
H}(Q) satisfying

/Q(A(ﬂ?)vw(x) - Vip(z) + div(vw)(z)i(z) + bW(x)w(x)) da =
/Q (~A@Vi() - Tib(w) - div(vi) (@)(e) - bi(a)p(@) + f@)b(@) ) dz, Vi € H(Q).
Let us now define an admissible mesh for the discretization of Problem (3.119)-(3.120).

Definition 3.8 (Admissible mesh for a general diffusion operator) Let Q2 be an open bounded
polygonal subset of R, d = 2 or 3. An admissible finite volume mesh for the discretization of Problem
(3.119)-(3.120) is an admissible mesh 7" of  in the sense of Definition 3.1 page 37 where items (iv) and
(v) are replaced by the two following conditions:
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(iv)” The set 7 is such that
the restriction of g to each edge o € Eqxt is continuous.

For any K € 7, let A denote the mean value of A on K, that is

1
Ag = M/I(A(x)dx

There exists a family of points
P = (vx)ker such that zx = Nyee Pr.o € K,

where Dk, is a straigth line perpendicular to ¢ with respect to the scalar product induced by A;(l
such that D, No = D, No # 0 if 0 = K|L. Furthermore, if 0 = K|L, let y, = Dk, No(=
Dr.o No) and assume that vx # xp.

(v)" For any o € Eext, let K be the control volume such that o € £k and let Dk, be the straight line
going through xx and orthogonal to o with respect to the scalar product induced by Al}l; then,
there exists yo € 0 N Dk o; let go = g(Yo)-

The notations are are the same as those introduced in Definition 3.1 page 37.

We shall now define the discrete unknowns of the numerical scheme, with the same notations as in Section
3.1.2. As in the case of the Dirichlet problem, the primary unknowns (urx)xe7 will be used, which aim
to be approximations of the values u(zx), and some auxiliary unknowns, namely the fluxes Fi ., for
all K € T and o € &k, and some (expected) approximation of u in o, say u,, for all ¢ € £. Again,
these auxiliary unknowns are helpful to write the scheme, but they can be eliminated locally so that
the discrete equations will only be written with respect to the primary unknowns (ugx)rker. For any
0 € Eext, set Uy = g(yo). The finite volume scheme for the numerical approximation of the solution to
Problem (3.119)-(3.120) is obtained by integrating Equation (3.119) over each control volume K, and
approximating the fluxes over each edge o of K. This yields

Y Fro+ Y koley +m(K)bug = fx, VK €T, (3.121)

oelk cefi

where

VKo = [ v(z) ngdy(z) (where ng, denotes the normal unit vector to o outward to K); if o =
Ko +|Ko -, Ugy = ur, ., where K, . is the upstream control volume, i.e. vk, > 0, with K = K, 1;
if 0 € Eext, then upy = ug if vg, > 0 (le. K is upstream to o with respect to v), and u, + = U,
otherwise.

Fk » is an approximation of fa —AxVu(z) - ng odvy(z); the approximation Fy , is written with respect
to the discrete unknowns (ux)rxer and (ue)oce. For K € T and 0 € &k, let Ax» = [Axng o] (recall
that | - | denote the Euclidean norm).

o If xx & 0, a natural expression for F , is then

Uy — U
Fro= —m(o)/\KﬂiK

dK,U
Writing the conservativity of the scheme, i.e. 1, = —Fg, if 0 = K|L C €, yields the value of
Ug, if Ty, ¢ o, with respect to (uk)keT;

1 AK,o
AK,o + AL,o (
dr,o dr,o

+ AL,U
u
dK,U K dL,o'

up).

Uy =

Note that this expression is similar to that of (2.26) page 22 in the 1D case.
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o If i € 0, one sets u, = ug.
Hence the value of Fi ,;

e internal edges:

FKJ,— Z—TU(UL—'LLK), ifUGgint,0:K|L, (3122)
where A
K,ocN\L,o .
o — - - f o d o
T m(o VP PR v if yo # 2k and y, # 2L
and N
To = m(a)ﬂ if Yo 7& zr and Yo = TL;
dK,U
e boundary edges:
Fro=—Ts(90 —uK), if 0 € Eext and v & o, (3.123)
where
AK,o
=

if zx € o, then the equation associated to ug is ux = g, (instead of that given by (3.121)) and
the numerical flux Fi , is an unknown which may be deduced from (3.121).

Remark 3.17 Note that if A = Id, then the scheme (3.121)-(3.123) is the same scheme than the one
described in Section 3.1.2.

Error estimate

Theorem 3.8

Let € be an open bounded polygonal subset of R?, d =2 or 3. Under Assumption 3.4, let u be the unique
variational solution to Problem (3.119)-(3.120). Let T be an admissible mesh for the discretization of
Problem (3.119)-(3.120), in the sense of Definition 3.8. Let (1 and (2 € Ry such that

Ci(size(T))? < m(K) < (a(size(T))?,
C1size(T) < m(o) < (osize(T),
C1size(T) < dy < (osize(T).

Assuming moreover that

the restriction of f to K belongs to C(K), for any K € T;

the restriction of A to K belongs to C* (K, IRdXd), for any K € T;

the restriction of u (unique variational solution of Problem (3.119)-(3.120)) to K belongs to C*(K), for
any K € T.

(Recall that C™(K,R"Y) = {vjg,ve Cc™(RY,RN)} and C™(-) = C™(-,R).)

Then, there exists a unique family (ux)xer satisfying (3.121)-(3.123); furthermore, denoting by ex =
u(zk) — ug, there exists C € Ry only depending on (i, (2, v = supger(||[D?ul| L= (x)) and 6 = supger
(IDA]| o= (k)) such that

Z(Ddﬂm(a) < C(size(T))? (3.124)
oeé e

and



81

> exm(K) < C(size(T))’. (3.125)
KeT

Recall that Dye = ler, — ex| for 0 € Eng, 0 = K|L and Dye = |ek| for o € Eoxt N Ek .

PROOF of Theorem 3.8

First, one may use Taylor expansions and the same technique as in the 1D case (see step 2 of the proof of
Theorem 2.3, Section 2.3) to show that the expressions (3.122) and (3.123) are consistent approximations
of the exact diffusion flux [ —A(z)Vu(z) - ng ,dy(x), i.e. there exists C; only depending on u and A
such that, for all o € &, with I | = 75 (u(vr) — u(zk)), if 0 = K|L, and F , = 75 (u(y,) — u(rk)), if
o c gext n 5[(,

Fi ., — [, —A@)Vu(z) - ng ,dy(r) = Rk o,
with |Rg »| < Cisize(T )m(o).

There also exists Cy only depending on v and v such that, for all o € &,

vk oK, ) — [V DNEoU=TKq,
with |rx o] < Casize(T )m(o).

Let us then integrate Equation (3.119) over each control volume, subtract to (3.121) and use the consis-
tency of the fluxes to obtain the following equation on the error:

a Z Gk, + Z VK,0€o,+ +m(K)beg =

c€EEK cEEK
> (Rko+7K0)+ Sk, VK €T,
oelk

where Gk o = 7o(eL — ex), if 0 = K|L, and Gk, = 7o(—¢€k), if 0 € Eext NEK, €04+ = €k, , is the
error associated to the upstream control volume to o and Sk = b(m(K)u(xx) — [, u(x)dz) is such that
|Sk| < m(K)Csh, where C3 € R4 only depends on u and b. Then, similarly to the proof of Theorem 3.3
page 52, let us multiply by ex, sum over K € 7, and use the conservativity of the scheme, which yields
that if ¢ = K|L then Ri,, = —Rp . A reordering of the summation over o € £ yields the “discrete H&
estimate” (3.124). Then, following HERBIN [84], one shows the following discrete Poincaré inequality:

Dye)?
3 (k) < @Zﬂm(a), (3.126)
do
KeT ocef
where Oy only depends on Q, ¢; and (2, which in turn yields the L? estimate (3.125). [

Remark 3.18 In the case where A is constant, or more generally, in the case where A(z) = A(x)Id, where
A(z) > 0, the proof of Lemma 3.1 is easily extended. However, for a general matrix A, the generalization
of this proof is not so clear; this is the reason of the dependency of the estimates (3.124) and (3.125) on
¢1 and (o, which arises when proving (3.126) as in HERBIN [84].

3.3.2 Other boundary conditions

The finite volume scheme may be used to discretize elliptic problems with Dirichlet or Neumann boundary
conditions, as we saw in the previous sections. It is also easily implemented in the case of Fourier (or
Robin) and periodic boundary conditions. The case of interface conditions between two geometrical
regions is also generally easy to implement; the purpose here is to present the treatment of some of these
boundary and interface conditions. One may also refer to ANGOT [3] and references therein, FIARD,
HERBIN [66] for the treatment of more complex boundary conditions and coupling terms in a system of
elliptic equations.
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Let Q be (for the sake of simplicity) the open rectangular subset of IR? defined by Q = (0,1) x (0,2),

let @ = (051) X (051)7 Qo = (051) X (152)7 r, = [07 1] X {0}7 I = {1} X [0 2] = [051] X {2}

Iy ={0} x[0,2] and I = [0,1] x {1}. Let A\; and X\ > 0, f € C(Q), a > 0, uGIRg C(Ty), 6 and
® € C(I). Consider here the following problem (with some “natural” notations):

—div(\;Vu)(z) = f(z), x € Q4,1 =1,2, 3.127

—\iVu(z) -n(z) = a(u(x) —u), z € T1 UTs3, 3.128

Vu(z) -n(z) =0, z € 'y, 3.129

3.130
3.131
3.132

u(z) = g(z), x € Ty,
(A2Vu(z) -np(x)))e = (M Vu(z) -nr(x)); +0(x), v € 1,
upp(z) —up(z) = ®(z), x € 1,
where n denotes the unit normal vector to 9 outward to Q and n; = (0,1) (it is a unit normal vector
g;tl')f. be an admissible mesh for the discretization of (3.127)-(3.132) in the sense of Definition 3.8. For the
sake of simplicity, let us assume here that dx » > 0 for all K € 7,0 € Ek. Integrating Equation (3.127)

over each control volume K, and approximating the fluxes over each edge o of K yields the following
finite volume scheme:

(3.127)
(3.128)
(3.129)
(3.130)
(3.131)
(3.132)

> Fxo=fx,VK€T, (3.133)
oK
where Fi , is an approximation of fg —\iVu(x) - ng sdy(z), with 7 such that K C Q.
Let N7 = card(T), Ng = card(€), N2 = card({c € E;0 ¢ QU I}), Ni = card({c € €;0 C I';}), and
N} = card({c € &0 C I}) (note that Ne = N2 + 2?21 NE+ NZ). Introduce the N7 (primary) discrete
unknowns (ux)re7; note that the number of (auxiliary) unknowns of the type Fg , is 2(N2 + NZ) +
Zle N, g; let us introduce the discrete unknowns (u,)sce, which aim to be approximations of u on o.
In order to take into account the jump condition (3.132), two unknowns of this type are necessary on
the edges 0 C I, namely u, 1 and u,2. Hence the number of (auxiliary) unknowns of the type u, is
N2+ S0 | Ni+2N[. Therefore, the total number of discrete unknowns is

4
Niot = N7 + 3N2 + 4ANf + QZNQ
i=1
Hence, it is convenient, in order to obtain a well-posed system, to write Ny, discrete equations. We
already have N7 equations from (3.133). The expression of Fix , with respect to the unknowns ux and
Uy 1S
U

Frg o, = —m(o))\i"i
dK o
which yields 2(N2 + N£) + Zle NE. (In (3.134), uy stands for u,,; if o C 1.)
Let us now take into account the various boundary and interface conditions:

VKeT, KCQ;(i=12),VYo € &k; (3.134)

e Fourier boundary conditions. Discretizing condition (3.128) yields

Frxo=am(o)(us, —u),YK € T,Yo € Ex; 0 CT1 UTs, (3.135)

that is Ng + Ng equations.
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e Neumann boundary conditions. Discretizing condition (3.129) yields

Fro=0VK €T Voe€k;oCly, (3.136)
that is N2 equations.

e Dirichlet boundary conditions. Discretizing condition (3.130) yields

Ug :g(y0)7voeg;ocr4a (3137)

that is N2 equations.

e Conservativity of the flux. Except at interface I, the flux is continuous, and therefore

4
Fxo=-FL,Voe&og (| JTiUI) and 0 = K|L, (3.138)

i=1
that is IV g equations.

e Jump condition on the flux. At interface I, condition (3.131) is discretized into

Fro+Fro= / O(z)ds,Yo € &0 CIand 0 = K|L; K C Qo, (3.139)

that is IV g equations.

e Jump condition on the unknown. At interface I, condition (3.132) is discretized into

Up2 = Us1 + P(Yo),Vo € E0 C I and 0 = K|L. (3.140)
that is another N} equations.

Hence the total number of equations from (3.133) to (3.140) is Niot, so that the numerical scheme can
be expected to be well posed.

The finite volume scheme for the discretization of equations (3.127)-(3.132) is therefore completely defined
by (3.133)-(3.140). Particular cases of this scheme are the schemes (3.20)-(3.23) page 42 (written for
Dirichlet boundary conditions) and (3.86)-(3.87) page 64 (written for Neumann boundary conditions and
no convection term) which were thoroughly studied in the two previous sections.

3.4 Dual meshes and unknowns located at vertices

One of the principles of the classical finite volume method is to associate the discrete unknowns to the grid
cells. However, it is sometimes useful to associate the discrete unknowns with the vertices of the mesh;
for instance, the finite volume method may be used for the discretization of a hyperbolic equation coupled
with an elliptic equation (see Chapter 7). Suppose that an existing finite element code is implemented
for the elliptic equation and yields the discrete values of the unknown at the vertices of the mesh. One
might then want to implement a finite volume method for the hyperbolic equation with the values of the
unknowns at the vertices of the mesh. Note also that for some physical problems, e.g. the modelling of
two phase flow in porous media, the conservativity principle is easier to respect if the discrete unknowns
have the same location. For these various reasons, we introduce here some finite volume methods where
the discrete unknowns are located at the vertices of an existing mesh.

For the sake of simplicity, the treatment of the boundary conditions will be omitted here. Recall that
the construction of a finite volume method is carried out (in particular) along the following principles:
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1. Divide the spatial domain in control volumes,

2. Associate to each control volume and, for time dependent problems, to each discrete time, one
discrete unknown,

3. Obtain the discrete equations (at each discrete time) by integration of the equation over the control
volume and the definition of one exchange term between two (adjacent) control volumes.

Recall, in particular, that the definition of one (and one only) exchange term between two control volumes
is important; this is called the property of conservativity of a finite volume method. The aim here is
to present finite volume methods for which the discrete unknowns are located at the vertices of the
mesh. Hence, to each vertex must correspond a control volume. Note that these control volumes may be
somehow “fictive” (see the next section); the important issue is to respect the principles given above in
the construction of the finite volume scheme. In the three following sections, we shall deal with the two
dimensional case; the generalization to the three-dimensional case is the purpose of section 3.4.4.

3.4.1 The piecewise linear finite element method viewed as a finite volume
method

We consider here the Dirichlet problem. Let Q be a bounded open polygonal subset of IR?, f and g be
some “regular” functions (from Q or 99 to IR). Consider the following problem:

—Au(z) = f(z), z€Q,
{ u(z) = g(x), z € 9. (3.141)

Let us show that the “piecewise linear” finite element method for the discretization of (3.141) may be
viewed as a kind of finite volume method. Let M be a finite element mesh of €2, consisting of triangles
(see e.g. CIARLET, P.G. [29] for the conditions on the triangles), and let V C Q be the set of vertices
of M. For K € V (note that here K denotes a point of ), let ¢ be the shape function associated to
K in the piecewise linear finite element method for the mesh M. We remark that

Z vr(z)=1,VreQ,
Kev

and therefore

> /Q o (zr)dr = m(Q) (3.142)

Kevy

and

Z Ver(x) =0, fora.ex €. (3.143)
Kevy

Using the latter equality, the discrete finite element equation associated to the unknown ug, if K € €,
can therefore be written as

> [ (=) Veor (@) - Vorla)ds = [ f@)enlald.

Ley /€

Then the finite element method may be written as

Z —Tr|L(ur —uK) = / f(@)pk(x)de, if K€ VNQ,
Lev Q

ug = g(K), if K € VNIQ,
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with

TK|L = — /Q Vor(x) Vo (x)dz.

Under this form, the finite element method may be viewed as a finite volume method, except that there
are no “real” control volumes associated to the vertices of M. Indeed, thanks to (3.142), the control
volume associated to K may be viewed as the support of g “weighted” by ¢x. This interpretation of
the finite element method as a finite volume method was also used in FORSYTH [67], FORSYTH [68] and
EYMARD and GALLOUET [49] in order to design a numerical scheme for a transport equation for which
the velocity field is the gradient of the pressure, which is itself the solution to an elliptic equation (see
also HERBIN and LABERGERIE [86] for numerical tests). This method is often referred to as the ”control
volume finite element” method.

In this finite volume interpretation of the finite element scheme, the notion of “consistency of the fluxes”
does not appear. This notion of consistency, however, seems to be an interesting tool in the study of the
“classical” finite volume schemes.

Note that the (discrete) maximum principle is satisfied with this scheme if only if the transmissibilities
Ti|r are nonnegative (for all K,L € V with K € ) ; this is the case under the classical Delaunay
condition; this condition states that the (interior of the) circumscribed circle (or sphere in the three
dimensional case) of any triangle (tetrahedron in the three dimensional case) of the mesh does not
contain any element of V. This is equivalent, in the case of two dimensional triangular meshes, to the
fact that the sum of two opposite angles facing a common edge is less or equal .

3.4.2 Classical finite volumes on a dual mesh

Let M be a mesh of (M may consist of triangles, but it is not necessary) and V be the set of vertices
of M. In order to associate to each vertex (of M) a control volume (such that the whole spatial domain
is the “disjoint union” of the control volumes), a possibility is to construct a “dual mesh” which will
be denoted by 7. In order for this mesh to be admissible in the sense of Definition 3.1 page 37, a
simple way is to use the Voronoi mesh defined with V (see Example 3.2 page 39). For a description of
the Delaunay-Voronoi discretization and its use for covolume methods, we refer to [115] (and references
therein). In order to write the “classical” finite volume scheme with this mesh (see (3.20)-(3.23) page 42),
a slight modification is necessary at the boundary for some particular M (see Example 3.2); this method
is denoted CFV/DM (classical finite volume on dual mesh); it is conservative, the numerical fluxes are
consistent, and the transmissibilities are nonnegative. Hence, the convergence results and error estimates
which were studied in previous sections hold (see, in particular, theorems 3.1 page 45 and 3.3 page 52).

A case of particular interest is found when the primal mesh (that is M) consists in triangles with acute
angles. One uses, as dual mesh, the Voronoi mesh defined with V. Then, the dual mesh is admissible in
the sense of Definition 3.1 page 37 and is constructed with the orthogonal bisectors of the edges of the
elements of M, parts of these orthogonal bisectors (and parts of 92) give the boundaries to the control
volumes of the dual mesh. In this case, the CFV/DM scheme is “close” to the piecewise linear finite
element scheme on the primal mesh. Let us elaborate on this point.

For K € V, let K also denote the control volume (of the dual mesh) associated to K (in the sequel, the
sense of “K” which denotes vertex or control volume, will not lead any confusion) and let ¢ be the
shape function associated to the vertex K (in the piecewise linear finite element associated to M). The
term 7| (ratio between the length of the edge K|L and the distance between vertices), which is used
in the finite volume scheme, verifies

TK|L = — /Q Ve (z) - Ver(x)de.

This wellknown fact may be proven by considering two nodes of the mesh, denoted by K = z; and
L = x5 and the two triangles T" and T" with common edge the line segment ziz2. Let ¢1 and ¢2 be the
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two piecewise linear finite element shape functions respectively associated with the vertices x7 and x».
One has

/va(x) -Voo(z)de = Voi(x) - Voo(r)d.

TUT

Now let 01, 02 and 63 be the angles at vertices x1, x5 and x3 of T (see Figure 3.4). For i = 1,2,3, let n;
denote the outward unit normal vector to the side opposite to x; Then, for a.e. z € T,

1
-, 2
dL7MSHl93 ’

Vo (z) = —hiln1 and Ve (z) =

where h; denotes the height of the triangle with respect to vertex z;. Now remarking that the area of
the triangle is equal to %dL,Mhl, and that n; - ny = cos 3, one obtains:

1

Let us then define the angle «ay, for ¢ = 1,2, 3, as the angle between the orthogonal bisector opposite to

x; and the line joining z; (or zi), j, k € {1,2,3}, j,k # i. From the properties of the triangle, one gets

that: 6; + %(E%;l a;) = %, and since a; + sum?zlaj = 7, one gets that a; = 6; for i = 1,2, 3. Hence
J#

d T

2 L ’ if 03 < §a
tanfs3 = tanag = méi’{TL o
— = if 03 > —,
2mK7T 2

where mg r denotes the distance between K|L and the circumcenter of T;The same computation on T
yields that:
MEK,T

Q K,L
if the angles 63 and 53 are such that 63 + 0~3 < 7 (weak Delaunay condition).
The CFV/DM scheme (finite volume scheme on the dual mesh) writes

- Z TK\L(UL—uK)z/ flx)dx, it K eVNQ,
LEN(K) K

ug = g(K), if K € VN IQ,

where K stands for an element of V or for the control volume (of the dual mesh) associated to this point.
The finite element scheme (on the primal mesh) writes

- Z TK|L(uL—uK):/f(x)apK(x)dx, itKevnqQ,
LEN(K) Q

ux = g(K), it K € Vo,

Therefore, the only difference between the finite element and finite volume schemes is in the definition
of the right hand sides. Note that these right hand sides may be quite different. Consider for example a
node K which is the vertex of four identical triangles featuring an angle of 7 at the vertex K, as depicted
in Figure 3.5, and denote by a the area of each of these triangles.

Then, for f = 1, the right hand side computed for the discrete equation associated to the node K is equal
to a in the case of the finite element (piecewise linear finite element) scheme, and equal to 2a for the
dual mesh finite volume (CFV/DM) scheme. Both schemes may be shown to converge, by using finite
volume techniques for the CFV /DM scheme (see previous sections), and finite element techniques for the
piecewise linear finite element (see e.g.CIARLET, P.G. [29]).
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Figure 3.4: Triangular finite element mesh and associate Voronoicells

Let us now weaken the hypothesis that all angles of the triangles of the primal mesh M are acute to the
so called Delaunay condition and the additional assumption that an angle of an element of M is less or
equal 7/2 if its opposite edge lies on I (see e.g. VANSELOW [149]). Under this new assumption the
schemes (piecewise linear finite element finite element and CFV/DM with the Voronoi mesh defined with
V) still lead to the same transmissibilities and still differ in the definition of the right hand sides.

Recall that the Delaunay condition states that no neighboring element (of M) is included in the circum-
scribed circle of an arbitrary element of M. This is equivalent to saying that the sum of two opposite
angles to an edge is less or equal 7. As shown in Figure 3.6, the dual mesh is still admissible in the sense
of Definition 3.1 page 37 and is still constructed with the orthogonal bisectors of the edges of the elements
of M, parts of these orthogonal bisectors (and parts of 9) give the boundaries to the control volumes
of the dual mesh (see Figure (3.6)) is not the case when M does not satisfy the Delaunay condition.

Consider now a primal mesh, M, consisting of triangles, but which does not satisfy the Delaunay condition
and let the dual mesh be the Voronoi mesh defined with V. Then, the two schemes, piecewise linear finite
element and CFV/DM are quite different. If the Delaunay condition does not hold say between the
angles KAL and KBL (the triplets (K, A, L) and (K, B, L) defining two elements of M), the sum of
these two angles is greater than m and the transmissibility 74|, = — [, Vok (¢) - Vi (x)dz between the
two control volumes associated respectively to K and L becomes negative with the piecewise linear finite
element scheme; there is no transmissibility between A and B (since A and B do not belong to a common
element of M). Hence the maximum principle is no longer respected for the finite element scheme, while
it remains valid for the CFV/DM finite volume scheme. This is due to the fact that the CFV/DM scheme
allows an exchange term between A and B, with a positive transmissibility (and leads to no exchange
term between K and L), while the finite element scheme does not. Also note also that the common edge
to the control volumes (of the dual mesh) associated to A and B is not a part of an orthogonal bisector
of an edge of an element of M (it is a part of the orthogonal bisector of the segment [A, B]).

To conclude this section, note that an admissible mesh for the classical finite volume is generally not a
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Figure 3.5: An example of a triangular primal mesh (solid line) and a dual Voronoi control volume
(dashed line)

Delaunay case Non Delaunay case

Figure 3.6: Construction of the Voronoi dual cells (dashed line) in the case of a triangular primal mesh
(solid line) with and without the Delaunay condition

dual mesh of a primal triangular mesh consisting of triangles (for instance, the general triangular meshes
which are considered in HERBIN [84] are not dual meshes to triangular meshes).

3.4.3 “Finite Volume Finite Element” methods

The “finite volume finite element” method for elliptic problems also uses a dual mesh 7 constructed from
a finite element primal mesh, such that each cell of 7 is associated with a vertex of the primal mesh M.
Let V again denote the set of vertices of M. As in the classical finite volume method, the conservation
law is integrated over each cell of the (dual) mesh. Indeed, this integration is performed only if the cell
is associated to a vertex (of the primal mesh) belonging to €.

Let us consider Problem (3.141). Integrating the conservation law over Kp, where P € Y N and Kp is
the control volume (of the dual mesh) associated to P yields

— Vu(x) -np(z)dy(z) = f(x)dx.

OKp Kp
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(Recall that np is the unit normal vector to OKp outward to Kp.) Now, following the idea of finite
element methods, the function u is approximated by a Galerkin expansion , .\, uprn, where the
functions ¢j; are the shape functions of the piecewise linear finite element method. Hence, the discrete
unknowns are {up, P € V} and the scheme writes

— Z ( Vou(x) - np(a:)d’y(a:))uM = (x)dx, VP €V NQ, (3.144)

f
Kp

up = g(P), VP € VNo.

Equations (3.144) may also be written under the conservative form

Y Epq= / f(z)dz, VP €VNQ, (3.145)
Qev Kp

up = g(P), VP € VNN, (3.146)

where

Epg=—Y_ /8 Vo (z) - np(z)dy(z). (3.147)

Mey Kme)KQ

Note that Eg p = —Ep,g. Unfortunately, the exchange term Ep g between P and () is not, in general,
a function of the only unknowns up and ug (this property was used, in the previous sections, to obtain
convergence results of finite volume schemes). Another way to write (3.144) is, thanks to (3.143),

_ QEG:V( o Vg (z) -np(:r)dv(x)) (ug —up) = . (z)dz, VP € VNQ.

Hence a new exchange term from P to @ might be Ep g = — (faKp Veo(x) -np (x)d’y(x)) (ug —up) and

the scheme is therefore conservative if EP,Q = —EQ7 p. Unfortunately, this is not the case for a general
dual mesh.

There are several ways of constructing a dual mesh from a primal mesh. A common way (see e.g. FEzZOUI,
LANTERI, LARROUTUROU and OLIVIER [64]) is to take a primal mesh (M) consisting of triangles and
to construct the dual mesh with the medians (of the triangles of M), joining the centers of gravity of
the triangles to the midpoints of the edges of the primal mesh. The main interest of this way is that the
resulting scheme (called FVFE/M below, Finite Volume Finite Element with Medians) is very close to
the piecewise linear finite element scheme associated to M. Indeed the FVFE/M scheme is defined by
(3.145)-(3.147) while the piecewise linear finite element scheme writes

Z Epq = / f(@)op(z)dz, VP EVNQ,
QeV Q

up = g(P), VP € VN o,

where Ep ¢ is defined by (3.147).
These two schemes only differ by the right hand sides and, in fact, these right hand sides are “close” since

m(Kp) = /ngp(a:)da:, VPeV.

This is due to the fact that [, pp(z)de = m(T)/3 and m(Kp NT) = m(T)/3, for all T € M and all
vertex P of T
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Thus, convergence properties of the FVFE /M scheme can be proved by using the finite element techniques.
Recall however that the piecewise linear finite element scheme (and the FVFE/M scheme) does not satisfy
the (discrete) maximum principle if M does not satisfy the Delaunay condition.

There are other means to construct a dual mesh starting from a primal triangular mesh. One of them is
the Voronoi mesh associated to the vertices of the primal mesh, another possibility is to join the centers
of gravity; in the latter case, the control volume associated to a vertex, say S, of the primal mesh is then
limited by the lines joining the centers of gravity of the neighboring triangles of which S is a vertex (with
some convenient modification for the vertices which are on the boundary of ). See also BARTH [10] for
descriptions of dual meshes.

Note that the proof of convergence which we designed for finite volume with admissible meshes does not
generalize to any “FVFE” (Finite Volume Finite Element) method for several reasons. In particular,
since the exchange term between P and @ (denoted by Ep o) is not, in general, a function of the only
unknowns up and ug (and even if it is the transmissibilities may become negative) and also since, as in
the case of the finite element method, the concept of consistency of the fluxes is not clear with the FVFE
schemes.

3.4.4 Generalization to the three dimensional case

The methods described in the three above sections generalize to the three-dimensional case, in particular
when the primal mesh is a tetrahedral mesh. With such a mesh, the Delaunay condition no longer ensures
the non negativity of the transmissibilities in the case of the piecewise linear finite element method. It
is however possible to construct a dual mesh (the “three-dimensional Voronoi” mesh) to a Delaunay
triangulation such that the FVFE scheme leads to positive transmissibilities, and therefore such that the
maximum principle holds, see CORDES and PuTTI [38].

Note that the theoretical results (convergence and error estimate) which were shown for the classical finite
volume method on an admissible mesh (sections 3.1.2 page 37 and 3.2 page 62) still hold for CFV/DM
in three-dimensional, since the dual mesh is admissible.

3.5 Mesh refinement and singularities

Some problems involve singular source terms. In the case of petroleum engineering for instance, one may
model (in two space dimensions) the well with a Dirac measure. Other problems may require a better
precision of some unknown in certain areas. This section is devoted to the treatment of this kind of
problem, either with an adequate treatment of the singularity or by mesh refinement.

3.5.1 Singular source terms and finite volumes

It is possible to take into account, in the discretization with the finite volume method, the singularities
of the solution of an elliptic problem. A common example is the study of wells in petroleum engineering.
As a model example we can consider the following problem, which appears, for instance, in the study of
a two phase flow in a porous medium. Let B be the ball of IR? of center 0 and radius rp (B represents a
well of radius 7,). Let Q = (—R, R)? be the whole domain of simulation; 7, is of the order of 10 cm while
R can be of the order of 1 km for instance. An approximation to the solution of the following problem
is sought:

—div(Vu)(z) =0, z€Q\ B,
u(z) =P,, =€ IB, (3.148)
“BC”on 09,

where “BC” stands for some “smooth” boundary conditions on 99 (for instance, Dirichlet or Neumann
condition). This system is a mathematical model (under convenient assumptions...) of the two phase
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flow problem, with u representing the pressure of the fluid and P, an imposed pressure at the well. In
order to discretize (3.148) with the finite volume method, a mesh 7 of 2 is introduced. For the sake of
simplicity, the elements of 7 are assumed to be squares of length h (the method is easily generalized to
other meshes). It is assumed that the well, represented by B, is located in the middle of one cell, denoted
by Kj, so that the origin 0 is the center of K. It is also assumed that the mesh size, h, is large with
respect to the radius of the well, r, (which is the case in real applications, where, for instance, h ranges
between 10 and 100 m). Following the principle of the finite volume method, one discrete unknown u g
per cell K (K € 7) is introduced in order to discretize the following system:

/ Vu(z) -ng(z)dy(x) =0, KeT, K+ Ky,

K (3.149)

j Vu(@) - ni, (@)dy(@) = [ Vu(@)-nple)dy(@),
0Ko oB

where np denotes the normal to 9P, outward to P (with P = K, K, or B).

Hence, we have to discretize Vu - ng on 0K (and Vu-npg on dB) in terms of {uy,L € T} (and “BC”

and Pp).

The problems arise in the discretization of Vu-ng, and Vu-npg. Indeed, if o = K|L is the common edge

to K and L (elements of 7), with K # K and L # Ky, since the solution of (3.148) is “smooth” enough

with respect to the mesh size, except “near” the well, Vu - nx can be discretized by %(uL —ug) on o.

In order to discretize Vu near the well, it is assumed that Vu - np is constant on 0B. Let g(z) =

—27r,Vu - np for € OB (recall that np is the normal to 0B, outward to B). Then ¢ € R is a new

unknown, which satisfies

—Vu-npdy(z) =q.
OB

Denoting by | - | the euclidian norm in IR?, and u the solution to (3.148), let v be defined by

o(z) = % In(|z]) + u(z), =€Q\ B, (3.150)
v(x) = % In(r,) + P,, x € B. (3.151)

Thanks to the boundary conditions satisfied by u on 0B, the function v satisfies —div(Vv) = 0 on the
whole domain €2, and therefore v is regular on the whole domain 2. Note that, if we set

u(@) = =L In(la]) + v(@), ace. v €9,

then
—div(Vu) = gdp on €,

where d¢ is the Dirac mass at 0. A discretization of Vu - ng, is now obtained in the following way. Let o
be the common edge to K; € 7 and Ky, since v is smooth, it is possible to approximate Vv - ng, on o
by +(vk, — vk, ), where vk, is some approximation of v in K; (e.g. the value of v at the center of Kj).
Then, by (3.151), it is natural to set

q

27T ln(rp) + Pp’

UKD =

and by (3.150),

VK, = € In(h) + ug,.
2
By (3.150) and from the fact that the integral over o of V(& In(|z])) - nk, is equal to 4, we find the
following approximation for fn Vu - ng,dy:
q

q h
B IV —p,
4+27T n(rp)+uKl P
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The discretization is now complete, there are as many equations as unknowns. The discrete unknowns
appearing in the discretized problem are {ux,K € 7,K # Ky} and ¢q. Note that, up to now, the
unknown ug, has not been used. The discrete equations are given by (3.149) where each term of (3.149)
is replaced by its approximation in terms of {ux, K € 7,K # Ky} and ¢. In particular, the discrete
equation “associated” to the unknown ¢ is the discretization of the second equation of (3.149), which is

4
h
S (L () +uk, — By) =0, (3.152)
p 2w 1y
where {K;,i = 1,2,3,4} are the four neighbouring cells to Kj.
It is possible to replace the unknown ¢ by the unknown wug, (as it is done in petroleum engineering) by
setting
¢ q. h
=-——In(—)+ P 3.153
ury = § = () + B, (3.153)
the interest of which is that it yields the usual formula for the discretization of Vu - ng, on o if o is the

common edge to K and Ky, namely % (ug, — uK,); the discrete equation associated to the unknown
Uk, is then (from (3.152))

and (3.153) may be written as:
1

q = ip(Pp — 'LLKO), with ip =1 1 h
-1+ 3 In()

This last equation defines i, the so called “well-index” in petroleum engineering. With this formula for i,
the discrete unknowns are now {uy, K € 7'}. The discrete equations associated to {ux, K € 7, K # Ko}
are given by the first part of (3.149) where each terms of (3.149) is replaced by its approximation in terms

of {ug, K € T} (using also “BC” on 992). The discrete equation associated to the unknown ug, is

4
Z(U’K«L - U'Ko) = _iP(PP - U'Ko)a
i=1
where {K;,i =1,2,3,4} are the four neighbouring cells to Kj.
Note that the discrete unknown u, is somewhat artificial, it does not really represent the value of v in
K. In fact, if € Ko, the “approximate value” of u(x) is —5L In( o1y + P, and ug, = 41— Lin(lL)+p,
P

Tp

3.5.2 Mesh refinement

Mesh refinement consists in using, in certain areas of the domain, control volumes of smaller size than
elsewhere. In the case of triangular grids, a refinement may be performed for instance by dividing each
triangle in the refined area into four subtriangles, and those at the boundary of the refined area in two
triangles. Then, with some additional technique (e.g. change of diagonal), one may obtain an admissible
mesh in the sense of definitions 3.1 page 37, 3.5 page 63 and 3.8 page 78; therefore the error estimates
3.3 page 52, 3.5 page 69 and 3.8 page 80 hold under the same assumptions.

In the case of rectangular grids, the same refining procedure leads to “atypical” nodes and edges, i.e. an
edge o of a given control volume K may be common to two other control volumes, denoted by L and
M. This is also true in the triangular case if the triangles of the boundary of the refined area are left
untouched.
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Let us consider for instance the same problem as in section 3.1.1 page 33, with the same assumptions
and notations, namely the discretization of

—Au(z,y) = f(z,y), (z,y) € 2= (0,1) x (0,1),
u(z,y) =0, (z,y) € 9.

It is easily seen that, in this case, if the approximation of the fluxes is performed using differential
quotients such as in (3.6) page 34, the fluxes on the “atypical” edge o cannot be consistent, since the
lines joining the centers of K and L and the centers of K and M are not orthogonal to 0. However, the
error which results from this lack of consistency can be controlled if the number of atypical edges is not
too large.

In the case of rectangular grids (with a refining procedure), denoting by £ the set of “atypical” edges of a
given mesh 7', i.e. edges with separate more than two control volumes, and 7 the set of “atypical” control
volumes, i.e. the control volumes containing an atypical edge in their boundaries; let e denote the error
between u(z ) and uk for each control volume K, and ez denote the piecewise constant function defined
by e(x) = ek for any x € K, then one has

lell 2y < C(size(T) + (Y m(K))?).
KeT,

The proof is similar to that of Theorem 3.3 page 52. It is detailed in BELMOUHOUB [11].

3.6 Compactness results

This section is devoted to some functional analysis results which were used in the previous section. Let €2
be a bounded open set of IRd7 d > 1. Two relative compactness results in L?(Q) for sequences “almost”
bounded in H'(£2) which were used in the proof of convergence of the schemes are presented here. Indeed,
they are variations of the Rellich theorem (relative compactness in L?(Q) of a bounded sequence in H*({2)
or H}(Q)). The originality of these results is not the fact that the sequences are relatively compact in
L?(Q), which is an immediate consequence of the Kolmogorov theorem (see below), but the fact that the
eventual limit, in L?(Q2), of the sequence (or of a subsequence) is necessarily in H'(Q) (or in Hg () for
Theorem 3.10), a space which does not contain the elements of the sequence.

We shall make use in this section of the Kolmogorov compactness theorem in L?(£2) which we now recall.
The essential part of the proof of this theorem may be found in BREzIS [16].

Theorem 3.9 Let w be an open bounded set of RN, N > 1,1 < ¢ < o0 and A C Li(w). Then, A is
relatively compact in LY(w) if and only if there exists {p(u), u € A} € LY(RY) such that

1. p(u) =wu a.e. onw, for allu € A,

2. {p(u), u € A} is bounded in LI(IRY),

3 lp(u)(- + 1) = p(w)|| Laqm~y — 0, as n — 0, uniformly with respect to u € A.
Let us now state the compactness results used in this chapter.

Theorem 3.10 Let Q be an open bounded set of R¢ with a Lipschitz continuous boundary, d > 1, and
{tn, n € N} a bounded sequence of L*(Q). Forn € IN, one defines i, by i, = U, a.e. on  and @, =0
a.e. on R? \ Q. Assume that there exist C € R and {h,, n € N} C Ry such that h, — 0 as n — oo
and

[ (- + 1) = nll3 ey < Clul(In] + hn),¥n € N, ¥y € R, (3.154)

Then, {u,, n € IN} is relatively compact in L*(Q). Furthermore, if u, — u in L*(2) as n — oo, then
u € HLHQ).
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PROOF of Theorem 3.10

Since {h,, n € IN} is bounded, the fact that {u,, n € IN} is relatively compact in L?({2) is an immediate
consequence of Theorem 3.9, taking N = d, w = Q, ¢ = 2 and p(u,) = @,. Then, assuming that u, — u
in L?(Q2) as n — oo, it is only necessary to prove that u € H}(2). Let us first remark that @, — @ in
L2(RY), as n — oo, with @ = u a.e. on Q and @ = 0 a.e. on R?\ Q.

Then, for ¢ € C (IRd), one has, for all n € R%, % 0 and n € IN, using the Cauchy-Schwarz inequality
and thanks to (3.154),

/ (ﬂ"(xJ“")_ﬂ"(x))@(x)dx < VCml(nl + hn)
R4 Il B Il

which gives, letting n — oo, since h,, — 0,

/}Rd (i(x + 773'— ) o)z < VOl pamay,

and therefore, with a trivial change of variables in the integration,

||SD||L2(1Rd)7

/ (pl@ =n) = o) & )i < VOloll g2 mey- (3.155)
R4 il
Let {e;, i = 1,...,d} be the canonical basis of R?. For i € {1,...,d} fixed, taking = he; in (3.155)
and letting h — 0 (with h > 0, for instance) leads to
op(z) -

- 8—9%“(%)0@ < VC|ell 2wy,
for all o € C>°(RY).
This proves that D;a (the derivative of @ with respect to z; in the sense of distributions) belongs to
L*(IRY), and therefore that & € H'(IR?). Since u is the restriction of % on  and since & = 0 a.e. on
R4\ Q, therefore v € H}(2). This completes the proof of Theorem 3.10. ]

Theorem 3.11 Let Q) be an open bounded set of R%, d > 1, and {u,, n € IN} a bounded sequence of
L?(Q). Forn € IN, one defines i, by i, = u, a.e. on Q and @, =0 a.e. on R? \ Q. Assume that there
exist C € R and {hy,, n € N} C R4 such that h, — 0 as n — oo and such that

n(- 4+ ) = nll2r ey < Clnl, Y0 € N, ¥y € R, (3.156)

and, for all compact @ C Q,

[un(-+n) = unllZ2@y < Clal(In] + ha),¥n € N, ¥ € RY, |n] < d(@, Q). (3.157)

(The distance between & and IR%\ Q is denoted by d(@,Q°).)
Then {u,, n € IN} is relatively compact in L*(Q). Furthermore, if un, — u in L?(Q) as n — oo, then
ue HY(Q).

PROOF of Theorem 3.11

The proof is very similar to that of Theorem 3.10. Using assumption 3.156, Theorem 3.9 yields that {u,,
n € IN} is relatively compact in L?(Q2). Assuming now that u,, — u in L*(Q), as n — oo, one has to
prove that u € H*(Q).

Let ¢ € C2°(Q) and € > 0 such that ¢(z) = 0 if the distance from z to IR\ Q is less than . Assumption
3.157 yields

el

JRCCEEEL I VOl + o)

In| - In|
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for all n € IR? such that 0 < || < e.
From this inequality, it may be proved, as in the proof of Theorem 3.10 (letting n — oo and using a
change of variables in the integration),

/ (@ =m) =0 ) de < VEol| 12
o l

for all n € IR? such that 0 < || <e.
Then, taking n = he; and letting h — 0 (with h > 0, for instance) one obtains, for all ¢ € {1,...,d},

[ Op(z)

3 w(@)dz < V|| r2 ),
Q T

for all ¢ € C°().
This proves that D;u (the derivative of u with respect to x; in the sense of distributions) belongs to
L?(Q), and therefore that u € H'(2). This completes the proof of Theorem 3.11. L]



Chapter 4

Parabolic equations

The aim of this chapter is the study of finite volume schemes applied to a class of linear or nonlinear
parabolic problems. We consider the following transient diffusion-convection equation:

ug(x, t) — Ap(u)(z,t) + div(vu)(z,t) + bu(z, t) = f(x,t), x € Q, t € (0,T), (4.1)

where €2 is an open polygonal bounded subset of R? withd=2ord=3,T7>0,b>0,velR?is,
for the sake of simplicity, a constant velocity field, f is a function defined on €2 x IR} which represents a
volumetric source term. The function ¢ is a nondecreasing Lipschitz continuous function, which arises in
the modelling of general diffusion processes. A simplified version of Stefan’s problem may be expressed
with the formulation (4.1) where ¢ is a continuous piecewise linear function, which is constant on an
interval. The porous medium equation is also included in equation (4.1), with ¢(u) = u™, m > 1.
However, the linear case, i.e. p(u) = u, is of full interest and the error estimate of section 4.2 will be
given in such a case. In section 4.3 page 103, we study the convergence of the explicit and of the implicit
Euler scheme for the nonlinear case with v =0 and b = 0.

Remark 4.1 One could also consider a nonlinear convection term of the form div(viy(u))(x,t) where
¥ € C1(IR,R). Such a nonlinear convection term will be largely studied in the framework of nonlinear
hyperbolic equations (chapters 5 and 6) and we restrain here to a linear convection term for the sake of
simplicity.

An initial condition is given by

u(z,0) = up(x), z € Q. (4.2)

Let 09 denote the boundary of €2, and let 024 C 99 and 9Q,, C 9N such that 024 U 99, = 9Q and
004 N 0, = 0. A Dirichlet boundary condition is specified on 9Qy C 9. Let g be a real function
defined on 0§24y x R4, the Dirichlet boundary condition states that

u(z,t) = g(x,t), x € 00, t € (0,T). (4.3)
A Neumann boundary condition is given with a function § defined on 9, x IR
—Vo(u)(z,t) -n(z) = gz, t), x € 00y, t € (0,T), (4.4)
where n is the unit normal vector to 912, outward to €.
Remark 4.2 Note that, formally, Ap(u) = div(¢’(u)Vu). Then, if ¢’ (u)(x,t) = 0 for some (z,t) €
Q x (0,7, the diffusion coefficient vanishes, so that Equation (4.1) is a “degenerate” parabolic equation.

In this case of degeneracy, the choice of the boundary conditions is important in order for the problem
to be well-posed. In the case where ¢’ is positive, the problem is always parabolic.

96
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In the next section, a finite volume scheme for the discretization of (4.1)-(4.4) is presented. An error
estimate in the linear case (that is ¢(u) = w) is given in section 4.2. Finally, a nonlinear (and degenerate)
case is studied in section 4.3; a convergence result is given for subsequences of sequences of approximate
solutions, and, when the weak solution is unique, for the whole set of approximate solutions. A uniqueness
result is therefore proved for the case of a smooth boundary.

4.1 Meshes and schemes

In order to perform a finite volume discretization of system (4.1)-(4.4), admissible meshes are used in
a similar way to the elliptic cases. Let 7 be an admissible mesh of € in the sense of Definition 3.1
page 37 with the additional assumption that any o € £y is included in the closure of 94 or included
in the closure of 0f2,. The time discretization may be performed with a variable time step; in order
to simplify the notations, we shall choose a constant time step k € (0,7). Let N, € IN* such that
N = max{n € IN,nk < T}, and we shall denote t,, = nk, for n € {0,..., Ny + 1}. Note that with a
variable time step, error estimates and convergence results similar to that which are given in the next
sections hold.

Denote by {u%, K € T, n € {0,...,Ny + 1}} the discrete unknowns; the value u% is an expected
approximation of u(x g, nk).

In order to obtain the numerical scheme, let us integrate formally Equation (4.1) over each control volume
K of 7, and time interval (nk, (n + 1)k), for n € {0,..., Ny }:

(n+1)k
( (z,tpny1) — u(z, ty))dx —/ / (x,t) - ng(x)dy(x)dt+

(n+1)k (n+1)k (n+1)k
/ / v ng(x)u(z, t)dy(x dt—|—b/ / (x,t)dxdt = / /fxtdxdt
OK

where ny is the unit normal vector to 0K, outward to K.

(4.5)

Recall that, as usual, the stability condition for an explicit discretization of a parabolic equation requires
the time step to be limited by a power two of the space step, which is generally too strong a condition
in terms of computational cost. Hence the choice of an implicit formulation in the left hand side of (4.5)
which yields

! / (s tnsr) — (e, b))z — | V()@ bugn) - nge () () +

(n+1)k
| veoneutetundr@) +b [ e tundode = [ [ fataod
0K k nk K

K
There now remains to replace in Equation (4.5) each term by its approximation with respect to the
discrete unknowns (and the data). Before doing so, let us remark that another way to obtain (4.6) is to
integrate (in space) formally Equation (4.1) over each control volume K of 7, at time ¢ € (0,7). This
gives

/ wle, e — [ Ve(u)(,t) - ng(2)dy(z)

/;Kv-nK()(a:tdfy —|—b/ xtdm—/fa:t

An implicit time discretization is then obtained by taking ¢ = t,,41 in the left hand side of (4.7), and
replacing ug(z, tp+1) by (w(x,tn+1) — u(z,ty))/k. For the right hand side of (4.7) a mean value of f
between t,, and t,,+1 may be used. This gives (4.6). It is also possible to take f(z,t,+1) in the right hand
side of (4.7). This latter choice is simpler for the proof of some error estimates (see Section 4.2).

(4.7)
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Writing the approximation of the various terms in Equation (4.6) with respect to the discrete unknowns
(namely, {u’%, K € T,n €{0,..., Ny +1}}) and taking into account the initial and boundary conditions
yields the following implicit finite volume scheme for the discretization of (4.1)-(4.4), using the same
notations and introducing some auxiliary unknowns as in Chapter 3 (see equations (3.20)-(3.23) page
42):

n+1 o
(K)o 3T Y vy m(Kbuie = m(K)
k cEEK 7 c€EK (48)
VK € T,Vn €{0,..., Ny},
with
dk,o ' » = —m(0) ((p(ug) - @(u})) for 0 € Ek, forn e {1,..., Ny + 1}, (4.9)
Fg ,=—Fp, for all 0 € &y such that o = K|L, for n € {1,..., Ny + 1}, (4.10)

1 nk
Fg,= Z / /g(x,t)dv(x)dt for o € £k such that o C 9, forn € {1,..., N+ 1}, (4.11)
i (n=1)k Jo

and

ul = g(yo,nk) for o C 0Qq, forn e {1,..., Ny + 1}, (4.12)

The upstream choice for the convection term is performed as in the elliptic case (see page 41, recall that
VK,o =m(0)V.NE 5),

n 3 . >
Uy | = uff’ .lf V- hge 20, for all o € &t such that 0 = K|L, (4.13)
7 uf, if v-ng, <0,
n | ufk, ifv-ng,>0,
Uy 4 = { Wt v engy <0, for all o € £k such that o C 09. (4.14)

Note that, in the same way as in the elliptic case, the unknowns u?*! may be eliminated using (4.9)-(4.12).
There remains to define the right hand side, which may be defined by:

or by:

fr = ﬁ /K F(@, tpr)de, YK € T,¥n € {0,...,Ni}. (4.16)

Initial conditions can be taken into account by different ways, depending on the regularity of the data
ug. For example, it is possible to take

1

0 _
YK T (K

/ ug(z)dx, K € T, (4.17)
K

or

ud =wug(rg), K € T. (4.18)



99

Remark 4.3 Tt is not obvious to prove that the implicit finite volume scheme (4.8)-(4.14) (with (4.15) or
(4.16) and (4.17) or (4.18)) has a solution. Once the unknowns Fy.t! are eliminated, a nonlinear system
of equations has to be solved. A proof of the existence and uniqﬁeness of a solution to this system is
proved in the next section for the linear case, and is sketched in Remark 4.9 for the nonlinear case.

Remark 4.4 (Comparison with finite difference and finite element) Let us first consider the case
of the heat equation, that is the case where v =0, b = 0, ¢(s) = s for all s € IR, with Dirichlet condi-
tion on the whole boundary (0Q2q = 0€2). If the the mesh consists in rectangular control volumes with
constant space step in each direction, then the discretization obtained with the finite volume method
gives (as in the case of the Laplace operator), the same scheme than the one obtained with the finite
difference method (for which the discretization points are the centers of the elements of 7) except at
the boundary. In the general nonlinear case, finite difference methods have been used in ATTEY [6],
KAMENOMOSTSKAJA, S.L. [89] and MEYER [108], for example.

Finite element methods have also been classically used for this type of problem, see for instance AMIEZ
and GREMAUD [2] or CIAVALDINI [31]. Following the notations of section 3.4.1, let M be a finite element
mesh of 2, consisting of triangles (see e.g. CIARLET, P.G. [29] for the conditions on the triangles), and
let V C Q be the set of vertices of M. For K € V (note that here K denotes a point of Q), let ¢ be the
shape function associated to K in the piecewise linear finite element method for the mesh M. A finite
element formulation for (4.1), with the implicit Euler scheme in time, yields for a node /cv/in/Omega:

i /Q(“”H(x)—U”(w))saK(x)dx) + /Q Vu" (z) - Viprc (w)da = /Q F@s s )i () da,

Let us approximate u” by the usual Galerkin expansion:

u = E qugaL and u" = E utr
Lev LeV

where u’} is expected to be an approximation of u at time ¢, and node L, for all L and n; replacing in
the above equation, this yields:

%Z/Q(U?Jrl_u?)@L(x)@K(x)dx—FZ/Qu;“dVgaL(x)-V(pK(a?)dxZ/Qf(x,tn+1)ng(x)dx, (4.19)

LeVv Lev

Hence, the finite element formulation yields, at each time step, a linear system of the form CU™*! 4+
AU = B (where U™ = (uj)f o)) keq, and A and C are N x N matrices); this scheme, however, is
generally used after a mass-lumping, i.e. by assigning to the diagonal term of C' the sum of the coefficients
of the corresponding line and transforming it into a diagonal matrix; we already saw in section 3.4.1 that
the part AU™! may be seen as a linear system derived from a finite volu;e formulation; hence the mass
lumping technique the left hand side of (4.19) to be seen as the result of a discretization by a finite volume
scheme.

4.2 Error estimate for the linear case

We consider, in this section, the linear case, ¢(s) = s for all s € IR, and assume 9,4 = 912, i.e. that a
Dirichlet boundary condition is given on the whole boundary, in which case Problem (4.1)-(4.4) becomes

ug(z,t) — Au(z, t) + div(vu)(z, t) + bu(z,t) = f(z,t), z € Q, t € (0,T),
u(x,0) = up(x), x € Q,

u(z,t) = g(z,t), v € 090, t € (0,T);
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the finite volume scheme (4.8)-(4.14) then becomes, assuming, for the sake of simplicity, that zx € K
forall K € T,

unJrl —u”
m(K)KTK + > R+ > vk eul ! + m(K)buptt = m(K) fr, (4.20)
cEEK cefk .
VK € T,Vn €{0,..., Ny},
with
Fie g = —7r L (uf — uf) for all o € &y such that o = K[L, forn € {1,..., Ny + 1}, (4.21)
Fg » = —75(9(yo, k) — uf) for all o € Ek such that ¢ C 0Q, for n € {1,..., Ny + 1}, (4.22)
and
n — n 3 . >
UZ,Jr uff’ .lf VDKo 20, for all o € &y such that o = K|L, (4.23)
Uy 4 = UL, if v -ng, <0,
no_ ,n 1 . >
UZ,’JF Uges }f veonge 20, for all o € £k such that o C 9. (4.24)
uy . = g(Yo,nk), ifv-ng, <0,

The source term and initial condition f and ug, are discretized by (4.16) and (4.18).

A convergence analysis of a one-dimensional vertex-centered scheme was performed in GUO and STYNES
[79] by writing the scheme in a finite element framework. Here we shall use direct finite volume techniques
which also handle the multi-dimensional case.

The following theorem gives an L estimate (on the approximate solution) and an error estimate. Some
easy generalizations are possible (for instance, the same theorem holds with b < 0, the only difference is
that in the L> estimate (4.25) the bound ¢ also depends on b).

Theorem 4.1  Let Q be an open polygonal bounded subset of R, T > 0, u € C?’QxR,R),b>0
and v € R, Let ug € C*(Q,R) be defined by ug = u(-,0), let f € CO(Q x Ry, R) be defined by
f =us — div(Vu) + div(vu) + bu and g € C°(0Q x R4, IR) defined by g =u on 9Q x Ry. Let T be an
admissible mesh in the sense of Definition 3.1 page 37 and k € (0,T). Then there exists a unique vector
(ur)reT satisfying (4.20)-(4.24) (or (4.8)-(4.14)) with (4.16) and (4.18). There exists ¢ only depending
on ug, T, f and g such that

sup{|u|, K €e T,ne{l,..., Ny +1}} <ec. (4.25)

Furthermore, let € = u(xg,ty) —uly, for K € T andn € {1,..., N+ 1}, and h = size(T). Then there
exists C' € R4 only depending on b, u, v, Q and T such that

(D" (ek)*m(K)) < C(h+k), Vne{l,... Ny +1}. (4.26)

PROOF of Theorem 4.1

For simplicity, let us assume that zx € K for all K € 7. Generalization without this condition is
straightforward.

(i) Existence, uniqueness, and L estimate

For a given n € {0, ..., Ny}, set f =0 and u% = 0 in (4.20), and g(y,, (n+ 1)k) = 0 for all o € £ such
that o C 9. Multiplying (4.20) by u?’jl and using the same technique as in the proof of Lemma 3.2
page 42 yields that u’;(“ =0 for all K € 7. This yields the uniqueness of the solution {u’;(“, KeT}to
(4.20)-(4.24) for given {u%%, K € T}, {5, K € T} and {g(y», (n+1)k), 0 € £,0 C 9Q4}. The existence
follows immediately, since (4.20)-(4.24) is a finite dimensional linear system with respect to the unknown

{u'', K € T} (with as many unknowns as equations).
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Let us now prove the estimate (4.25).
Set my = min{ f(x,t), z € Q, t € [0,27T} and my; = min{g(z,t), z € 0, t € [0,2T7]}.
Let n € {0,..., N}. Then, we claim that
min{u}"!, K € T} > min{min{uf, K € T} + kmy,0,m,}. (4.27)
Indeed, if min{u}?’l, K € T} < min{0,m,}, let Ky € 7 such that u’;ggl = min{u?’(—"l, K € T}. Since
u}gl < 0 and u}?{;l < myg writing (4.20) with K = K, and n leads to
u?('gl > ulf, + kfr, > min{ufy, K € T} + kmy,

this proves (4.27), which yields, by induction, that:

min{ul, K € 7} > min{min{u%, K € T},0,m,} +nkmin{my,0},Vn € {0,..., Ny + 1}.

Similarly,

max{ul, K € T} < max{max{u), K € T},0, M,} + nkmax{M;,0},Vn € {0,..., N + 1},
with M; = max{f(z,t), x € Q, t € [0,2T]} and M, = max{g(x,t), z € 09, t € [0,27T]}.
This proves (4.25) with ¢ = [uol|L(0) + |9l (@0x0,21)) + 2T [.f | (2x (0,21)) -

(i) Error estimate

As in the stationary case (see the proof of Theorem 3.3 page 52), one uses the regularity of the data
and the solution to write an equation for the error e} = u(rk,t,) — u}, defined for K € 7 and
n €{0,...,Ng+1}. Note that €% = 0 for K € 7. Let n € {0,..., Ni}. Integrating (in space) Equation
(4.1) over each control volume K of 7, at time t = t,,11, gives, thanks to the choice of f (see (4.16)),

/ we(@, tni1)dz — / (Vu(x,t) - Vu(m,tn+1)) g (z)dy(z) + b/ W@, tug1)dz = m(K) fb.  (4.28)

K oK K

Note that, for all z € K and all K € 7, a Taylor expansion yields, thanks to the regularity of w:
u(z,tns1) = (1/k)(w(zk, th1) — u(zk, tn)) + sk (z) with [sik (z)] < Ci(h+ k)

with some C only depending on uw and 7. Therefore, defining Sj = / sk (x)dz, one has: |SE| <

K
Cim(K)(h + k).
One follows now the lines of the proof of Theorem 3.3 page 52, adding the terms due to the time derivative
ug. Substracting (4.20) to (4.28) yields

en—i-l o en
m(K)KTK + Z (G’;(*Ul + W;éj;l) + bm(K)e?;rl -
o€k (4.29)
bm(K)pl — > m(o)(Ri, + 7k ,) — Sk, VK €T,

oc€EK

where (with the notations of Definition 3.1 page 37),

Gty = —1o(eftt —ei!), VK € T, Vo € €k N &, 0 = K|L,
G} =Toei VK € T, Vo € Ex N Eext,

W;?,J;l =m(0)v g (W@ 4, thy1) — qu-l)’

where 25+ = xx (resp. zp) if 0 € &g, 0 = K|L and v-ng, > 0 (resp. v-ng, <0) and 254+ = zx
(resp. yo) if 0 = Ex NEext and v -ng , > 0 (resp. v -ng, < 0),
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1
JORE vty - — tni1)d
pic = ulare. ") = s | (o),
m(o) Ry, = 7o (u(7k, ") —u(zp, ")) + / Vu(z,ty) g ody(z) if 0 = K|L € Eing,

m(o)Rf , = To(u(zg, ") — g(yq, t" ) + / Vu(z, ty) ng ody(x) it 0 € Ex N Eing,

and

m(o)rf , = Vg o (m(0)u(Te 1, tnr1) — / (o)u(x, tps1)dy(x), for any o € &.

m

As in Theorem 3.3, thanks to the regularity of u, there exists Cs, only depending on u, v and 7', such
that |R}7'<’U| + |7“}7'(’U| < Cyh and |p}| < Csh, for any K € T and o € Ek.

Multiplying (4.29) by e, summing for K € 7, and performing the same computations as in the proof
of Theorem 3.3 between (3.56) to (3.60) page 54 yields, with some C3 only depending on u, v, b, 2 and
T,

- Z m(K)(eKH)Q + §||67+1 %,T + §b||eT+1H%2(Q) <

KeT 1 (4.30)
Csh® + Cr(h+ k) Y m(K)[efd! [+ > m(K)ej e,
KeT KeT
where the second term of the right hand side is due to the bound on S} and where e”T"H is a piecewise

constant function defined by
ertl(z) = et forz e K,K € T.
Inequality (4.30) yields
e 122 () < 2kC3h? + 2kCrm(Q) (k + h)lle™ || 22() + [l |72 (-
which gives

ez Nz < lelza) + Ca(kh? + k(k + h)ller™ | L2(o), (4.31)

where C4 € IR only depends on u, v, b, 2 and T. Remarking that for € > 0, the following inequality
holds:

Cak(k + h)|lef 2o < e2llef T2y + (1/e%)CE> (k + h)?,
taking €2 = k/(k + 1), (4.31) yields

ler  Zz) < L+ R)lleflZzq) + Cakh?(1+ k) + (1 + k)*Cik(k + h)*. (4.32)
Then, if He?’—H%z(Q) < cn(h + k)2, with ¢, € IR, one deduces from (4.32), using h < h+k and k < T,
that
e 1Z2) < cnyi(h+k)? with cop1 = (1+k)en + Csk and Cs = Ca(1+T) + C(1+T)%.

(Note that C5 only depends on w, v, b, Q and T').
Choosing ¢o = 0 (since ||€%||r2() = 0), the relation between ¢, and c,41 yields (by induction) ¢, <
Cse?k™. Estimate (4.26) follows with C2 = Cse?”. L]



103

Remark 4.5 The error estimate given in Theorem 4.1 may be generalized to the case of discontinuous
coefficients. The admissibility of the mesh is then redefined so that the data and the solution are piecewise
regular on the control volumes as in Definition 3.8 page 78, see also HERBIN [85].

4.3 Convergence in the nonlinear case

4.3.1 Solutions to the continuous problem

We consider Problem (4.1)-(4.4) with v = 0, b = 0, 09, = 02 and § = 0, that is a homogeneous
Neumann condition on the whole boundary, in which case the problem becomes

ug(z, t) — Ap(u)(z,t) = f(x,t), for (x,t) € Q2 x (0,T), (4.33)
with
V(u)(z,t) -n(x) =0, for (z,t) € 002 x (0,T), (4.34)

and the initial condition

u(x,0) = uo(x), for all z € Q. (4.35)

We suppose that the following hypotheses are satisfied:
Assumption 4.1

(i) Q is an open bounded polygonal subset of R? and T > 0.

(i) The function ¢ € C(IR,IR) is a nondecreasing locally Lipschitz continuous function.
(#i) The initial data uo satisfies ug € L>().
(iv) The right hand side f satisfies f € L>°(£2 x IRY).

Equation (4.33) is a degenerate parabolic equation. Formally, Ap(u) = div(¢’(u)Vu), so that, if ¢'(u) =
0, the diffusion coefficient vanishes. Let us give a definition of a weak solution u to Problem (4.33)-(4.35)
(the proof of the existence of such a solution is given in KAMENOMOSTSKAJA, S.L. [89], LADYZENSKAJA,
SOLONNIKOV and URAL'CEVA [97], MEIRMANOV [107], OLEINIK [119]).

Definition 4.1 Under Assumption 4.1, a measurable function u is a weak solution of (4.33)-(4.35) if
u gLo"(Q x (0,T)),
/ /Q (a0, 1) + (e, ) A(a. 1) + f (e, )) dar db+ (4.36)
/;uo(x)w(x, 0)dx =0, for all v € Ar,
where A7 = {1 € C*Y(Q x [0,7]), Vi -n = 0 on 99 x [0,T], and (-, T) = 0}, and C*1(Q x [0,77))
denotes the set of functions which are restrictions on €2 x [0, 7] of functions from IR® x IR into IR which

are twice (resp. once) continuously differentiable with respect to the first (resp. second) variable. (Recall
that, as usual, n is the unit normal vector to 9f, outward to 2.)

Remark 4.6 It is possible to use a solution in a stronger sense, using only one integration by parts for
the space term. It then leads to a larger test function space than Ar.
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Remark 4.7 Note that the function u formally satisfies the conservation law

u(z,t)de = | wo(x)dx + t f(z, t)dxdt, (4.37)
Q Q 0o Ja

for all t € [0,T]. This property is also satisfied by the finite volume approximation.

4.3.2 Definition of the finite volume approximate solutions

As in sections 3.1.2 page 37 and 3.2.1 page 63, an admissible mesh of € is defined, with respect to which
a functional space is introduced: this space contains the approximate solutions obtained from the finite
volume discretization over the admissible mesh.

Definition 4.2 Let £ be an open bounded polygonal subset of IRd, 7T be an admissible mesh in the
sense of Definition 3.5 page 63, T > 0, k € (0,T) and N;, = max{n € IN;nk < T}. Let X(7,k) be
the set of functions w from  x (0, (Ny + 1)k) to IR such that there exists a family of real values {ul,
K eT,ne{0,...,Ni}}, with u(x,t) = vl for ae. € K, K € T and for a.e. ¢t € [nk,(n+ 1)k),
n e {0,...,Nk}.

Since we only consider, for the sake of simplicity, a Neumann boundary condition, we can easily eliminate
the unknowns Fy , located at the edges in equation (4.8) using the equations (4.9), (4.10), and (4.11).
An explicit version of the scheme can then be written in the following way:

n+1

u — Ul n n n
m(K) K 37 g (eluf) — e(ug) ) = mK) Lo
LeN(K) ( ’ )
VK € T,Vn €{0,..., Ny}
1
o= —— KeT 4.

Upe (K /Kuo(x)dx, VK €T, (4.39)

K|L

(Recall that 757, = m(K]| ), see Definition 3.5 page 63.)
K|L

Remark 4.8 The definition using the mean value in (4.39) is motivated by the lack of regularity assumed
on the data ug.

The scheme (4.38)-(4.40) is then used to build an approximate solution, ur € X(7, k) by
ur k(z,t) = ulk, Vo € K,Vt € [nk,(n+ 1)k),VK € T,¥n € {0,..., Ny} (4.41)

Remark 4.9 The implicit finite volume scheme is defined by

unJrl — ug n n n
m(K) K ST (e - (™)) = m() - i
LeEN(K) ( : )
VK € T,Vn €{0,..., Ny}
The proof of the existence of u’;’{"l, for any n € {0,..., Ny}, can be obtained using the following fixed

point method:
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uptt? = uh, forall K € 7, (4.43)

and

S () = ) = m() £

k LeN(K)

VK € 7T, YVm € IN.

(4.44)

Equation (4.44) gives a contraction property, which leads first to prove that for all K € 7, the sequence
(™)) e converges. Then we deduce that (uj'"™),,en also converges.

We shall see further that all results obtained for the explicit scheme are also true, with convenient
adaptations, for the implicit scheme. The function u7 j is then defined by ur i (z,t) = u}?’l, for all z €

K, for all t € [nk,(n + 1)k).

The mathematical problem is to study, under Assumption 4.1 and with a mesh in the sense of Definition
3.5, the convergence of ur j to a weak solution of Problem (4.33)-(4.35), when h = size(7) — 0 and k — 0.
Exactly in the same manner as for the elliptic case, we shall use estimates on the approximate solutions
which are discrete versions of the estimates which hold on the solution of the continous problem and which
ensure the stability of the scheme. We present the proofs in the case of the explicit scheme and show in
several remarks how they can be extended to the case of the implicit scheme (which is significantly easier
to study). The proof of convergence of the scheme uses a weak-x convergence property, as in CIAVALDINI
[31], which is proved in a general setting in section 4.3.5 page 115. For the sake of completeness, the proof
of uniqueness of the weak solution of Problem (4.33)-(4.35) is given for the case of a regular boundary;
this allows to prove that the whole sequence of approximate solutions converges to the weak solution of
problem (4.33)-(4.35), in which case an admissible mesh for a smooth domain can easily be defined (see
Definition 4.4 page 115).

4.3.3 Estimates on the approximate solution
Maximum principle

Lemma 4.1 Under Assumption 4.1, let T be an admissible mesh in the sense of Definition 3.5 page 63

and k € (0,T). Let U = |Juol|z() + Tl fllz~@x©,1), B = sup M Assume that the
—U<a<y<U r—=y
condition
k< —m(K) , foral K eT, (4.45)
B Z TK|L
LeN(K)

is satisfied. Then the function ur i defined by (4.38)-(4.41) verifies

lur kll Lo @x(0,1)) < U. (4.46)

PROOF of Lemma 4.1

Let n € {0,..., N — 1} and assume u% € [-U,+U] for all K € 7.
Let K € T, Equation (4.38) can be written as

k ny _ n
u?{"’l: (1_m Z TKlLSO(UL) SD(U’K))U?(_'_

(K) |, St up —uf
m(K) > (TK‘L ur = ul )“L+ka’

LeN(K)
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p(ur) — p(ufk)
u} — uy

Thanks to the condition (4.45) and since ¢ is nondecreasing, the following inequality can be deduced:

with the convention that =0ifu} —uk =0.

| < sup [uf | + K|l L @x 0.1))-
LeT

Then, since K is arbitrary in 7,
sup [ugt| < sup |uf |+ K| fl| Lo @ 0.1))- (4.47)
KeT LET

Using (4.47), an induction on n yields, for n € {0,..., Ny}, supger [uj| < |[uol| Loo ) +nk|| fI Lo (x (0,7))
which leads to Inequality (4.46) since Nyk < T. L]

Remark 4.10 Assume that there exist a, 8, v € R} such that m(K) > ah?, m(0K) < Bhi=1, for all
K €T, and dg |, > vh, for all K|L € & (recall that h = size(7)). Then, k < Ch? with C = (ay)/(Bf)
yields (4.45).

Remark 4.11 Let (7, kn)new be a sequence of admissible meshes and time steps, and (uz, , Jnen the
associated sequence of approximate finite volume solutions; then , thanks to (4.46), there exists a function

u e L*(Q x (0,T)) and a subsequence of (ur, &, )new Which converges to u for the weak-x topology of
L>(Q2 x (0,1)).

Remark 4.12 Estimate (4.46) is also true, with U = |lug|| L (q) + 27| f|| L>(x (0,21)), for the implicit
scheme, because the fixed point method guarantees (4.47) (with || f{| Lo (o x (0,27)) instead of || f| Lo (ax (0,1))
and until n = Ny ), without any condition on k.

Space translates of approximate solutions

Let us now define a seminorm, which is the discrete version of the seminorm in the space L2(0,7T; H(Q)).

Definition 4.3 (Discrete L?(0,7; H'(2)) seminorm) Let Q be an open bounded polygonal subset of
IR?, T an admissible finite volume mesh in the sense of Definition 3.5 page 63, T > 0, k € (0,T) and
N =max{n € N;nk < T}. For u € X(7,k), let the following seminorms be defined by:

|u(-,t)|iT = Z L (uf — uf)?, for ae. t € (0,7) and n = max{n € IN;nk < t}, (4.48)
K|L€EE&int
and
N,
uli 7z = Zk Z T (uf — ulf)?. (4.49)

n=0 K‘Legint

Let us now state some preliminary lemmata to the use of Kolmogorov’s theorem (compactness properties
in L2(Q x (0,7T))) in the proof of convergence of the approximate solutions.

Lemma 4.2 Let  be an open bounded polygonal subset of R?, T an admissible mesh in the sense of

Definition 3.5 page 63, T > 0, k € (0,T) and v € X(7T,k). For all n € RY, let Q,, be defined by
O, ={xeQ,[z,z+n CQ}. Then:

(- +1,) = ul T, x 0.y < luli 7 klnl(n] +2size(T)), ¥y € R, (4.50)
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PROOF of Lemma 4.2

Reproducing the proof of Lemma 3.3 page 44 (see also the proof of (3.110) page 75), we get, for a.e.
te(0,7):

(- +n,t) = ul- Ol 2,y < lul0)F 7 0l(n] + 2size(T)), Vn € R (4.51)
Integrating (4.51) on ¢t € (0,T) gives (4.50). ]

The set 2, defined in Lemma 4.2 verifies 2\ Q,, C Ugee,, wWn.o, With wy o = {y —tn, y € o, t € [0,1]}.
Then, m(2\ ;) < |n] m(99), since m(w,) < nm(c). Then, an immediate corollary of Lemma 4.2 is the
following;:

Lemma 4.3 Let Q be an open bounded polygonal subset of R?, T an admissible mesh in the sense of
Definition 3.5 page 63, T >0, k € (0,T) and u € X (T ,k). Let @ be defined by t = u a.e. on Q x (0,T),
and @ =0 a.e. on R\ Qx (0,T). Then:

{ [+ 1. = ) gy < [l (Rl (] + 25020(T) + 20Ol wom). (45
vn e RY.

Remark 4.13 Estimate (4.52) makes use of the L= (2 x (0,T))-norm of u € X (7, k). A similar estimate
may be proved with the L?(€2 x (0,T))-norm of u (instead of the L>°(Q x (0,7))-norm). Indeed, the right
hand side of (4.52) may be replaced by Cn(|ulf 1, + ||u||2L2(QX(O7T))), where C only depends on €. This
estimate is proved in Theorem 3.7 page 74 where it is used for the convergence of numerical schemes for
the Neumann problem (for which no L estimate on the approximate solutions is available). The key to
its proof is the “trace lemma” 3.10 page 72.

Let us now state the following lemma, which gives an estimate of the discrete L2(0,7; H'(2)) seminorm
of the nonlinearity.

Lemma 4.4 Under Assumption 4.1, let T be an admissible mesh in the sense of Definition 3.5 page 63.
Let £ € (0,1) and k € (0,T) such that

h<(-g—2) o KeT (4.53)

B Z TK\L’

LeN(K)

Let ur € X(7T,k) be given by (4.88)-(4.41).
Let U = |Juol|z () + T fll(@x(0,1)) and B be the Lipschitz constant of ¢ on [=U,U]. Then there
exists Iy > 0, which only depends on Q, T, ¢, ug, [ and & such that

lo(ur &)} rh < Fi. (4.54)

PROOF of lemma 4.4

Let us first remark that the condition (4.53) is stronger than (4.45). Therefore, the result of lemma 4.1
holds, i.e. |ul| <U, for all K € T, n € {0,..., Ny }. Multiplying equation (4.38) by kul., and summing
the result over n € {0,..., N;} and K € T yields:

n],\?kOKeT N (4.55)

n=0 KeT LeEN(K) n=0 KeT
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In order to obtain a lower bound on the first term on the left hand side of (4.55), let us first remark that:

1
2
Now, applying (4.38), using Young’s inequality, the following inequality is obtained:

(u?{—i—l 1 n+1)2 _

— e = S = w2, (4.56)

! - < R0+ (i X mintelup) - o)+ LEE] s

LeN(K) ¢
which yields in turn, using the Cauchy-Schwarz inequality:

2

(up" — ;w%m(’}( (0] X mn][ X (o) - ewip) ]

LEN(K) LEN(K) (4.58)
LU+ f)?
¢ :
Taking condition (4.53) into account gives:
20 (14 8k f1)?
i < (1= @) | 5w (wtuh) - ) T+ EEIEIRE a9
m LeN(K)

Using (4.56) and (4.59) leads to the following lower bound on the first term of the left hand side of (4.55):

Ny
SN mE) i > Z (K (™) — (ue)?)
n=0KeT KeT

ZkZ[ > TK\L( p(u K))2:| (4.60)

n= 0 KeT LeN(K)
k(1 —|-f Z
kD m(
n=0 KeT
Let us now handle the second term on the left hand side of (4.55). Let ¢ € C(IR,IR) be defined by

x

o(x) = xp(x) — / ©(y)dy, where 2y € IR is an arbitrary given real value. Then the following equality
o
holds:

uf
o(ur) — d(ufe) = ufc(p(ur) — (uk)) — / (p(z) — @(uf))dz. (4.61)
The following technical lemma is used here and several times in the sequel:

Lemma 4.5 Let g : IR — IR be a monotone Lipschitz continuous function, with a Lipschitz constant
G > 0. Then:

|/ c))dz| > 21G( (d) — g(c))?, Ve, d€TR. (4.62)

PROOF of Lemma 4.5

In order to prove Lemma 4.5, we assume, for instance, that ¢ is nondecreasing and ¢ < d (the other
cases are similar). Then, one has g(s) > h(s), for all s € [¢,d], where h(s) = g(c) for s € [¢,d — ] and
h(s) =g(c)+ (s —d+1)G for s € [d — I, d], with |G = g(d) — g(c), and therefore:

d d 1
/ (9(s) = g(c))ds = / (h(s) = g(c))ds = 5(g9(d) — g(c)) = 5= (9(d) — 9(0))%,
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this completes the proof of Lemma 4.5. =

Using Lemma 4.5, (4.61) and the equality Z Z Ti|(o(uf) — d(uk)) = 0 yields:

KeT LeN(K)

N 1 Ny,
=YD D i (eud) —elui) Juk = 5Ed kY. Y Trinlelul) — (i) (4.63)
n=0 KeT LEN(K) n=0 KeT LeN(K)

Since k < T we deduce from (4.46) that the right hand side of equation (4.55) satisfies

Ny
B> m(K)u fr] < 2Tm(Q)U| £l L=(ax(0,21))- (4.64)

n=0 KeT
Relations k < T, (4.55), (4.60), (4.63) and (4.64) lead to

Ny,
52 n
Zkz > (e p(ug))? <
B KeT LeEN(K) (4.65)
1+4+¢ 1 2
2Tm(Q)|| fl o (2% (0,27)) (U + THfHLOO(Qx(O,QT))T) + §m(Q)”u0HL°°(Q)
which concludes the proof of the lemma. [

Remark 4.14 Estimate (4.54) also holds for the implicit scheme , without any condition on k. One
multiplies (4.42) by u”Jr1 the last term on the right hand side of (4.56) appears with the opposite sign,
which considerably slmphﬁes the previous proof.

Time translates of approximate solutions

In order to fulfill the hypotheses of Kolmogorov’s theorem, the study of time translates must now be
performed. The following estimate holds:

Lemma 4.6 Under Assumption 4.1 page 103, let T be an admissible mesh in the sense of Definition 3.5
page 63 and k € (0,T). Let ury, € X(7,k) be given by (4.38)-(4.41). Let U = ||ur r|| L (ax(0,1)) and B
be the Lipschitz constant of ¢ on [—U,U]|. Then:

{ lo(ur k(- + 7)) — oluri( '))||2L2(Qx(o,T—r)) = (4.66)

2B (Jp(uz ) 7.4 + BTO(QU fl<(@x0,1 ) V7 € (0,T).

PROOF of Lemma 4.6

Let 7 € (0,T). Since B is the Lipschitz constant of ¢ on [~U,U], U = |luz k| 1@x(0,1)) and ¢ is
nondecreasing, the following inequality holds:

2 T—1
/ (plur (et +71) = elurs(a,1)) dedt < B / Atydt, (4.67)
Qx(0,7—7) 0
where, for almost every t € (0,7 — 7),

A(t) = /Q(gp(uf,k(x,tw)) - w(uf,k(x,t))) (uT,k(x,HT) —uT,k(x,t))dx.

Let t € (0,7 — 7). Using the definition of uy j (4.41), this may also be written:

A(t) = > m(E) (™) — (™)) (wid @ —upe®). (4.68)

KeT
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with ng(t), ni(t) € {0,..., Ny} such that no(t)k <t < (no(t) + 1)k and ni(t)k <t +7 < (n1(t) + 1)k.
Equality (4.68) may be written as

ni (t)

At = 7 (i ®) = o)) ( m(K) (ufe — uf ™)),
KeT n=no(t)+1
which also writes
Ay = 3 () — p(ule®) (Z ot £ 7)m(E) (wl — wic ™)), (4.69)
KeT

with xn(t,t +7) =1 if nk € (t,t + 7] and x,(t,t +7) =0 if nk & (¢, t + 7).
n (4.69), the order of summation between n and K is changed and the scheme (4.38) is used. Hence,

Ny,
At) =k > xnlt,t+7) [ 3™ (o) — o))

n=1 KeT

> rnlep™) = i) +mE) )]

LeN(K)
Gathering by edges, this yields:

_kz[ S Tl @) — o) — o) + o(up®))

n=1 K‘Leglnt

(™) = i) + 3 (e ™) = o) m(K) fi  xn(t b + 7).
KeT

Using the inequality 2ab < a® + b2, this yields:

A1) < 3Aolt) + 3A1(0) + As() + As(0), (4.70)
with
Ny
At = kY xnltt +1)( Y Trin (™) = p(upe™))?),
n=1 K|LEEiny
Ny
M) =kt t+ 1) (Y (e ™) — pup®))?),
n=1 K|LEEint
Ny,
A ) = kY xaltt+7)( Y Trnle(i™) — p(ui))?),
n=1 K|LEE&ins
and

Ny,
As(t) = kY xa(t, t+ 1) (D (i) — o(up2 ) m(K) ft).

n=1 KeT
Note that, since t € (0,7 — 1), no(t) € {0,..., N}, and, for m € {0,..., Ni}, no(t) = m if and only if
t € [mk, (m 4+ 1)k). Therefore,

m+1)k Ny

T—1 (
[ a dt<z / EY ot t+m) (Y rinle(ul) — o)),

K|L€EEint
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which also writes

Ny,

T—T1 (m+1)k N
/O Ao(t)dt < Sk / (bt +1)de 3 mirlpuf) - (i) (4.71)

m=0 mk n=1 K|LEEint

The change of variable ¢t = s + (n — m)k yields

(m+1)k 2mk—nk+k 2mk—nk+k
/ Xn(t, t+71)dt = / Xn(s+ (n—m)k,s+ (n—m)k+7)ds = / Xm(s,s+7)ds,
mk 2mk—nk 2mk—nk
then, for all m € {0,..., Ni},
(m+1)k , Nk
/ (an(t,tw))dts/ Xom(s,5 +7)ds = T,
mk n—1 R

since xm(s,s +7) = 1 if and only if mk € (s, s + 7] which is equivalent to s € [mk — 7, mk).
Therefore (4.71) yields

T—71
/ Ao(t)dt < Tlp(ur )1 pe (4.72)
0
Similarly:
T—71
/ Ay(t)dt < Tlp(ur )P pe (4.73)
0

Let us now study the term fOT_T Ay (t)dt:

T—1 Ny T—1
/0 LBt <S kS et — i) / Xnlt,t + 7). (4.74)

n=1 K|LEEns

Since fo Xn(t,t +7) < 7 (recall that x,(t,t +7) = 1 if and only if ¢t € [nk — 7,nk)), the following
inequality holds:

/OT TAz(t)dt < 7lo(ur 1)li 7 k- (4.75)
In the same way:
T 4 e
I st < Zk X mERBUI laxanony) [ttt
< TTm(2BU||f | L~ (ax(0.7)-
Using inequalities (4.67), (4.70) and (4.72)-(4.76), (4.66) is proved. ]

Remark 4.15 Estimate (4.66) is again true for the implicit scheme , with || f|| 7o (qx(0,27)) instead of
[fll o= @2x0.1) -

An immediate corollary of Lemma 4.6 is the following.
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Lemma 4.7 Under Assumption 4.1 page 103, let T be an admissible mesh in the sense of Definition 3.5
page 63 and k € (0,T). Let urx € X(T,k) be given by (4.58)-(4.41). Let U = |lut k|| L~ (ax(0,r) and B
be the Lipschitz constant of ¢ on [—U,U]. One defines @ by & = ur ) a.e. on Q x (0,7), and =0 a.e.
on R\ Q % (0,T). Then:

HQP(ﬂ(W -+ T)) - Lp(ﬁ('a '))”%Q(RdJrl) < 2|T|B< |W(U7,k)|iy—’k+
BTm(Q)U| f | L=(ax0,1)) + Bm(Q)UQ),
v € R.

4.3.4 Convergence

Theorem 4.2 Under Assumption 4.1 page 103, let U = ||uol| o< () + T'|| f| Lo (x(0,1)) and

B= sup B W)
—U<z<y<U r—=y

Let £ € (0,1) be a given real value. For m € IN, let T, be an admissible mesh in the sense of Definition
3.5 page 63 and kn, € (0,T) satisfying the condition (4.53) with T = Tp, and k = ky,. Let ur,, ,, be
given by (4.38)-(4.41) with T = Tp, and k = ky,. Assume that size(7,) — 0 as m — oo.

Then, there exists a subsequence of the sequence of approzimate solutions, still denoted by (w7, k.. )meN,
which converges to a weak solution u of Problem (4.33)-(4.35), as m — oo, in the following sense:

(i) ur,, k, converges to u in L>(2 x (0,T)), for the weak-* topology as m tends to o0,

(ii) (p(ut,, k,,)) converges to @(u) in L*(Q x (0,T)) as m tends to +oo,

where ur,, i, and p(uz,, k) also denote the restrictions of these functions to £ x (0,T).

mo

PROOF of Theorem 4.2

Let us set un,, = ur, k, and assume, without loss of generality, that ¢(0) = 0. First remark that,
by (4.53), km — 0 as m — 0. Thanks to Lemma 4.1 page 105, the sequence (., )men is bounded in
L (Q x (0,T). Then, there exists a subsequence, still denoted by (um,)men, such that u,, converges, as
m — 00, to u in L>(Q x (0,T)), for the weak-+ topology.

For the study of the sequence (¢ (um,))men, we shall apply Theorem 3.9 page 93 with N =d+ 1, ¢ = 2,
w=Qx(0,T) and p(v) = & with ¢ defined, as usual, by & = v on Qx (0,T) and o = 0 on R4\ Qx (0, 7).
The first and second items of Theorem 3.9 are clearly satisfied; let us prove hereafter that the third is
also satisfied. By Lemma 4.4, the sequence (| (tm)|1.7,, &, )men is bounded. Let n € R® and 7 € IR,
since

o (@m(-+n, -+ 7)) = @(tm (-, )l L2ra+ry <

[ (@m (- +n,)) = @(tm (-, Dlpzarasry + [@(@m -+ 7)) = @(@m ()l p2ra+r),
lemmata 4.3 and 4.7 give the third item of Theorem 3.9 and this yields the compactness of the sequence
((ttm)Imers in L2(Q x (0,T)).
Therefore, there exists a subsequence, still denoted by (¢ (tm,))men, and there exists x € L%(2 x (0,T))
such that ¢(ur,, k,, ) converges, as m — oo, to x in L2(2x (0,T)). Indeed, since (¢(um))men is bounded
in L*>(2 x (0,7)), this convergence holds in L(€2 x (0,T)) for all 1 < g < co. Furthermore, since ¢ is
nondecreasing, Theorem 4.3 page 115 gives that x = ¢(u).

Up to now, the following properties have been shown to be satisfied by a convenient subsequence:

(1) (um)menN converges to u, as m — 0o, in L>=(Q x (0,T)) for the weak-x topology,

(ii) (p(tm))men converges to ¢(u) in L1(Q x (0,T)) (and even in LP(2 x (0,7")) for all p € [0, 00)).
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There remains to show that u is a weak solution of Problem (4.33)-(4.35), which concludes the proof of
Theorem 4.2.

Let m € IN. For the sake of simplicity, we shall use the notations 7 = 7;,,, h = size(7) and k = k,,,. Let
¥ € Ar. We multiply (4.38) page 104 by ki) (zk,nk), and sum the result onn € {0,..., Ny} and K € 7.
We obtain

Tlm + T2m — T3m7 (477)
with
N,
Tim =y 3 m(E)(uf = uf)d(ex, nk),
n=0K€eT
T -3 RY Y TK|L( pufe) ), k),
n=0 Ke&7T LEN(K
and

N
Tym =3k S ber, nk)m(K) 3.

n=0 KeT

We first consider T4,,.

N
> D" mK)u (vlew (0= D) = wlex,nk)) +

n=1KeT

S () (s, ENg) - u(a, 0))

KeT

Performing one more step of the induction in Lemma 4.1, it is clear that |uN’“+1| < UA2T|| fl| Lo (2x (0,21)) 5
forall K € 7.
Since 0 < T' — Nk < k, there exists C  which only depends on ¢, T and €, such that |[¢¥(2xx, Nyk)| <
kC1,y. Hence,

Z m(K)ufs Tz, kNy) — 0 as m — oc.
KeT

Since

| Z w1 —uoll L) — 0, as m — oo,
KeT

(where 1x(z) =1 if x € K, 0 otherwise), one has

Z m(K)udp(zr,0) — /Quo(x)z/J(x, 0)dxz as m — oo.

KeT

Since (U )menN converges, as m — +00, to u in L>®(Q x (0,7)), for the weak-x topology, and since
|u%’“| < U +T|fllzeax(0,1)), for all K € T, the following property also holds:

% Z m (K )uf (¢($Ka (n—1)k) — w(xK,nk)) — — /OT /Q u(z, )y (x, t)drdt as m — oo.

n=1KeT

Therefore,
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T
T == [ [ utatyine ot = [ uo(w)ie.0)da, asm — .

We now study 75,,. This term can be rewritten as

Y(zr,nk) — (L, nk)
dir '

C S Y mKID ) - )

n=0 K|LEEn

It is useful to introduce the following expression:
(n+1)k
T, = / /(p(uzk(a:, 1) AY(x, nk)dxdt

ZngpuK /wa nk)d

nOKET

=Zk > (k) —e?)) [ Vi(z,nk) - ng pdy(z).

n=0 K|LEEn: KL

The sequence (o (ty,))men converges to p(u) in L (Q x (0,T)); furthermore, it is bounded in L> so that
the integral between T and (Nj + 1)k tends to 0. Therefore:

Ty, —>/ / u(z, 1)) Ay (x, t)dzdt, as m — co.

The term Tb,, + T4, can be written as

Tom + Tsp, Zk Y mE[L)(p(uf) — o(uf)) R 1,

n=0 K|Le&E

with

1 ¢($L7n’f) _w(xKﬂﬂf)

Ry | = ——— Vi(x,nk) -ng dy(z) — .

or m(K|L) K|L :

Thanks to the regularity properties of v there exists C'y, which only depends on v, such that |R’f( 1 <
Cyh. Then, using the estimate (4.54), we conclude that Ts,, + T3,, — 0 as m — oo. Therefore,

dgr

Tom — / / u(x, t))A(x, t)dzdt, as m — 0.

Let us now study Ts,.
Define fr € X(7,k) by frx(x,t) = fr if (z,t) € K x (nk,nk + k). Since fr — fin L'(Q x (0,7)
and since f € L>(Q x (0,27),

T
Tsm — /Q/o flx, t)(z, t)dtdz, as m — oco.

Passing to the limit in Equation (4.77) gives that u is a weak solution of Problem (4.33)-(4.35). This
concludes the proof of Theorem 4.2. [

Remark 4.16 This convergence proof is quite similar in the case of the implicit scheme, with the addi-
tional condition that (k,,)men converges to zero, since condition (4.53) does not have to be satisfied.
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Remark 4.17 The above convergence result was shown for a subsequence only. A convergence theorem
is obtained for the full set of approximate solutions, if a uniqueness result is valid. Such a result can be
easily obtained in the case of a smooth boundary and is given in section 4.3.6 below. For this case, an
extension to the definition 3.5 page 63 of admissible meshes is given hereafter.

Definition 4.4 (Admissible meshes for regular domains) Let  be an open bounded connected
subset of R?, d = 2 or 3 with a C2 boundary 9. An admissible finite volume mesh of € is given by an
open bounded polygonal set €’ containing €2, and an admissible mesh 7”7 of ' in the sense of Definition
3.5 page 63. The set of control volumes of the mesh of Q are { K'NQ, K’ € 7’ such that mga(K'NQ) > 0}
and the set of edges of the mesh is & = {0 N, o € & such that my_1(c NQ) > 0}, where & denotes the
set of edges of 7/ and my denotes the N-dimensional Lebesgue measure.

Remark 4.18 For smooth domains €2, the set of edges £ of an admissible mesh of €2 does not contain
the parts of the boundaries of the control volumes which are included in the boundary 92 of €.

4.3.5 Weak convergence and nonlinearities

We show here a property which was used in the proof of Theorem 4.2.

Theorem 4.3 Let U > 0 and ¢ € C([-U,U]) be a nondecreasing function. Let w be an open bounded
subset of RY, N >1. Let (un)new C L% (w) such that

(i) —U <u, <U a.e. inw, for alln € IN;

(i) there exists u € L>°(w) such that (up)new converges to u in L (w) for the weak-x topology;

(iii) there exists a function x € L'(w) such that (p(un))neN converges to x in L(w).

Then x(z) = o(u(x)), for a.e. x € w.

PROOF of Theorem 4.3

First we extend the definition of ¢ by ¢(v) = ¢(=U) + v+ U for all v < —U and ¢(v) = o(U) +v —U
for all v > U, and denote again by ¢ this extension of ¢ which now maps IR into IR, is continuous and
nondecreasing. Let us define ay from IR to IR by a_(t) = inf{v € R, ¢(v) = t} and a4 (t) = sup{v €
R, p(v) =t}, for all t € R.

Note that the functions a4 are increasing and that

(i) a— is left continuous and therefore lower semi-continuous, that is

t= lim t, = a_(t) <liminf a_(t,),

n—oo n—oo

(ii) a4 is right continuous and therefore upper semi-continuous, that is

t= lim t, = a4 (t) > limsup at(t,).

n—0o0 n— o0

Thus, since we may assume, up to a subsequence, that p(u,) — x a.e. in w,

a—(x(z)) < liminf a_ ((p(un(x))) < limsup a4 ((p(un(x))) < ay(x(x)), (4.78)

n—oo n— oo

for a.e. x € w.
A direct application of the definition of the functions a— and a4 gives

a- (p(un(@))) < wale) < oy ((un(a)) ). (4.79)

Let Lt = {¢ € L'(w), ¥ > 0 a.e.}. Let ¢ € LY. We multiply (4.79) by ¥(z) and integrate over w, it
yields
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/w o (lun(e)) wie)ds < [ wn@ie)ds < [ ar(olun(@) v(o)de (4.80)

w w

Applying Fatou’s lemma to the sequences of L! positive functions a_(¢(u,)) — a—(p(—=U))y and
a(p(U))y — ay(p(un))y yields, with (4.78),

n—oo

[ o=@t <timint [ (ol (@))oie)ds

and

lim sup / o ((plun(@)) () < / oy (X(@))(x)da.

n— 00 w

Then, passing to the liminf and lim sup in (4.80) and using the convergence of (uy,)neN to u in L(w)
for the weak-x topology gives

/ o (x(@)$(@)dz < / w(@)p(@)de < / oy (x(2)) (@) de.

Thus, since 1 is arbitrary in L, the following inequality holds for a.e. x € w:

a—(x()) < u(z) < oy (x()),

which implies in turn that x(z) = ¢(u(z)) for a.e. € w. This completes the proof of Theorem 4.3.
"

Remark 4.19 Another proof of Theorem 4.3 is possible by passing to the limit in the inequality

0< /(@(un)(x) —¢(v(2))(un(z) —v())d, Yo € L= (w),

which leads to

0< [ (x(x) = p(v(@)(u(z) = v(z))dz, Vv € L (w).

S

From this inequality, one deduces that y = ¢(u) a.e. on w.

A third proof is possible by using the concept of nonlinear weak-x convergence, see Definition 6.3 page
198.

4.3.6 A uniqueness result for nonlinear diffusion equations

The uniqueness of the weak solution to variations of Problem (4.33)-(4.35) has been proved by several
authors. For precise references we refer to MEIRMANOV [107]. Also rather similar proofs have been given
in BERTSCH, KERSNER and PELETIER [13] and GUEDDA, HILHORST and PELETIER [78]. Recall that
this uniqueness result allows to obtain a convergence result on the whole set of finite volume approximate
solutions to Problem (4.1)-(4.4) (see Remark 4.17).

The uniqueness of the weak solution to Problem (4.33)-(4.35) immediately results from the following
property.

Theorem 4.4 Let Q2 be an open bounded subset of R? with a C? boundary, and suppose that items (ii),
(i) and (i) of Assumption 4.1 are satisfied. Let uy and ug be two solutions of Problem (4.33)-(4.35)
in the sense of Definition 4.1 page 103, with initial conditions ug,1 and ug 2 and source terms vy and v
respectively, that is, for ur (resp. us), up = ug1 (resp. uo = up,2) i (4.35) and f = v (resp. v2) in

(4.33).
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Then for all T > 0,

T T
/ / s (2, £) — ()| dadt < T/ o1 () —u072(x)|dm+/ /(T—t) fon (2, 1) — v (e, )| dedt.
0o Ja Q 0o Ja
Before proving Theorem 4.4, let us first show the following auxiliary result.

The existence of regular solutions to the adjoint problem

Lemma 4.8 Let Q) be an open bounded subset of R? with a C? boundary, and suppose that ¢ is a
nondecreasing locally Lipschitz-continuous function. Let T >0, w € C(Q x (0,T')) such that [w| <1,
and g € C*(Q x [0,T]) such that there exists r € R with 0 < r < g(z,t), for all (z,t) € Q@ x (0,T).

Then there exists a unique function ¢ € C*1(Q x [0,T]) such that

i(x,t) + gz, ) A(x, t) = w(x,t), for all (z,t) € Q@ x (0,T), (4.81)
Vi -n(x,t) =0, for all (x,t) € 0Q x (0,T), (4.82)
Y(x, T) =0, forallz e (4.83)

Moreover the function v satisfies
[(z,t)| <T —t, forall (z,t) € Q2 x (0,T), (4.84)

and

/OT/Qg(x,t)(Aw(x,t))dedt < 4T/(]T/Q|Vw(x,t)|2dxdt. (4.85)

PROOF of Lemma 4.8

It will be useful in the following to point out that the right hand side of (4.85) does not depend on g.
Since the function g is bounded away from zero, equations (4.81)-(4.83) define a boundary value problem
for a usual heat equation with an initial condition, in which the time variable is reversed. Since (2, g and
w are sufficiently smooth, this problem has a unique solution ¥ € Ar, see LADYZENSKAJA, SOLONNIKOV
and URAL'CEVA [97]. Since |w| < 1, the functions T — t and —(T — t) are respectively upper and
lower solutions of Problem (4.81)-(4.82). Hence we get (4.84) (see LADYZENSKAJA, SOLONNIKOV and
URAL'CEVA [97]).

In order to show (4.85), multiply (4.81) by Aw(z,t), integrate by parts on Q x (0,7), for 7 € (0,7]. This
gives

) i 1 , T 2 B
5/QT|V¢($,())| dr — §/Q|V¢(a:,r)| dx + /0 /Qg(ar,t)(Aw(x,t)) drdt = (4.56)
-/ /va(x,t)-vw(x,t)dxdt.

Since V) (-,T) = 0, letting 7 = T in (4.86) leads to

%/Q|V¢(m,0)|2d:r,+/OT/Qg(x,t)(A1/J(x,t))2dxdt:
—/OT/QVw(x,t)-Vw(x,t)dxdt.

Integrating (4.86) with respect to 7 € (0,7) leads to

(4.87)
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—//|V1/Jx7|dxd7< —/|V¢x0|dm +

/ / ﬂ?t wat)) drdt  + (4.88)
/ /IVw (z,t) - V(x, t)|dadt.

Using (4.87) and (4.88), we get

17 ) T
5/0 /Q|Vw(x,7-)| dzdr < 2T/0 /Q|Vw(x,t) - Vip(x, t)|dadt. (4.89)

Thanks to the Cauchy-Schwarz inequality, the right hand side of (4.89) may be estimated as follows:

{/OT/QWU)(JJJ)-Vlb(a:,t)|da;dt}2 < / / Vi (z, )| 2dedt
/ / |Vw(z,t)|>dxdt.

T 9 T
[/0 /Q|Vw(x,t).w(x,t)|dxdt] < 4T/ /Q|Vw(x,t)-v¢(x,t)|dxdt

></0¥/Q|Vw(x,t)|2dxdt.

T T
/ /|Vw(a:,t)-Vw(a:,t)|dxdt§4T/ /|Vw(a:,t)|2dxdt,
0 Q 0 Q

which, together with (4.87), yields (4.85). L]

With (4.89), this implies

Therefore,

Proof of the uniqueness theorem

Let u; and ug be two solutions of Problem (4.36), with initial conditions ug ;1 and ug 2 and source terms

vy and vy respectively. We set ug = w1 —ug, vg = v1 —v2 and ug,q = ug,1 — uo,2. Let us also define, for all
t)) — t

(z,t) € Qx RY, q(z,t) = @(U;f?;’g — 52(?;(;’ ) if uy(x,t) # ua(x,t), else g(x,t) = 0. For all T € R}

and for all ¢ € Agp, we deduce from (4.36) that

T
[ [ [nstet) (o 0) + ata.)A0(2,0)) + valo, (00| ot +
Q
]u07d(x)w(a:,0)dx =0.
Q
Let w € C°(Q x (0,7T)), such that |w| < 1. Since ¢ is locally Lipschitz continuous, we can define its

Lipschitz constant, say Bas, on [-M, M], where M = max{|lu1| zx0,1)), U2l @x 1))} so that
0<¢g< By ae. onQx(0,7).

(4.90)

Using mollifiers, functions g1, € C2°(€2 x (0, 7)) may be constructed such that ||q1,n — gl L2(x(0,1)) < =
and 0 < q1,, < By, for n € IN*. Let g, = 1.0 + % Then

1
< gn(z,t) < By + - for all (z,t) € Q x (0,T),

S|
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and

qn(z,1) qln(ar t))?

g (Qn(xat) _Q( t) g
/0 /Q PR dadt < 2 /0 o) dxdt +

T/Q (3? t)?
/0 /Q Qi ddt),

[ [ et R (TR Ly
0 Q n

which shows that

C]n(x,t) 2 'I’L2
It leads to
qn — 4
| N llz2cax 1) — 0 as n — oo. (4.91)

Let v, € A be given by lemma 4.8, with g = ¢,,. Substituting ¢ by ,, in (4.90), using (with g = ¢,
and 1 = 1)) (4.81) and (4.84) give

|/ /ud (z, t w(z, t) + (q(z, 1) —qn(x,t))Awn(x,t))dxdﬂ <

(4.92)
/ /|vdxt|( —t)dmdt+T/|u0d )|da.
The Cauchy-Schwarz inequality yields
/ /|ud 2 Oll(a(.£) — gl 0) A (o, 1) o] < 4222
(4.93)

/ / 4(z,1) qna:t ddt/ /qnxt Ay, (z, t)) dxdt.
Qn

We deduce from (4.85) and (4.91) that the right hand side of (4.93) tends to zero as n — oo. Hence the
left hand side of (4.93) also tends to zero as n — oo. Therefore letting n — oo in (4.92) gives

|/ /uda:t (z,t)dzdt| < / /|vda:t T — t)dxdt +
(4.94)

/Q|u0,d( )|dex.

Inequality (4.94) holds for any function w € C2°(2 x (0,7T)), with |w|] < 1. Let us take as functions w
the elements of a sequence (W, )men such that w,, € C(2 x (0,7)) and |wy,| < 1 for all m € IN, and
the sequence (W, )meN converges to sign(ug(-,-)) in LY(Q x (0,7)). Letting m — oo yields

/OT/Q|ud(x,t)|dxdt < /OT /Q|vd(x’t)|(T — t)dzdt + T/Q|U0,d(w)|dx,

which concludes the proof of Theorem 4.4. [



Chapter 5

Hyperbolic equations in the one
dimensional case

This chapter is devoted to the numerical schemes for one-dimensional hyperbolic conservation laws.
Some basics on the solution to linear or nonlinear hyperbolic equations with initial data and without
boundary conditions will first be recalled. We refer to GODLEWSKI and RAVIART [75], GODLEWSKI and
RAVIART [76], KRONER [91], LEVEQUE [100] and SERRE [135] for extensive studies of theoretical
and/or numerical aspects; we shall highlight here the finite volume point of view for several well known
schemes, comparing them with finite difference schemes, either for the linear and the nonlinear case.
Convergence results for numerical schemes are presented, using a “weak BV inequality” which will be
used later in the multidimensional case. We also recall the classical proof of convergence which uses a
“strong BV estimate” and the Lax-Wendroff theorem. The error estimates which can also be obtained
will be given later in the multidimensional case (Chapter 6).

Throughout this chapter, we shall focus on explicit schemes. However, all the results which are presented
here can be extended to implicit schemes (this requires a bit of work). This will be detailed in the
multidimensional case (see (6.9) page 156 for the scheme).

5.1 The continuous problem
Consider the nonlinear hyperbolic equation with initial data:

{ut(x,t)—i—(f(u))x(x,t) =0 r€R, teRy, (5.1)

’U,(J?,O) = UO(J:)7 z€RR,

where f is a given function from IR to IR, of class C1, uy € L°(IR) and where the partial derivatives of
u with respect to time and space are denoted by u; and ..

Example 5.1 (Biirgers equation) A simple flow model was introduced by Biirgers and yields the
following equation:
ug(x,t) +u(z, t)ug(z,t) — eugy(x,t) =0 (5.2)

Biirgers studied the limit case which is obtained when e tends to 0; the resulting equation is (5.1) with
2

fls) = %, ie.

(2, 1) + %(uQ)m(a:, H=0

120
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Definition 5.1 (Classical solution) Let f € C'(IR,IR) and ug € C'(IR,IR); a classical solution to
Problem (5.1) is a function u € C*(IR x IR, IR) such that

ug(x,t) + f'(u(z, t))uz (x,t) =0, VeeR,Vte Ry,
u(z,0) =wg(x), VzelR.

Recall that in the linear case, i.e. f(s) = csforall s € IR, for some ¢ € IR, there exists (for ug € C*(IR,IR))
a unique classical solution. It is u(z,t) = ug(x — ct), for all z € IR and for all ¢ € IR;. In the nonlinear
case, the existence of such a solution depends on the initial data ug; in fact, the following result holds:

Proposition 5.1 Let f € C1(IR,IR) be a nonlinear function, i.e. such that there exist s1, s2 € IR with
f'(s1) # f'(s2); then there exists ug € C°(IR,IR) such that Problem (5.1) has no classical solution.

Proposition 5.1 is an easy consequence of the following remark.

Remark 5.1 If u is a classical solution to (5.1), then u is constant along the characteristic lines which
are defined by
a(t) = f'(uo(wo))t + w0, t € Ry,

where 2y € IR is the origin of the characteristic. This is the equation of a straight line issued from the
point (x0,0) (in the (z,t) coordinates). Note that if f depends on x and u (rather than only on u), the
characteristics are no longer straight lines.

The concept of weak solution is introduced in order to define solutions of (5.1) when classical solutions
do not exist.

Definition 5.2 (Weak solution) Let f € C'(IR,IR) and up € L>®°(IR); a weak solution to Problem
(5.1) is a function u such that

ue L®(R xRY),
/ / u(zx, t)pr(x, t)dtde + / fu(z, t)py(z, t)dtde + / uo(z)p(x,0)dx = 0, (5.3)
R JR, R JR, R
V(,O S Ccl(IR X IR+,IR).
Remark 5.2
L. Ifue CYR xRy, R)NL®(IR x RY) then u is a weak solution if and only if u is a classical solution.

2. Note that in the above definition, we require the test function ¢ to belong to C}(IR x IR, IR), so that
@ may be non zero at time ¢t = 0.

One may show that there exists at least one weak solution to (5.1). In the linear case, i.e. f(s) = cs, for
all s € IR, for some ¢ € IR, this solution is unique (it is u(x,t) = ug(x — ct) for a.e. (z,t) € R x R4).
However, the uniqueness of this weak solution in the general nonlinear case is no longer true. Hence the
concept of entropy weak solution, for which an existence and uniqueness result is known.

Definition 5.3 (Entropy weak solution) Let f € C'(IR,IR) and uy € L*®(IR); the entropy weak
solution to Problem (5.1) is a function w such that

u € L¥(R x RY),

/ /]R+ u(z, )z, t dtdm—i—/ /]R+ u(z,t)) s, t)dtdm—i—/ n(uo(x))e(x,0)dx > 0, (5.4)
VQOE Cl(IR XIR+7IR+)5

for all convex function n € C*(IR,IR) and ® € C*(IR,IR) such that & = n'f’.
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Remark 5.3 The solutions of (5.4) are necessarily solutions of (5.3). This can be shown by taking in
(5.4) n(s) = s for all s € R, n(s) = —s, for all s € R, and regularizations of the positive and negative
parts of the test functions of the weak formulation.

Theorem 5.1 Let f € C*(IR,IR), ug € L>®(IR), then there ewists a unique entropy weak solution to
Problem (5.1).

The proof of this result was first given by Vol’pert in VOL’PERT [156], introducing the space BV (IR) which
is defined hereafter and assuming ug € BV (IR), see also OLEINIK [120] for the convex case. In KRUSHKOV
[94], Krushkov proved the theorem of existence and uniqueness in the general case uy € L>°(IR), using
a regularization of ug in BV (IR), under the slightly stronger assumption f € C3(IR,IR). Krushkov also
proved that the solution is in the space C(R4, L}, .(R)). Krushkov’s proof uses particular entropies,
namely the functions |- —k| for all k € R, which are generally referred to as “Krushkov’s entropies”.
The “entropy flux” associated to | - —k| may be taken as f(-Tk) — f(-Lk), where aTbh denotes the
maximum of ¢ and b and alb denotes the minimum of a and b, for all real values a,b (recall that

f(aTb) — f(alb) = sign(a — b)(f(a) — f(b)))-
Definition 5.4 (BV(IR)) A function v € L}, (IR) is of bounded variation, that is v € BV (IR), if

- sup{/ 2)dz, ¢ € CH(R,R), [p(z)] <1 Va € R} < 400, (5.5)

Remark 5.4

1. If v : R — IR is piecewise constant, that is if there exists an increasing sequence (x;);ez with IR =
Uiez [%i, i11] and a sequence (v;)iez such that v, ..,y = v, then [v|py ) = D ;e [Vig1 —vil.

2. Ifv e Cl(IR,IR) then |U|BV(]R) = HUT”Ll(]R)
3. The space BV (IR) is included in the space L°(IR); furthermore, if v € BV(IR) N L'(IR) then
llullLom) < |ulBv(r)-

4. Let u € BV(IR) and let (x;11/2)iczz be an increasing sequence of real values such that IR =
Uiez [Ti—1/2, Tig1/2). Fori € Z, let K; = (v,_1/2,%i11/2) and u; be the mean value of u over K.
Then, choosing conveniently ¢ in the definition of |u|gy (Rr), it is easy to show that

Z [uiv1 — ui| < |ulpy(r)- (5.6)
i€z

Inequality (5.6) is used for the classical proof of “BV estimates” for the approximate solutions given
by finite volume schemes (see Lemma 5.7 page 140 and Corollary 5.1 page 140).

Note that (5.6) is also true when w; is the mean value of u over a subinterval of K; instead of the
mean value of u over Kj.
Krushkov used a characterization of entropy weak solutions which is given in the following proposition.

Proposition 5.2 (Entropy weak solution using “Krushkov’s entropies”) Let f € C'(R,R)
and ug € L>®(IR), u is the unique entropy weak solution to Problem (5.1) if and only if u is such that

u e L®(R x RY),
/ / u(z,t) — K|p(x, t)dtdx+
R

/ / u(z, t)Tk) — f(u(x,t)J_/i)) g (x, t)dtd —|—/ |uo(x) — klp(z,0)dz > 0,
R R
+ Vo € CLR x R4, Ry ), ¥k € R

(5.7)
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The result of existence of an entropy weak solution defined by (5.4) was already proved by passing to
the limit on the solutions of an appropriate numerical scheme, see e.g. OLEINIK [120], and may also be
obtained by passing to the limit on finite volume approximations of the solution (see Theorem 5.2 page
137 in the one-dimensional case and Theorem 6.4 page 185 in the multidimensional case).

Remark 5.5 An entropy weak solution is sometimes defined as a function u satisfying:

[ e nds [ ] st )e s+ [ @0 <o,
R /R, RJR, R
VQPGC}.(IRXIRJ”]R,)
// n(u(x,t))wt(x,t)dtdx—i—// B(u(x, 1)) pu (x, )dtdz > 0, (5-8)
RJR, RJR,

Vo € CHR x RY, R4),
for all convex function n € C'(IR,IR) and ® € C'(IR,R) such that & =7/ f’.
The uniqueness of an entropy weak solution thus defined depends on the functional space to which u is

chosen to belong. Indeed, the uniqueness result given in Theorem 5.1 is no longer true with u defined by
(5.8) such that

u, f(u) € Lj,,(R x R4), u € L°(R x (¢,00)), Ve € RY. (5.9)

Under Assumption (5.9), every term in (5.8) makes sense. Note that (5.9)-(5.8) is weaker than (5.4). An
easy counterexample to a uniqueness result of the solution to (5.8)-(5.9) is obtained with f(s) = s? for
all s € R and ug(x) = 0 for a.e. = € IR. In this case, a first solution to (5.8)-(5.9) is u(x,t) = 0 for
a.e. (z,t) € R x IRy (it is the entropy weak solution). A second solution to (5.8)-(5.9) is defined for a.e.
(l’,t) €R x ]R,+ by

u(z,t) =0, if . < —Vt or & > /1,
u(z,t) = £, if —Vt<z <Vt

This second solution is not an entropy weak solution: it does not satisfy (5.4). Also note that this second
solution is not in the space C(IR 4, L}, .(IR)) nor in the space L (IR xIR ) (it belongs to L>° (IR, L*(IR))).
Indeed, under the assumption u € L*(IR x IR) N C(IR4, L} .(IR)), the solution of (5.8) is unique.

loc

The entropy weak solution to (5.1) satisfies the following L and BV stability properties:

Proposition 5.3 Let f € C'(R,R) and up € L>(IR). Let u be the entropy weak solution to (5.1).
Then, u € C(Ry, L}, ,(R)); furthermore, the following estimates hold:

loc
Lo Ju( ) ey < lluollpoe(w), for allt € Ry
2. If up € BV(R), then |u(-,t)|pvr) < [uolpv(w), for allt € Ry.

5.2 Numerical schemes in the linear case

We shall first introduce the numerical schemes in the linear case f(u) = win (5.1). The problem considered
in this section is therefore

{ut(x,t)—i—uw(x,t) =0 relR, teRy,

u(z,0) =up(x), =€lR. (5.10)

Assume that ug € C'(IR, R); Problem (5.10) has a unique classical solution, as defined in Definition 5.1,
which is u(z,t) = ug(x — t) for all (z,f) € R x R4. If up € L*°(IR), then Problem (5.10) has a unique
weak solution, as defined in Definition 5.2, which is again u(z,t) = uo(x —¢) for a.e. (z,t) € R x R.
Therefore, if ug > 0, the solution u is also nonnegative. Hence, it is advisable for many problems that
the solution given by the numerical scheme should preserve the nonnegativity of the solution.
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5.2.1 The centered finite difference scheme

Assume ug € C(R,IR). Let h € R} and x; = ih for all i € ZZ. Let k € IR”. be the time step. With
the explicit Euler scheme for the time discretization (the implicit Euler scheme could also be used), the
centered finite difference scheme associated to points x; and k is
n+1 n n n
L S s .
L + oh =0, YnelN, Vie Z, (511)
u) =wg(xi), Vie Z.

K3

The discrete unknown u!" is expected to be an approximation of u(z;,nk) where u is the solution to
(5.10).
It is well known that this scheme should be avoided. In particular, for the following reasons:

1. it does not preserve positivity, i.e. uY > 0 for all i € ZZ does not imply u} > 0 for all i € Z ; take
for instance u? = 0 for i <0 and u{ =1 for i > 0, then u} = —k/(2h) < 0;

2. it is not “L°°-diminishing”, i.e. max{|u|, i € Z } = 1 does not imply that max{|u}|,i € Z} <1,
for instance, in the previous example, max{|u?|, i € Z } = 1 and max{|u}|,i € Z} =1+ k/(2h);

3. it is not “L2-diminishing”, i.e. Y, (uf)? = 1 does not imply that 3., (u!)? < 1; take for
instance u? = 0 for i # 0 and u? = 1 for i = 0, then u} = 1,ui = k/(2h),ul, = —k/(2h), so that
Yiez (ui)? =1+k/(2h%) > 1;

4. it is unstable in the von Neumann sense: if the initial condition is taken under the form wug(z) =
exp(ipx), where p is given in ZZ, then u(x,t) = exp(—ipt) exp(ipz) (i is, here, the usual complex
number, ug and u take values in €). Hence exp(—ipt) can be seen as an amplification factor, and
its modulus is 1. The numerical scheme is stable in the von Neumann sense if the amplification

1 _

factor for the discrete solution is less than or equal to 1. For the scheme (5.11), we have u; =

u(; - (ugJrl - u?fl)k/@h) = exp(ipjh)&p n i, With &, x = 1 — (exp(iph) — exp(—iph))k/(2h). Hence
|&pnk]? =14 (k2/h?)sin® ph > 1 if ph # g for any ¢ in Z .

In fact, one can also show that there exists ug € C}(IR,IR) such that the solution given by the numerical
scheme does not tend to the solution of the continuous problem when h and k tend to 0 (whatever the
relation between h and k).

Remark 5.6 The scheme (5.11) is also a finite volume scheme with the (spatial) mesh 7 given by
Tit1/2 = (1 + 1/2)h in Definition 5.5 below and with a centered choice for the approximation of
u(xiqq1/2,nk): the value of u(z;y1/2,nk) is approximated by (ui + uj,;)/2, see (5.14) where an up-
stream choice for u(z; 11/, nk) is performed. In fact, the choice of u is different in (5.14) and in (5.11)
but this does not change the unstability of the centered scheme.

5.2.2 The upstream finite difference scheme

Consider now a nonuniform distribution of points x;, i.e. an increasing sequence of real values (x;);cz
such that lim; .4 z; = doo. For all i € ZZ, we set h;_y/2 = x; — x;—1. The time discretization is
performed with the explicit Euler scheme with time step & > 0. Still assuming up € C(IR,IR), consider
the upwind (or upstream) finite difference scheme defined by

n+1 n n __ ,m
U T Uy Ui — Uiy

i —0, VneN, Vie Z
o h, e, e, (5.12)

u) =w(xy), Vie Z.

(2

Rewriting the scheme as
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utt = (1 -

h . U; n. luzep

7,—2 7,—2

it appears that if inf;ez hj_1/2 > 0 and if k is such that k < inficz h;j_1/2 then u?“ is a convex

combination of u}' and u}" ;; by induction, this proves that the scheme (5.12) is stable, in the sense that
if ug is such that U, < ug(x) < Ups for a.e. x € R, where U,,, Uy € R, then U, < ul* < Uy for any
1€ Z and n € IN.

Moreover, if ug € C?(IR,IR)NL*(IR) and u}, and u{ belong to L>(IR), it is easily shown that the scheme
is consistent in the finite difference sense, i.e. the consistency error defined by

o u(zy, (n+ k) —u(xi,nk)  uw(x;,nk) —u(zi—1,nk)
= k - T

i—3

(5.13)

is such that |R}| < Ch, where h = sup;c; h; and C' > 0 only depends on ug (recall that u is the solution
to problem (5.10)). Hence the following error estimate holds:

Proposition 5.4 (Error estimate for the upwind finite difference scheme)

Letug € C*(R,R)NL®(IR), such that ufy, and ufj € L=(IR). Let (x;);cz be an increasing sequence of real
values such that lim; .4 x; = £00. Let h = sup;c 5 hl;%, and assume that h < oo and infiez h;_y /5 >
0. Let k > 0 such that k < inficz h;_1/2. Let u denote the unique solution to (5.10) and {uj, i € Z ,
n € IN} be given by (5.12); let el = u(x;,nk) —ul, for anyn € N and i € ZZ, and let T €]0, +oo] (note
that u(x;,nk) is well defined since u € C*(IR x R4, R)).

Then there exists C' € IR, only depending on ug, such that |el'| < ChT, for anyn € N such that nk < T,
and for any i € Z .

PrOOF of Proposition 5.4
Let i € Z and n € IN. By definition of the consistency error R in (5.13), the error el" satisfies

n+1 n n n
€. — el e —ei
: ! = R,
[ :
2
Hence : %
ntl _ o " en LR™.
ez 61, ( hlfé ) + hifé 61,—1 + Rz

Using |R}'| < Ch (for some C only depending on wug) and the assumption k < inf;cz h;_1/2, this yields
ler ™| < sup e[ + Ckh.
jez
Since € = 0 for any i € Z, an induction yields

sup |el'] < Cnkh
i€Z

and the result follows. =

Note that in the above proof, the linearity of the equation and the regularity of ug are used. The next
questions to arise are what to do in the case of a nonlinear equation and in the case up € L (IR).
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5.2.3 The upwind finite volume scheme

Let us first give a definition of the admissible meshes for the finite volume schemes.

Definition 5.5 (One-dimensional admissible mesh) An admissible mesh 7 of IR is given by an
increasing sequence of real values (2;11/2)iez , such that IR = Uje z [2;_1/2, %i+1/2]. The mesh 7 is the
set T = {K;, i € Z } of subsets of IR defined by K; = (2;_1/2,2;41/2) for all i € Z. The length of K
is denoted by h;, so that h; = x;11/0 — x;_1/9 for all i € Z. It is assumed that h = size(7) = sup{h;,
i € Z} < 400 and that, for some o € R”, ah <inf{h;, i € Z }.

Consider an admissible mesh in the sense of Definition 5.5. Let k € IR7 be the time step. Assume
ug € L*°(IR) (this is a natural hypothesis for the finite volume framework). Integrating (5.10) on each
control volume of the mesh, approximating the time derivatives by differential quotients and using an
upwind choice for u(z;, 1, nk) yields the following (time explicit) scheme:

’,‘*1 —un
hi———+ul —u’, =0, VnelN, Vie Z,
k 1 (5.14)
u) = — uo(x)dx, Vie Z .
hi K;

The value u] is expected to be an approximation of u (solution to (5.10)) in K; at time nk. It is
easily shown that this scheme is not consistent in the finite difference sense if v} is considered to be
an approximation of u(x;,nk) with, for instance, z; = (7;_1/2 + ®;11/2)/2 for all i € Z. Even if
ug € C (IR, IR), the quantity R} defined by (5.13) does not satisfy (except in particular cases) |R?| < Ch,
with some C only depending on wuy.

It is however possible to interpret this scheme as another expression of the upwind finite difference
scheme (5.12) (except for the minor modification of v, i € Z). One simply needs to consider u? as
an approximation of u(z;41/2,nk) which leads to a consistency property in the finite difference sense.
Indeed, taking x; = x;41/2 (for j =i and i — 1) in the definition (5.13) of R} yields |R}| < Ch, where C
only depends on ug. Therefore, a convergence result for this scheme is given by the proposition 5.4. This
analogy cannot be extended to the general case of “monotone flux schemes” (see Definition 5.6 page 132
below) for a nonlinear equation for which there may be no value of z; (independant of u) leading to such
a consistency property, see Remark 5.11 page 132 for a counterexample (the analogy holds however for
the scheme (5.28), convenient for a nondecreasing function f, see Remark 5.13).

The approximate finite volume solution w7 ; may be defined on IR x R4 from the discrete unknowns u}',
i € Z ,n € IN which are computed in (5.14):

ur k(z,t) = ul for x € K; and t € [nk, (n + 1)k). (5.15)
The following L*° estimate holds:

Lemma 5.1 (L™ estimate in the linear case) Let ug € L*°(IR) and U,,, Uy € R such that U, <
ug(x) < U for a.e. x € R. Let T be an admissible mesh in the sense of Definition 5.5 and let k € IR’
satisfying the Courant-Friedrichs-Levy (CFL) condition

i€Z

(note that taking k < ah implies the above condition). Let ur i be the finite volume approzimate solution
defined by (5.14) and (5.15).
Then,

Unm < ur p(z,t) <Upn for ae. v € R and a.e. t € R
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PROOF of Lemma 5.1

The proof that U,, < u} < Uy, for all ¢ € ZZ and n € N, as in the case of the upwind finite difference
scheme (see (5.12) page 124), consists in remarking that equation (5.14) gives, under the CFL condition,
an expression of u' ! as a linear convex combination of u? and u?_,, for all i € ZZ and n € IN. u

The following inequality will be crucial for the proof of convergence.

Lemma 5.2 (Weak BV estimate, linear case) Let T be an admissible mesh in the sense of Defini-
tion 5.5 page 126 and let k € R satisfying the CFL condition

B<(1-€) inf b, (5.16)

for some € € (0,1) (taking k < (1 — &)ah implies this condition).

Let {u}, i € ZZ, n € IN} be given by the finite volume scheme (5.14). Let R € R} and T € IRfkF and

assume h =size(T) < R, k <T. Letio € Z , i1 € Z and N € IN be such that —R € Km, R e K“ and
€ (Nk,(N + 1)k] (note that iy < i1 ).

Then there exists C' € R, only depending on R, T', ug, o and &, such that

i1 N

DD kuf —up | < ChTV2, (5.17)

i=19 n=0

PROOF of Lemma 5.2

Multiplying the first equation of (5.14) by kul and summing on ¢ = ip,...,4; and n = 0,... N yields
A+ B =0 with

i N
A= 3 S h —

1=19 n=0

and

1 N
B=>"> ku

1=19 n=0

Noting that

LSS )
A:—§ZZhi(uiH—u‘ Zh u T — (u))?]

1=19 n=0 1=10

and using the scheme (5.14) gives

Z Z ui ) 2 Z hil N+1 —(u ?)2];

zzonO =10

therefore, using the CFL condition (5.16),

in N i1
UL B) DI D YN UL

i:io n=0 i:io

We now study the term B, which may be rewritten as

LSS R S ) — ()

i=i9 n=0 n=0
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Thanks to the L* estimate of Lemma 5.1 page 126, this last equality implies that

B>= ZZk — T max{— Um,UM}2

110n0

Therefore, since A+ B =0 and E , hi < 4R, the following inequality holds:

0>gZZk Pl )2 — (4R + 2T) max{—U,,, Upn}2,

i=ip n=0

which, in turn, gives the existence of C; € IR’ , only depending on R, T', ug and § such that

i1 N
SO k(w —ul ) < Ch (5.18)

i=19 n=0

Finally, using

the Cauchy-Schwarz inequality leads to

Z Z kluy — 2 < 012T4]Z

i=i9 n=0

which concludes the proof of the lemma. [

Contrary to the discrete H{ estimates which were obtained on the approximate finite volume solutions
of elliptic equations, see e.g. (3.24), the weak BV estimate (5.17) is not related to an a priori estimate
on the solution to the continuous problem (5.10). It does not give any compactness property in the
space L},.(R) (there are some counterexamples); such a compactness property is obtained thanks to a

“strong BV estimate” (with, for instance, an L> estimate) as it is recalled below (see Lemma 5.6). In the
one-dimensional case which is studied here such a “strong BV estimate” can be obtained if ug € BV (IR),
see Corollary 5.1; this is no longer true in the multidimensional case with general meshes, for which only
the above weak BV estimate is available.

Remark 5.7 The weak BV estimate is a crucial point for the proof of convergence. Indeed, the property
which is used in the proof of convergence (see Proposition 5.5 below) is, with the notations of Lemma
5.2,

il N
WY > kuf —up | =0, as h — 0, (5.19)

=19 n=0
for R, T', ug, o and ¢ fixed.

If a piecewise constant function wr k, such as given by (5.15) (with some «} in IR, not necessarily given
by (5.14)), is bounded in (for instance) L*°(IR x IRy ) and converges in LlOC(IR x IRy) as h — 0 and
k — 0 (with a possible relation between k& and h) then (5.19) holds. This proves that the hypothesis
(5.19) is included in the hypotheses of the classical Lax-Wendroff theorem of convergence (see Theorem
5.3 page 141); note that (5.19) is implied by (5.17) and that it is weaker than (5.17)).

“

We show in the following remark how the ¢ weak” and “ strong” BV estimates may “formally” be
obtained on the “continuous equation”; this gives a hint of the reason why this estimate may be obtained
even if the exact solution does not belong to the space BV (IR x IRy). A similar remark also holds in the
nonlinear case (i.e. for Problem (5.1)).



129

Remark 5.8 (Formal derivations of the strong and weak BV estimates) When approximat-
ing the solution to (5.10) by the finite volume scheme (5.14) (with h; = h for all i, for the sake of
simplicity), the equation to which an approximation of a solution is sought is “close” to the equation

Ut + Uy — EUgy = 0 (5.20)

where € = hT*k is positive under the CFL condition (5.16), which ensures that the scheme is diffusive.

We assume that u is regular enough, with null limits for u(x,t) and its derivatives as & — Fo0.

(i) “Strong” BV estimate.
Derivating the equation (5.20) with respect to the variable x, multiplying by sign,.(u,(z,t)), where sign,.
denotes a nondecreasing regularization of the function sign, and integrating over IR yields

(/}R gbr(um(a:,t))dx)t + /Rum(a:,t)signr(um(x,t))dx = —6/ sign’ (uz (2, 1)) Uz (, 1)) ?dx < 0,

R
where ¢/ = sign, and ¢,.(0) = 0. Since

/ Uz (2, t)sign, (ug (2, t))dx :/ (P (ug(x,t)))sdr =0,
R

R

this yields, passing to the limit on the regularization, that ||u;(-, )|/ 71 (r) is nonincreasing with respect to
t. Copying this formal proof on the numerical scheme yields a strong BV estimate, which is an a priori
estimate giving compactness properties in L}OC(IR x R4 ), see Lemma 5.7, Corollary 5.1 and Lemma 5.6
page 139.

(i) “Weak” BV estimate
Multiplying (5.20) by v and summing over IR x (0,7) yields

1 1 T
—/ u?(z, T)dx — = / u?(x,0)dx —|—/ / eul(x, t)dzdt = 0,
2 Jr 2 Jr 0o JRr

which yields in turn

T
1
g/ / (o, )t < 2 ol
0 R

This is the continuous analogous of (5.18). Hence if h — k = & > £h (this is Condition (5.16), note that
this condition is more restrictive than the usual CFL condition required for the L stability), the discrete
equivalent of this formal proof yields (5.18) (and then (5.17)).

In the first case, we derivate the equation and we use some regularity on ug (namely ug € BV (IR)). In
the second case, it is sufficient to have uy € L*(IR) but we need the diffusion term to be large enough
in order to obtain the estimate which, by the way, does not yield any estimate on the solution of (5.20)
with € = 0. This formal derivation may be carried out similarly in the nonlinear case.

Let us now give a convergence result for the scheme (5.14) in L(IR x IR% ) for the weak-+ topology.
Recall that a sequence (v, )new C L(IR x IR7 ) converges to v € L®(IR x R} ) in L*(IR x IR% ) for the
weak-+ topology if

/ / (vn(2,t) — v(2,t))p(x,t)dzdt — 0 as n — oo, Vi € L'(IR x RY).
R, JR

A stronger convergence result is available, and comes from the nonlinear study given in Section 5.3.



130

Proposition 5.5 (Convergence in the linear case) Let up € L>°(IR) and u be the unique weak solu-
tion to Problem (5.10) page 123 in the sense of Definition 5.2 page 121, with f(s) = s for all s € R. Let
£€(0,1) and a > 0 be given. Let T be an admissible mesh in the sense of Definition 5.5 page 126 and
let k € R satisfying the CFL condition (5.16) page 127 (taking k < (1 — &)ah implies this condition,
note that § and o do not depend on T ).

Let ut y be the finite volume approzimate solution defined by (5.14) and (5.15). Then ury — u in
L>*(IR x IR for the weak-x topology as h = size(7) — 0.

PROOF of Proposition 5.5

Let (Zpn, km)men be a sequence of meshes and time steps satisfying the hypotheses of Proposition 5.5
and such that size(7,,) — 0 as m — oo.

Lemma 5.1 gives the existence of a subsequence, still denoted by (7., km )mew, and of a function u €
L>*(R x IR7Y) such that uz,, x,, — win L>°(IR x IRY) for the weak-x topology, as m — +oo. There
remains to show that u is the solution of (5.3) (with f(s) = s for all s € IR). The uniqueness of the weak
solution to Problem (5.10) will then imply that the full sequence converges to w.

Let ¢ € C}(IR x R4, R). Let m € N and 7 = 7,,, k = ky, and h = size(7). Let us multiply the first
equation of (5.14) by (k/h;)p(x,nk), integrate over x € K; and sum for all ¢ € ZZ and n € IN. This
yields

Ay +B,, =0
with
A, = Z Z (ul ™t — uf)/ o(x,nk)dx
i€Z neEN Ki
and

-3 Zmu?—u?;l)hii /K ol nk)ia

1€Z nelN

Let us remark that A,, = Ay, — A’Lm with

A = —/ / ur k(z,t) o (z,t — k)dxdt — / uo(x)p(z,0)dx
E JR R

and

Z / (2,0 dm—/ uo(x)e(x,0)dx.

IEZ

Using the fact that Y., u{1x, — ug in L}, (IR) as m — oo, we get that A}, — 0 as m — oo. (Recall
that 1g,(z) =1if x € K; and 1k, (z) =0 if x ¢ K;.)

Therefore, since ur r — u in L>(IR xR} ) for the weak-x topology as m — 00, and @ (-, —k) 1R x (k,00) —
¢ in L'(IR x R%) (note that k — 0 thanks to (5.16)),

lir_rirl A, = 11m Al = / / u(x, t)pr(x, t)dedt — / o(z)p(z,0)dx.

Let us now turn to the study of B,,,. We compare B,,, with

(n+1)k
/ / ur (2, t) oz (x, nk)dxdt,
R

nelN nk

which tends to — f]R f]R x,t)pq(x, t)dedt as m — oco. The term By, can be rewritten as
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Bim= Y > kui —uly)p(w;_y,nk).
€7 neEN
Let R > 0 and T' > 0 be such that p(z,t) = 0 if [z| > R or t > T. Then, there exists C' € R, only
depending on ¢, such that, if h < R and k < T (which is true for h small enough, thanks to (5.16)),

ih N
|Bm — Bim| < Ch Y Y kfuf —uf',|, (5.21)
i:io n=0
where ig € Z , 41 € Z and N € IN are such that —R € K;,, R € K;, and T € (Nk, (N + 1)k].
Using (5.21) and Lemma 5.2, we get that B, — By, — 0 and then

Bm - _/ / U(a;‘, t)(PT(Z‘, t)dxdt as m — oo,
Ri JIR

which completes the proof that u is the weak solution to Problem (5.10) page 123 (note that here the
useful consequence of lemma 5.2 is (5.19)). m

Remark 5.9 In Proposition 5.5, a simpler proof of convergence could be achieved, with £ = 0, using
a multiplication of the first equation of (5.14) by (k/h;)¢(x;—1/2,nk). However, this proof does not
generalize to the general case of nonlinear hyperbolic problems.

Remark 5.10 Proving the convergence of the finite difference method (with the scheme (5.12)) with
up € L*(IR) can be done using the same technique as the proof of the finite volume method (that is
considering the finite difference scheme as a finite volume scheme on a convenient mesh).

5.3 The nonlinear case

In this section, finite volume schemes for the discretization of Problem (5.1) are presented and a theorem
of convergence is given (Theorem 5.2) which will be generalized to the multidimensional case in the next
chapter. We also recall the classical proof of convergence which uses a “strong BV estimate” and the
Lax-Wendroff theorem. This proof, however, does not seem to extend to the multidimensional case for
general meshes. The following properties are assumed to be satisfied by the data of problem (5.1).

Assumption 5.1 The fluz function f belongs to C*(IR,R), the initial data ug belongs to L>°(IR) and
Un, Uy € R are such that Uy, < ug < Upr a.e. on R.

5.3.1 Meshes and schemes

Let 7 be an admissible mesh in the sense of Definition 5.5 page 126 and k € IR’ be the time step. In the
general nonlinear case, the finite volume scheme for the discretization of Problem (5.1) page 120 writes

hi )
#(u;’“ —uf)+ = flapp =0, VneEN, Vie Z,
1 [Ti+1/2 (5.22)
u) = — uo(x)dx, Yie Z,
hi Ti—1/2
where u" is expected to be an approximation of u at time ¢, = nk in cell K;. The quantity fﬁq/z is

often called the numerical flux at point ;4,5 and time ¢, (it is expected to be an approximation of f(u)
at point x; 1/, and time t,,). Note that a common expression of fﬁu /2 is used for both equations 7 and
1+ 1 in (5.22); therefore the scheme (5.22) satisfies the property of conservativity, common to all finite
volume schemes. In the case of a so called “scheme with 2p+ 1 points” (p € IN*), the numerical flux may

be written
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12 = 90U s U ), (5.23)

where ¢ is the numerical flux function, which determines the scheme. It is assumed to be a locally
Lipschitz continuous function.
As in the linear case (5.15) page 126, the approximate finite volume solution is defined by

ur k(z,t) = uj for x € K; and t € [nk, (n + 1)k). (5.24)

The property of consistency for the finite volume scheme (5.22), (5.23) with 2p + 1 points, is ensured by
writing the following condition:

g(s,...,8) = f(s), Vse€R. (5.25)

This condition is equivalent to writing the consistency of the approximation of the flux (as in the elliptic
and parabolic cases, which were described in the previous chapters, see e.g. Section 2.1).

Remark 5.11 (Finite volumes and finite differences) We can remark that, as in the elliptic case,
the condition (5.25) does not generally give the consistency of the scheme (5.22) when it is considered as
a finite difference scheme. For instance, assume f(s) = s? for all s € R, p = 1 and g(a,b) = fi(a) + fa(b)
for all a, b € IR with fi(s) = max{s,0}?, fa(s) = min{s,0}? (which is shown below to be a good choice,
see Example 5.2). Assume also ho; = h and hg;1 = h/2 for all i € Z. In this case, there is no
choice of points x; € IR such that the quantity (f, 2= fit /2) /h; is an approximation of order 1 of
(f(w))z (x4, nk), for any regular function u, when u} = u(x;, nk) for all ¢ € ZZ . Indeed, up to second order
terms, this property of consistency is achieved if and only if f}(a)|zi11 — 2| + f1(a)|xi—1 — x| = f'(a)h;
for all i € Z and for all @ € IR. Choosing a > 0 and a < 0, this condition leads to |z;y1 — x;| = h; and
|xiv1 — x;| = hipq for all i € ZZ, which is impossible.

Examples of convenient choices for the function g will now be given. An interesting class of schemes is
the class of 3-points schemes with a monotone flux, which we now define.

Definition 5.6 (Monotone flux schemes) Under Assumption 5.1, the finite volume scheme (5.22)--
(5.23) is said to be a “monotone flux scheme” if p = 1 and if the function g, only depending on f, U,
and Uy, satisfies the following assumptions:

e g is locally Lipschitz continuous from IR? to IR,
o g(s,s) = f(s), for all s € [Up,, Unm],

e (a,b) — g(a,b), from [Upn, Up]? to IR, is nondecreasing with respect to @ and nonincreasing with
respect to b.

The monotone flux schemes are worthy of consideration for they are consistent in the finite volume
sense, they are L>-stable under a condition (the so called Courant-Friedrichs-Levy condition) of the type
k < C1h, where C; only depends on g and ug (see Section 5.3.2 page 133 below), and they are “consistent
with the entropy inequalities” also under a condition of the type k < Cyh, where Cy only depends on g
and ug (but Cy may be different of Cy, see Section 5.3.3 page 134).

Remark 5.12 A monotone flux scheme is a monotone scheme, under a Courant-Friedrichs-Levy condi-
tion, which means that the scheme can be written under the form

n+1l __ n n n
ul™ = H(uiq,ui, uilyg),

with H nondecreasing with respect to its three arguments.
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Example 5.2 (Examples of monotone flux schemes) (see also GODLEWSKI and RAVIART [76],
LEVEQUE [100] and references therein). Under Assumption 5.1, here are some numerical flux func-
tions g for which the finite volume scheme (5.22)-(5.23) is a monotone flux scheme (in the sense of
Definition 5.6):

e the flux splitting scheme: assume f = fi + fa, with f1, fo € C*(IR,IR), fi(s) > 0 and fi(s) <0
for all s € [Up,, Up] (such a decomposition for f is always possible, see the modified Lax-Friedrichs
scheme below), and take

g(a,b) = fi(a) + f2(b).

Note that if f/ > 0, taking f1 = f and fo = 0, the flux splitting scheme boils down to the upwind
scheme, i.e. g(a,b) = f(a).

e the Godunov scheme: the Godunov scheme, which was introduced in GopuNov [77], may be
summarized by the following expression.

_J min{f(§),€ € [a,b]} if a <D,
g(a,b) - { max{f(f),f c [b,a]} ifb<a. (526)
e the modified Lax-Friedrichs scheme : take
g(a,b) = M + D(a —b), (5.27)

with D € IR such that 2D > max{|f'(s)|,s € [Um,Unm]}. Note that in this modified version of
the Lax-Friedrichs scheme, the coefficient D only depends on f, U,, and Uy, while the original
Lax-Friedrichs scheme consists in taking D = h/(2k), in the case h; = h for all i € IN, and therefore
satisfies the three items of Definition 5.6 under the condition h/k > max{|f'(s)|,s € [Um,Unml}.
However, an inverse CFL condition appears to be necessary for the convergence of the original Lax-
Friedrichs scheme (see remark 6.11 page 187); such a condition is not necessary for the modified
version.

Note also that the modified Lax-Friedrichs scheme consists in a particular flux splitting scheme
with f1(s) = (1/2)f(s) + Ds and fa(s) = (1/2)f(s) — Ds for s € [U,,, Ung].

Remark 5.13 In the case of a nondecreasing (resp. nonincreasing) function f, the Godunov monotone
flux scheme (5.26) reduces to g(a,b) = f(a) (resp. f(b)). Then, in the case of a nondecreasing function
f, the scheme (5.22), (5.23) reduces to

n+1 )

hi =t ) = fluf ) =0, (5.28)

i.e. the upstream (or upwind) finite volume scheme. The scheme (5.28) is sometimes called “upstream
finite difference” scheme. In that particular case (f monotone and 1D) it is possible to find points x; in
order to obtain a consistent scheme in the finite difference sense (if f is nondecreasing, take z; = ;412
as for the scheme (5.14) page 126).

5.3.2 L*™-stability for monotone flux schemes

Lemma 5.3 (L> estimate in the nonlinear case) Under Assumption 5.1, let T be an admissible
mesh in the sense of definition 5.5 page 126 and let k € R be the time step.

Let ur 1, be the finite volume approzimate solution defined by (5.22)-(5.24) and assume that the scheme is
a monotone flux scheme in the sense of definition 5.6 page 132. Let g1 and go be the Lipschitz constants
of g on [Uy,, Upr)? with respect to its two arguments.
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Under the Courant-Friedrichs-Levy (CFL) condition

< infiez hz

) 5.29
g1+ g2 ( )
(note that taking k < ah/(g1 + g2) implies (5.29)),
the approzimate solution ur j, satisfies
Un <uri(z,t) <Usm for ae xz€R and a.e. t € Ry.

PrOOF of Lemma 5.3
Let us prove that

Un <ul <Upn, Vi€ Z,Vn €N, (5.30)

by induction on n, which proves the lemma. Assertion (5.30) holds for n = 0 thanks to the definition of
u? in (5.22) page 131. Suppose that it holds for n € IN.
For all i € Z , scheme (5.22), (5.23) (with p = 1) gives

+1_
up = (=g — e ) + b ui ey uily,
with
kog(ui,uiyn) = F(ud) oo o
o= 7 ——— if ul # ujlyy,
il = i U; — Uiy
0if u =uj,,,
and
k un_ ’un — ul .
. B _g(zln 1,) T-Lf( 7')1fuf7éu?_1,
a;_1 =9 hi Us_q — Uy
0if ul = ul ;.
Since f(ui') = g(ui', ;') and thanks to the monotonicity of g, 0 < b7, , < g2k/h; and 0 < @ | < g1k/hi,
2 2

for all i € Z. Therefore, under condition (5.29), the value u?“ may be written as a convex linear
combination of the values u and u!" ;. Assertion (5.30) is thus proved for n + 1, which concludes the
proof of the lemma. [

5.3.3 Discrete entropy inequalities

Lemma 5.4 (Discrete entropy inequalities) Under Assumption 5.1, let T be an admissible mesh in
the sense of definition 5.5 page 126 and let k € R}, be the time step.
Let ur 1, be the finite volume approzimate solution defined by (5.22)-(5.24) and assume that the scheme is
a monotone flur scheme in the sense of definition 5.6 page 132. Let g1 and go be the Lipschitz constants
of g on [Upn,Un? with respect to its two arguments. Under the CFL condition (5.29), the following
inequation holds:

h;

2 (l = ol = g = s+
g(ui Tr,uip TR) — g(ui! Lk, uilyy Lk) — g(uiy TR, ui TR) + g(uiy Lk, ui L) <0,

VnelN,Vie Z, VkelR.

(5.31)

Recall that aTb (resp. alb) denotes the mazimum (resp. the minimum) of the two real numbers a and b.
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PROOF of Lemma 5.4
Thanks to the monotonicity properties of g and to the condition (5.29) (see remark 5.12),

ul T = H(ul ,ul,uly), Vi € Z, ¥n € N,

K3

where H is a function from IR® to IR which is nondecreasing with respect to all its arguments and such
that k = H(k, k, k) for all Kk € IR.
Hence, for all k € IR,

n+1 n n n
up ™ < H(ug o Thul TRyl TR),

and

k< H(ug  Tryug Tryul Tk),

which yields

u?'-HTH < H(ul'  Thul Tr,uly TH).

In the same manner, we get

n+1 n n n
up Lk > H(up Lk, ui Le,ui LK),

and therefore, by substracting the last two equations,

|u?Jrl — &l < H(u (Tr,ul Tryul Tr) — H(u)  Le,u Le,u'y LK),

that is (5.31). -

In the two next sections, we study the convergence of the schemes defined by (5.22), (5.23) with p =1
(see the remarks 5.14 and 5.15 and Section 5.4 for the schemes with 2p + 1 points).

We first develop a proof of convergence for the monotone flux schemes; this proof is based on a weak BV
estimate similar to (5.17) like the proof of proposition 5.5 page 130 in the linear case. It will be generalized
in the multidimensional case studied in Chapter 6. We then briefly describe the BV framework which
gave the first convergence results; its generalization to the multidimensional case is not so easy, except
in the case of Cartesian meshes.

5.3.4 Convergence of the upstream scheme in the general case

A proof of convergence similar to the proof of convergence given in the linear case can be developed. For
the sake of simplicity, we shall consider only the case of a nondecreasing function f and of the classical
upstream scheme (the general case for f and for the monotone flux schemes being handled in Chapter
6). We shall first prove a “weak BV estimate.

Lemma 5.5 (Weak BV estimate for the nonlinear case) Under Assumption 5.1, assume that f is
nondecreasing. Let £ € (0,1) be a given value. Let T be an admissible mesh in the sense of definition 5.5
page 126, let M be the Lipschitz constant of f in [Un, Un| and let k € R, satisfying the CFL condition

inficz h;
i
(The condition k < (1 — &)ah/M implies the above condition.) Let {ul', i € ZZ, n € IN} be given by

the finite volume scheme (5.22), (5.23) with p =1 and g(a,b) = f(a). Let R € R} and T € R’ and
assume h < R and k < T. Letigc € Z, 11 € Z and N € IN be such that —R € Fio, R € Fh,and

T € (Nk,(N + 1)k]. Then there exists C € R, only depending on R, T, ug, «, f and &, such that

E<(1-¢) (5.32)
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ZZW ui )| < Ch™V2, (5.33)

i=ip n=0

PROOF of Lemma 5.5

We multiply the first equation of (5.22) by kul’, and we sum on ¢ = ig,...,7; and n=0,..., N. We get
A+ B =0, with

i N
A= S0 S h

i=ip n=0
and
T
B =33 k(flur) - fluiy) )ur
i=ip n=0
We have

T, . ")
A= =233 bt -l + Zh u )2 ().

i=ip n=0 i=1g

Using the scheme (5.22), we get

A== IS B ) = g ) 2 30 ey -

zlono 110

and therefore, using the CFL condition (5.32),

i1 N i1
A a-g >3 k(s - fr ) - %_Z ha(u?)?. (5.34)

We now study the term B.
Denoting by @ the function ®(a) = fgm sf'(s)ds, for all a € IR, an integration by parts yields, for all

(a,b) € R?,

Using the technical lemma 4.5 page 108 which states f:(f(s) — f(a))dz > 517 (f(b) — f(a))?, we obtain

b(f(b) — f(a)) = LM(f(b) — f(a)* + ®(b) — &(a).

The above inequality with a =« | and b = v} yields

*2Mzzk< ““) +Zk tig—1)]-

i=i9 n=0

Thanks to the L* estimate of Lemma 5.1 page 126, there exists C; > 0, only depending on ug and f
such that

> 2MZZI<;( l;l))Q—T(Jl.

i=ip n=0
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Therefore, since A+ B =0 and Z;;m h; < 4R, the following inequality holds:

i1 N
0=¢) > k(f(u?) - f(u?_l))2 — ARM max{—U,, Up}> — 2MTC},

i:io n=0

which gives the existence of Cy € IR’ , only depending on R, T, ug, f and & such that

SO k(s - £ ) < o

1=19 n=0

The Cauchy-Schwarz inequality yields

i1 N
LZ; T;Mf(u:l) - f(uf_l)@2 < 022Tg’

which concludes the proof of the lemma. [
We can now state the convergence theorem.

Theorem 5.2 (Convergence in the nonlinear case) Assume Assumption 5.1 and f nondecreasing.
Let € € (0,1) and « > 0 be given. Let M be the Lipschitz constant of f in [Un, Un]. For an admissible
mesh T in the sense of Definition 5.5 page 126 and for a time step k € R, satisfying the CFL condition
(5.82) (taking k < (1 —¢&)ah/M is a sufficient condition, note that § and o do not depend of T ), let ur i
be the finite volume approzimate solution defined by (5.22)-(5.24) with p =1 and g(a,b) = f(a).

Then the function ur ) converges to the unique entropy weak solution u of (5.1) page 120 in L}, (IR xR )
as size(T) tends to 0.

PrOOF

Let Y be the set of approximate solutions, that is the set of ur j, defined by (5.22)-(5.24) with p = 1 and
g(a,b) = f(a), for all (T,k) where 7 is an admissible mesh in the sense of Definition 5.5 page 126 and
k € IR’ satisfies the CFL condition (5.32). Thanks to Lemma 5.3, the set Y is bounded in L>(IR x IR ).
The proof of Theorem 5.2 is performed in three steps. In the first step, a compactness result is given for
Y, only using the boundeness of Y in L*°(IR x IR;). In the second step, it is proved that the eventual
limit (in a convenient sense) of a sequence of approximate solutions is a solution (in a convenient sense)
of problem (5.1). In the third step a uniqueness result yields the conclusion. For steps 1 and 3, we refer
to chapter 6 for a complete proof.

Step 1 (compactness result)

Let us first use a compactness result in L (IR x IR ;) which is stated in Proposition 6.4 page 199. Since Y
is bounded in L*(IR x IR ), for any sequence (u,)men of Y there exists a subsequence, still denoted by
(U )meN, and there exists p € L (IR x IRy x (0, 1)) such that (u,,)men converges to p in the “nonlinear
weak-x sense”, that is

1
/ O(um(z,t))p(z, t)dtdx —>/ / / O(p(z, t, )z, t)dadtdr, as m — oo,
RJR, R JR, Jo
for all p € L'(IR x IR, ) and all # € C(IR,IR). In other words, for any § € C(IR,IR),

O(tm) — e in L(IR x R4) for the weak-x topology as m — oo, (5.35)
where pp is defined by

1
po(x,t) = / O(u(x, t, ))da, for a.e. (x,t) € R x Ry.
0
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Step 2 (passage to the limit)

Let (um)men be a sequence of Y. Assume that (u,,)men converges to p in the nonlinear weak-x sense
and that w,, = ur, r, (for all m € IN) with size(7,,) — 0 as m — oo (note that k,, — 0 as m — oo,
thanks to (5.32)).

Let us prove that u is a “solution” to problem (5.1) in the following sense (we shall say that p is “an

entropy process solution” to problem (5.1)):

we L™ IR><IR+><(O 1)),
/ /]R+/ |z, t, o) — klpe(x, t) + (f(p (m,t,a)"l'/i)—f(u(m,t,a)J_/i))gox(x,t))dadtdx (5.36)

+/ lug(x) — Klp(x,0)dr >0, Vo € CHIR x Ry, IRy),Vk € R.
R
Let k € R. Setting

1
v(z,t) = / |p(z,t, ) — k|de, for a.e. (z,t) € R x R4
0

and

w(z,t) = /0 (f(u(x,t,a)'l'/{) . f(M(iC,t,Oé)J_KJ))dOZ, for a.e. (z,t) € R x Ry,

the inequality in (5.36) writes

/]R /]R+[v(x,t)<pt(x,t) + w(z, t)py (z, t)dtdx + /]R luo(z) — klp(z,0)dx > 0, (5.37)

V(p S C}(IR X IR+,IR+).

Let us prove that (5.37) holds; for m € IN we shall denote by 7 = 7,,, and k = k;,,. We use the result of
Lemma 5.4, which writes in the present particular case f' > 0,

141
n—+ _'Un

h“T Fwl —wl, <0,Vie Z,¥neN,
where o — |uf — x| and wf = F(uITr) — f(u Lr) = |F(u?) - F(R)].
The functions vz, r,, and wr,, x, are defined in the same way as the function ur,, 1, ., i. e. with constant
values v}" and w} in each control volume K; during each time step (nk, (n + 1)k). Choosing 6 equal to
the continuous functions | - —«| and |f(-) — f(x)| in (5.35) yields that the sequences (vz,, k,, )men and
(w7, & Jmen converge to v and w in L= (IR x IRY) for the weak-+ topology.
Applying the method which was used in the proof of Proposition 5.5 page 130, taking v! instead of u! in
the definition of A, (for [ = n and n + 1) and w} instead of u} in the definition of B,, (for j = i and
i — 1), we conclude that (5.37) holds.
Indeed, a weak BV inequality holds on the values wj® (that is (5.17) page 127 holds with w} instead of
uj for j =i and i — 1), thanks to Lemma 5.5 page 135 and the relation

1f (i) = Kl = |f(uiy) = Kl| < |F(uf) = fluiy)], Vi€ Z, Yn € N.

(Note that here, as in the linear case, the useful consequence of the weak BV inequality, is (5.19) page
128 with w? instead of u? for j =i and i — 1.)

This concludes Step 2.

Step 3 (uniqueness result for (5.36) and conclusion)

Theorem 6.3 page 181 states that there exists at most one solution to (5.36) and that there exists u €
L (IR x IR ) such that p solution to (5.36) implies p(x,t, ) = u(x,t) for a.e. (x,t,a) € R xRy x(0,1).
Then, u is necessarily the entropy weak solution to (5.1).
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Furthermore, if (u,;,)men converges to v in the nonlinear weak-x sense, an easy argument shows that
(Um)men converges to u in L}, (IR x IRy) (and even in LF (IR x IRy ) for all 1 < p < 00), see Remark
(6.16) page 201.

Then, the conclusion of Theorem 5.2 follows easily from Step 2 and Step 1 by way of contradiction (in
order to prove the convergence of a sequence ur, .. CY to u, if size(Z,,) — 0 as m — oo, without any

mym

extraction of a “subsequence”). (]

Remark 5.14 In Theorem 5.2, we only consider the case f’ > 0 and the so called “upstream scheme”.
It is quite easy to generalize the result for any f € C'(IR,IR) and any monotone flux scheme (see the
following chapter). It is also possible to consider other schemes (for instance, some 5-points schemes, as
in Section 5.4). For a given scheme, the proof of convergence of the approximate solution towards the
entropy weak solution contains 2 steps:

1. prove an L° estimate on the approximate solutions, which allows to use the compactness result of
Step 1 of the proof of Theorem 5.2,

2. prove a “weak BV estimate and some “discrete entropy inequality” in order to have the following
property:
If (um)men is a sequence of approximate solutions which converges in the nonlinear weak- sense,
then

i [ (o) w0+ (om0 T) — (0 L)) e

m—IN

—|—/ luo(z) — Kle(z,0)dz >0, Vo € C1(R x R4, R, ), Vi € R.
R

5.3.5 Convergence proof using BV

We now give the details of the classical proof of convergence (considering only 3 points schemes), which
requires regularizations of ug in BV (IR). It consists in using Helly’s compactness theorem (which may
also be used in the linear case to obtain a strong convergence of ur j, to u in L}, (IR xIR4)). This theorem
is a direct consequence of Kolmogorov’s theorem (theorem 3.9 page 93). We give below the definition of
BV (Q) where Q is an open subset of IRP(Q2), p > 1 (already given in Definition 5.5 page 122 for Q = IR)
and we give a straightforward consequence of Helly’s theorem for the case of interest here.

Definition 5.7 (BV(2)) Let p € IN* and let  be an open subset of IRP. A function v € L, () has a
bounded variation, that is v € BV(Q), if |v|gy (q) < oo where

vlBv) = Sup{/ v(z)divp(z)de, ¢ € Cg (Q,IRP), [p(z)] < 1, Yz € Q}. (5.38)
Q

Lemma 5.6 (Consequence of Helly’s theorem) Let A C L>(IR?). Assume that there exists C' €
Ry and, for all T > 0, there exists Cr € Ry such that

H’U”Loo(]R2) S C, Yv € A,

and
[v|Bvmx(—7,1)) < Cr, YU € A, VT > 0.

Then for any sequence (v, )neN of elements of A, there exists a subsequence, still denoted by (vy)nen,
and there exists v € L®(IR?), with ]| Loe(r2y < C and |v|py@wx(-1,7)) < Cr for all T > 0, such that
v, — v in L}, (R?) as n — oo, that is Jo lon(z) —v(z)|de — 0, as n — oo for any compact set & of RZ.
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In order to use Lemma 5.6, one first shows the following BV stability estimate for the approximate
solution:

Lemma 5.7 (Discrete space BV estimate) Under Assumption 5.1, assume that ug € BV (IR); let T
be an admissible mesh in the sense of Definition 5.5 page 126 and let k € IR’ be the time step. Let {u?,
i1 € Z,n €N} be given by (5.22), (5.23) and assume that the scheme is a monotone fluz scheme;j in the
sense of Definition 5.6 page 132. Let g1 and ga be the Lipschitz constants of g on [Uy,, Upr)? with respect
to its two arguments. Then, under the CFL condition (5.29), the following inequality holds:

D u — < ey —upl, Von e N (5.39)
EZ 1EX

PROOF of Lemma 5.7

First remark that, for n =0, .., |[u?,; — uf| < |uo|pv(r) (see Remark 5.4 page 122).

For all i € Z , the scheme (5.22), (5.23) (with p = 1) leads to
up Tt =l 07 (e — ) e (g — ),

and

n+l _ n n n n n n n
Uiy = Uipy T+ bi+%(u’i+2 —uiy) + @y1 (ui" — uiyq),

where a;41/2 and b;y1/2 are defined (for all i € ZZ) in Lemma 5.3 page 133. Substracting one equation
to the other leads to

n+l

n+1 __
ui_H U =

i (uitpy —ui)(1 — bﬁr% - aﬁr%) + b;ﬂr% (uifo — uihy) + al%(uf —uiq).

Under the condition (5.29), we get

1 1
i — Y < ey — (= By —aTy ) 0 s — |l fuf — .

Summing the previous equation over i € Z gives (5.39). m

Corollary 5.1 (Discrete BV estimate) Under assumption 5.1, let ug € BV (IR); let T be an admis-
sible mesh in the sense of Definition 5.5 page 126 and let k € R} be the time step. Let ur ) be the
finite volume approzimate solution defined by (5.22)-(5.24) and assume that the scheme is a monotone
flux scheme in the sense of Definition 5.6 page 132. Let g1 and g2 be the Lipschitz constants of g on
[Upm, Unt)? with respect to its two arguments and assume that k satisfies the CFL condition (5.29). Let
ur g (x,t) = ul for a.e. (x,t) € K; xR_, for all i € Z (hence ury is defined a.e. on IR?). Then, for
any T > 0, there exists C € RY., only depending on ug, g and T such that:

lur k|BV(RX (-T,7)) < C. (5.40)

ProOF of Corollary 5.1
As in Lemma 5.7, remark that Y., |uf,; — uf| < |uo|pv (r)-
Let us first assume that 7" < k. Then, the BV semi-norm of ur j, satisfies

lur k|lBV(RX(~T,T)) < 2T Z ug s — ugl.
i€z
Hence the estimate (5.40) is true for C' = 2T'|uo| gy (R )-
Let us now assume that &k < T. Let N € IN* such that Nk < T < (N + 1)k. The definition of
| - |BV(R x(—7,1)) Yields
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lur k| Bvmx(-1,1) ST Y icr lUdyy — uf]+

N-1 N-1
S ST kfulyy —wt |+ (= NE) S e — a4+ 3 S et — ). (5-41)
n=0 1€ Z 1EX n=0 1€ Z

Lemma 5.7 gives ), [ufy —uf| < |uo|py () for all n € IN, and therefore,

N—-1
Do D Kb [+ (T = NE) Y fully — )| < Tluol sy ). (5.42)
n=0i€Z i€Z

In order to bound the last term of (5.41), using the scheme (5.22) yields, for all i € ZZ and all n € N,
uf ™ =] < hjﬂﬂ“i —ui |+ h_4g2|ui — Uiyl
Therefore,
Z hiluf ™ —ul| < k(g1 + go) Z |ui’ —uiy 4|, for all n € IN,
i€z i€z
which yields, since Nk < T,

N-1
D D halui ™t = ul| < T(g1 + g2)luol v m)- (5.43)
n=0 i€ Z
Therefore Inequality (5.40) follows from (5.41), (5.42) and (5.43) with C' = T'(2 + g1 + g2)|uo|Bv (R)-
"

Consider a sequence of admissible meshes and time steps verifying the CFL condition, and the associated
sequence of approximate solutions (prolonged on IR x IR_ as in Corollary 5.1). By Lemma 5.3 page
133 and Corollary 5.1, the sequence of approximate solutions satisfies the hypotheses of Lemma 5.6 page
139. It is therefore possible to extract a subsequence which converges in L} (IR x IR4) to a function
u € L*(R x IR% ). It must still be shown that the function w is the unique weak entropy solution of
Problem (5.1). This may be proven by using the discrete entropy inequalities (5.31) and the strong BV
estimate (5.39) or the classical Lax-Wendroff theorem recalled below.

Theorem 5.3 (Lax-Wendroff) Under Assumption 5.1, let « > 0 be given and let (Tp,)menN be a
sequence of admissible meshes in the sense of Definition 5.5 page 126 (note that, for all m € IN, the mesh
T satisfies the hypotheses of Definition 5.5 where T = T, and « is independent of m). Let (K )menN
be a sequence of (positive) time steps. Assume that size(7,,) — 0 and ky,, — 0 as m — oo.

For m € IN, setting T = T, and k = ky,, let up, = ur i be the solution of (5.22)-(5.24) with p = 1
and some g from R? to IR, only depending on f and ug, locally Lipschitz continuous and such that
g(s,s) = f(s) for all s € R.

Assume that (Um)men s bounded in L=°(IR x Ry) and that u,, — w a.e. on IR X R4. Then, u is a
weak solution to problem (5.1) (that is u satisfies (5.3)).

Furthermore, assume that for any k € IR there exists some locally Lipschitz continuous function G, from
IR? to IR, only depending on f, uo and k, such that G.(s,s) = f(sTk) — f(sLk) for all s € R and such
that for all m € IN

1 1
(™ = | = = sl + = (Gal ult) = Geluily, uf) <0,Vi € Z, ¥n €N, (5.44)

where {ul', i € Z , n € N} is the solution to (5.22)-(5.23) for T = T, and k = ky,. Then, u is the
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entropy weak solution to Problem (5.1) (that is u is the unique solution of (5.4)).
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PROOF of Theorem 5.3

Since (U )men is bounded in L*(IR x R4) and w, — u a.e. on IR x IRy, the sequence (um)men
converges to u in L}, (IR x IR ). This implies in particular (from Kolmogorov’s theorem, see Theorem
3.9) that, for all R > 0 and all " > 0,

2T
sup / / [t (2, 1) — U (& — m, t)|dadt — 0 as n — 0.
meN

Then, taking n = asize(7,,) (for m € IN) and letting m — oo yields, in particular,

2T
/ / [t (2, ) — (v — asize(Ty,), t)|dxdt — 0 as m — oo. (5.45)

For m € IN, let {ul, i € Z, n € IN} be the solution to (5.22)-(5.23) for 7 = 7, and k = k,, (note that
ul? depends on m, even though this dependency is not so clear in the notation). We also set k,, = k and
size(7,,) = h, so that k and h are depending on m (but recall that « is not depending on m).

Let R>0and T > 0. Let ig € Z, 11 € Z and N € IN be such that —REFiO,REFh and
€ (Nk, (N + 1)k]. Then, for h < R and k < T (which is true for m large enough),

1 N 2T 2R
ah > > kup —uf | < /0 /2R |t (2, ) — U (2 — ath, t)|dadt.

i:io n=0

Therefore, Inequality (5.45) leads to (5.19), that is

i1 N
hZZMuf—uf_ﬂ — 0 as m — oo. (5.46)

i=ig n=0
Using (5.46), the remainder of the proof of Theorem 5.3 is very similar to the proof of Proposition 5.5
page 130 and to Step 2 in the proof of Theorem 5.2 page 137 (Inequality (5.46) replaces the weak BV
inequality).
In order to prove that u is solution to (5.3), let us multiply the first equation of (5.22) by (k/h;)p(x, nk),
integrate over x € K; and sum for all i € ZZ and n € IN. This yields

Ap 4+ B =0

with

ZZ ntl "/ o(x, nk)dz
€7 neN Ki

and

s L
Tn - Z Zk uq,auz+1 g( 7, 17 1))h_/1'( ga(a:,nk)dx

1€ nelN

As in the proof of Proposition 5.5, one has

lim Am:—/ / u(x,t)got(x,t)dxdt—/ uo(x)e(x,0)dx.
m——+0o0 R, JR R

Let us now turn to the study of B,,. We compare B,,, with

(n+1)k
Bun==3 [ [ friat)eca ket

n€elN
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which tends to — flR S fu(z, 1)) e (2, t)dedt as m — oo since f(ur i) — f(u) in Lj,,
m — 0o.
The term By ,, can be rewritten as

(R x IRy) as

Z Zk fuiy))p(xio1/2,nk),

1€ nelN

which yields, introducing g(ul* ,,ul),

Blm = Z Zk Uy 1aun))§0(xi71/27nk)
1€ nelN
+ Z Zk Uj_1,Uy f(u?—l))(p(xi—l/%nk)'

i€ Z nelN

Similarly, introducing f(ul') in B,,,

Bu= Y Yk~ gty [ ot ks

i€ nelN

oy L

+ Z Z k(g uilyy) — flu; ))h_ o(x, nk)dz.
1€Z neN t K

In order to compare By, and Bj ,,, let R > 0 and T > 0 be such that ¢(z,t) =01if |z| > Rort > T. Let

A > 0 be such that ||wn| p~mxr,) < A for all m € IN. Then there exists C' > 0, only depending on ¢

and the Lipschitz constants on g on [~ A, A]?, such that, if h < R and k < T (which is true for m large

enough),

ih N
B = Bim| < Ch Y Y kluf —ufy], (5.47)
i:io n=0
where ig € Z , i1 € Z and N € IN are such that —R € K;,, R € K;, and T € (Nk, (N + 1)k].
Using (5.47) and (5.46), we get | By, — B1,m| — 0 and then

B, — —/ flu(z, t)pq(x, t)dtde as m — oo,
R

which completes the proof that u is a solution to problem 5.3.

Under the additional assumption that wu, satisfies (5.44), one proves that u satisfies (5.7) page 122 (and
therefore that u satisfies (5.4)) and is the entropy weak solution to Problem (5.1) by a similar method.
Indeed, let k € IR. One replaces ul by |ul — k| in A,, (for | = n and n + 1) and one replaces g by G, in
B,,. Then, passing to the limit in A,,, + B,, < 0 (which is a consequence of the inequation (5.44)) leads
the desired result.

This concludes the proof of Theorem 5.3 [

Remark 5.15 Theorem 5.3 still holds with (2p + 1)-points schemes (p > 1). The generalization of the
first part of Theorem 5.3 (the proof that u is a solution to (5.3)) is quite easy. For the second part of
Theorem 5.3 (entropy inequalities) the discrete entropy inequalities may be replaced by some weaker ones
(in order to handle interesting schemes such as those which are described in the following section).
However, the use of Theorem 5.3 needs a compactness property of sequences of approximate solutions
in the space L} (IR x IR4). Such a compactness property is generally achieved with a “strong BV
estimate” (similar to (5.39)). Hence an extensive literature on “T'VD schemes” (see HARTEN [80]),
“ENO schemes”. .. (see GODLEWSKI and RAVIART [75], GODLEWSKI and RAVIART [76] and references
therein). The generalization of this method in the multidimensional case (studied in the following chapter)
does not seem so clear except in the case of Cartesian meshes.
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5.4 Higher order schemes

Consider a monotone flux scheme in the sense of Definition 5.6 page 132. By definition, the considered
scheme is a 3 points scheme; recall that the numerical flux function is denoted by g. The approximate
solution obtained with this scheme converges to the entropy weak solution of Problem (5.1) page 120
as the mesh size tends to 0 and under a so called CFL condition (it is proved in Theorem 5.2 for a
particular case and in the next chapter for the general case). However, 3-points schemes are known to
be diffusive, so that the approximate solution is not very precise near the discontinuities. An idea to
reduce the diffusion is to go to a 5-points scheme by introducing “slopes” on each discretization cell and
limiting the slopes in order for the scheme to remain stable. A classical way to do this is the “MUSCL”
(Monotonic Upwind Scheme for Conservation Laws, see VAN LEER [148]) technique .

We briefly describe, with the notations of Section 5.3.1, an example of such a scheme, see e.g. GODLEWSKI
and RAVIART [75] and GODLEWSKI and RAVIART [76] for further details. Let n € IN.

e Computation of the slopes

n n
Wiyr — Uj_q

hi—1

hi + =5+ + =5+

PP =

e Limitation of the slopes

Pl =al'pl', i € Z , where o is the largest number in [0, 1] such that

hi

h
n-n n n n n n K n-n n n n n
5 i Pi € [wi' Lui'yq, uwi Tuiyy] and wf! — —-ai'py € [ui’ Lui' g, ui T 4]

U’i+ 2

In practice, other formulas giving smaller values of o' are sometimes needed for stability reasons.

e Computation of u?“ forie Z
One replaces g(u?,u?*!) in (5.23) by :

%

h; h;
—on n ,n n _ n T n o on i+1 p41
glui g, ug udy g, ul o) = g(uf' + S P i1 = 5P )-

The scheme thus constructed is less diffusive than the original one and it remains stable thanks to the
limitation of the slope. Indeed, if the limitation of the slopes is not active (that is af* = 1), the space
diffusion term disappears from this new scheme, while the time “antidiffusion” term remains. Hence it
seems appropriate to use a higher order scheme for the time discretization. This may be done by using,
for instance, an RK2 (Runge Kutta order 2, or Heun) method for the discretization of the time derivative.
The MUSCL scheme may be written as

Un-l—l —_yn
k

where U™ = (u})icz ; hence it may be seen as the explicit Euler discretization of

=H(U"™) for n € N,

Ut = E(U),
therefore, the RK2 time discretization yields to the following scheme:

A A S IR
TZEH(U )+§(H(U +kH(U ))) for n € IN.

Going to a second order discretization in time allows larger time steps, without loss of stability.
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Results of convergence are possible with these new schemes (with eventually some adaptation of the slope
limitations to obtain convenient discrete entropy inequalities, see VILA [154]. Tt is also possible to obtain
error estimates in the spirit of those given in the following chapter, in the multidimensional case, see e.g.
CHAINAIS-HILLAIRET [22], NOELLE [117], KRONER, NOELLE and ROokyTA [93]. However these error
estimates are somewhat unsatisfactory since they are of a similar order to that of the original 3-points
scheme (although these schemes are numerically more precise that the original 3-points schemes).

The higher order schemes are nonlinear even if Problem (5.1) page 120 is linear, because of the limitation
of the slopes.

Implicit versions of these higher order schemes are more or less straightforward. However, the numerical
implementation of these implicit versions requires the solution of nonlinear systems. In many cases, the
solutions to these nonlinear systems seem impossible to reach for large k; in fact, the existence of the
solutions is not so clear, see PFERTZEL [125]. Since the advantage of implicit schemes is essentially the
possibility to use large values of k, the above flaw considerably reduces the opportunity of their use.
Therefore, although implicit 3-points schemes are very diffusive, they remain the basic schemes in several
industrial environments. See also Section 7.1.3 page 211 for some clues on implicit schemes applied to
complex industrial applications.

5.5 Boundary conditions

A general convergence result is presented here in the case of a scalar equation. Then, this result will be
applied to understand the sense of the boundary condition, described at x = 1 in the previous section,
in a simplified scalar case.

5.5.1 A general convergence result

The unknown is now a function u : (0,1) x R+ — R. The flux is a function f € C1(R,R) (or
f + R — R Lipschitz continuous) and the initial datum is up € L>°((0,1)). Let A, B € R be such that
A < wug < B a.e.. The problem to solve is:

Ut + (f(u))T =0,z € (07 1), te ].:{4_7 (548)

with the initial condition :

u(z,0) = uo(z), z € (0,1), (5.49)

and some boundary conditions which will be prescribed later.

As in the previous section, let h = % (with N € N*) be the mesh size and k£ > 0 be the time step

(assumed to be constant, for the sake of simplicity). The discrete unknowns are now the values v € R
for i € {1,...,N} and n € N. In order to define the approximate solution a.e. in (0,1) x R, one sets
upp(x,t) = ul for x € ((i — 1)h,ih), t € (nk,(n+1)k),i e {1,....N}, ne N.

The discretization of the initial condition leads to

1 fik
w0 = —/ wo(w)dz, i€ {1,...,N}. (5.50)
hJi-in
For the computation of u]* for n > 0, one uses, as before, an explicit, 3-points scheme:
h n+1 n n n .
E(ui —uy) H_%—fi_%zO,ze{l,...,N},nEN. (5.51)

Foriel,...,N — 1, one takes
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where ¢ is the numerical flux. Sufficient conditions on g : [A, B]> — R, in order to have a convergent
scheme if € R instead of (0,1), are:

C1: g is non decreasing with respect to its first argument and nonincreasing with respect to its second
argument,

C2: g(s,s) = f(s), for all s € [A, B],
C3: ¢ is Lipschitz continuous.

Let L be a Lipschitz constant for g (on [A, B]?) and ¢ > 0. If (0,1) is replaced by R, It is well known
(see e.g. [53]) that, if k < (1 — ()%, the approximate solution uy, x, that is the solution defined by (5.50)-
(5.52) (with ¢ € Z), takes its values in [A, B] and converges towards the unique entropy weak solution of
(5.48)-(5.49) in L], (R x Ry) as h — 0.

In the case = € (0,1) instead of z € R, one assumes the same conditions on g, namely (C1)-(C3). In
order to complete the scheme, one has to define f’g and fy 41

Let w,u € L>®(Ry) be such that A < w,u < B, a.e. on Ry, let go,q1 : [A, B]> — R, satisfying
(C1)-(C3), and define:

n =N, n —=n n+1)k

1§ = go(@" up); @ =%f )t

. . 5.53
fN+ 91(UN, ’); f( TORg ( )dt ( )

QII

Then, a convergence theorem can be proven as in the case x € R, see [157]:

Theorem 5.4 Let f € CY(R,R) (or f : R — R Lipschitz continuous). Let ug € L>((0,1)), u,u €
L*(Ry) and A,B € R be such that A < up < B a.e. on (0,1), A <u,u < B ae. on Ry. Let
go,g1 : [A,B]*> — R, satisfying (C1)-(C3). Let L be a common Lipschitz constant for g, go and g
(on [A,B]?) and let ( > 0. Then, if k < (1 — ()%, the equations (5.50)-(5.53) define an approzimate
solution up.r which takes its values in [A, B] and converges towards the unique solution of (5.54) in
([o, 1]><R+)f0rany1<p<oo as h — 0:

loc

u e L((0,1) x (0,00)).
/ / Vg + signa (u— k) (f(u) — F())pq]dadt

(@(t) — k) *p(0, t)dt+M/ @(t) — k)o(1,t)dt (5.54)
0
+/ (uo — k) p(x,0)dx > 0,
0
Vk € [A, B], Vo € CL([0,1] x [0,00),R).
In (5.54), M is any bound for |f'| on [A, B] (and the solution of (5.54) does not depends on the choice
of M). The definition of sign, is: sign,(s) =1 if s >0, sign, (s) = 0 if s <0, sign_(s) =0 if s > 0,
sign_(s) = —1 if s < 0.

Remark 5.16

1. It is interesting to remark that this convergence result is also true if the function g depends on i
and n, provided that L is a common Lipschitz constant for all these functions.

2. The definition (5.54) of solution of (5.48)-(5.49) with the “weak” boundary conditions U and u at
x =0 and x =1 is essentially due to F. Otto, see [122].
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3. It is interesting also to remark that if one replaces, in (5.54), the two entropies (u— k)T by the sole
entropy |u — k|, one has an existence result (since lu— k| = (u—r)T + (u— k)~ ) but no uniqueness
result, see [157] for a counter-example to uniqueness.

4. This convergence result can be generalized to the multidimensional case, see Sect. 6.8 and [157].

If u, solution of (5.54), is regular enough (say u € C*([0,1] x R), for instance), u satisfies u(0,t) = u(t)
and u(1,t) = u(t) in the weak sense given in [9]. This condition is very simple if f is monotone:

If f/ >0, then u(0,-) =u and u does not depend on .

If f/ <0, then u(1,-) =% and u does not depend on u.

5.5.2 A very simple example

One considers here Equation (5.48), with initial condition (5.49) and weak boundary condition % and &
at = 0 and x = 1, that is in the sense of (5.54), in the particular case f’ > 0. In this case, the main
example of numerical flux is ¢ = go = ¢1, g(a,b) = f(a), which leads to the well known upstream scheme.
With this choice of gg and g;, using the notations of Sect. 5.5.1, the boundary conditions are taken into
account in the form:

fg = f(an)v fl?f—l—% = f(u?\/)v (555)

with " = % fézﬂ)k u(t)dt. One may apply the general convergence theorem. The approximate solutions
converge (as h — 0) towards the solution of (5.54). In this case, the approximate solutions, as well as
the solution of (5.54), do not depends on .

In the case f’ < 0 the main example is ¢ = go = g1, g(a,b) = f(b), which also leads to the upstream
scheme. The boundary conditions are taken into account in the following way:

1= 1), fapy = 100, (5.56)
with 7" = 1 [R5 dr.

These simple cases suggest the following scheme for any f, which is the scalar version of the scheme
described in Sect. 7.4.1 (note that f’(u) is the Jacobian matrix at point u € R):

e Boundary condition at x = 0:

fr=rf@), it fuy)>0,
{ fi= ), i) <0 (5:57)
e Boundary condition at x = 1:
Froa=f@Y, i fluf) <0,
{ Fovs = ), i F(uh) >0 (5:58)

This solution is not always satisfactory as can be shown on the following simple example with the Biirgers
equation:

Let f(s) = 82, up = 1 a.e. on (0,1), u =1 a.e. on Ry and & = —2 a.e. on Ry. The exact solution
which has to be approached by the numerical scheme is the unique solution of (5.54) with these values of
f, wo, u and u. Computing the approximate solution with (5.50)-(5.52), the function g satisfying (C2),
and with (5.57)-(5.58), leads to an approximate solution which is constant and equal to 1 for any h and
k. Then, it does not converge (as h and k go to 0) towards the exact solution which is not constant and
equal to 1 since, for the exact solution, a shock wave with a negative speed starts from the point z = 1
at time ¢t = 0. Indeed, one can also remark that this approximate solution is the exact solution of (5.54)
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with the same values of f, ug, u and with any % satisfying u > —1 a.e. on Ry. In order to obtain a
convergent approximation of the exact solution corresponding to @ = —2, a good choice is, instead of
(5.58), fyy 1 = g1(uly, —2) with gy satisfying (C1)-(C3).

2

5.5.3 A simplifed model for two phase flows in pipelines

It is now possible to understand the treatment of the boundary described in Sect. 7.4.1 on a simplified
model. This simplifed model for two phase flows in pipelines is given in [124]. For this model, the densities
are constant so that there are no longer pressure waves but only the void fraction wave, corresponding
to the second eigenvalue of the original system (7.80). It is also easy to see that for this model, the total
flux (that is the sum of the fluxes of the two phases) is constant in space. One also assumes that this
total flux is constant in time (and positive). System (7.80) is then reduced to a scalar equation, Equation
(5.48), where the unknown, u : (0,1) x R — R, is the gas fraction which takes its values between 0 and
1.

The function f can be taken as f(s) = as — bs?, where a,b € R are given and such that 0 < b < a < 2b.
In (5.48), the quantity f(u) is the flux of gas. Then, f(1) — f(u) is the flux of liquid. The function
f is increasing between 0 and up; = a/(2b) and decreasing between ujy; and 1. An important value is
U € [0,ups] such that f(uy,) = f(1).

One takes ug = 0 a.e. on [0,1] as an initial condition. At 2z = 0, the gas flux is given (as in the complete
model, see Sect. 7.4.1), one takes f(u(0,-)) = f with f(t) = cfort <T and f(t) =0 for t > T, where ¢
and T are given with ¢ > f(1) and T large enough so that f’ changes sign at = 1 during the simulation.
Indeed, in this simplified model, it is also necessary to take T not too large in order to avoid a problem
at x = 0 (for T too large, f’ will also changes sign at 2 = 0). The boundary condition at = 1 will be
described on the discrete problem below.

The discretization of the problem is performed as before with (5.50)-(5.52), with g satisfying (C1)-(C3).

For the discretization of the boundary condition at z = 0, the method described in Sect. 7.4.1 leads here
to

1 = [f(nk), (5.59)
which is indeed in accordance with the fact that f/(uf) > 0 for all n, at least if T is not too large.

For the discretization of the boundary condition at x = 1, the first method described in Sect. 7.4.1 and
given in (5.58), using the sign of f’(ul;) leads to

{ Frryr =F(u), if ul <war,

f;\L;Jr% = f(1), it ul > uw, (5.60)

and does not lead to the desired results. Note also that f 1 given by (5.60), is a discontinuous function
2

of u’.

The second method, described in Sect. 7.4.1, uses the fact that the liquid flux cannot be negative at

z = 1. Since the liquid flux at = 1is f(1) — fy1 and since f(um) = f(1), this method leads to

Fhpy =Flum), i ufy > tm, (5.61)

Note that f}, 41 given by (5.61), is a continuous function of u%;. We shall apply the convergence theorem,
2

Theorem 5.4 given in Sect. 5.5.1, for the boundary conditions (5.59) and (5.61), and understand the
boundary conditions satisfied by the limit of the approximate solutions. In order to do so, we need to
find g and gy, satisfying (C1)-(C3), and w,u € L (R.) such that [ and f]’\’”rl, respectively defined by
2 2
(5.59) and (5.61), satisfy (5.53). Indeed, it is shown in [56] that both boundary fluxes fI and f,_ ; may
2 2
be expressed with the Godunov flux in the following way:
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e Boundary flux at x = 1. One takes & = 1 a.e. on R, and gg equal to the Godunov flux, that is

pe (), s o fl) i a<p
mind{ f(s a, if a<p,
9c (0. f) = { max{f(s), s€[B,a]} i a>p.
The formula (5.61) reads
Fay =sct ) = { &)k S (5.62)

e Boundary flux at z = 0. One assumes (for simplicity) that £ € N. let o, 3 € (0,1) such that a < 8

and f(a) = f(B) = ¢. One takes
) oa it <,
u(t) = { 0 if t>T, (5.63)
so that, recalling that u" = f(nH)k
e if nk<T,
f(u )_{ 0 if nk>T,
Then, if u} < 3, the formula (5.59) reads
f1 = g96(@",u?), (5.64)

since, in this case, go(u”, ul) = f(@"). The fact that u} < g is true for all n if T is not too large.
If T is too large, the convergence result can be applied with (5.64) instead of (5.59).

It is now possible to apply Theorem 5.4. Let L be a common Lipschitz constant for g and g¢ (on [0,1]?)
and let ¢ > 0. If k < (1—()%, the approximate solution uy,, that is the solution defined by (5.50)-(5.52),
with the boundary fluxes (5.62)-(5.64) (and ug = 0, w = 1 and @ given by (5.63)), takes its values in [0, 1]
and converges towards the unique solution of (5.65) in LP ([0,1] x R4) for any 1 < p < oo, as h — O:

loc
0,
In / (u— k)= 1 + signg (u— R)(f () — F(R))paldadt

+M/ )= k) (Ot)dt+M/ (1= 1)1, 1)t

ue L*®((0,1) x

(5.65)

o(z,0)dx >0,
[Oa OO); RJr)

+ / (0—k)*
0
Vi € [0,1], Vo € CL([0,1] x
If w, solution of (5.65), is regular enough on [0, 1] x (0,7, then, it is possible to prove that u satisfies the
boundary conditions, for 0 < t < T, in the following sense (see [157] and [56]):

e Boundary condition at = 0 (recall that @ is given by (5.63)):
if T is not too large, one has u(0,t) = a.

u(0,t) = « or u(0,t) > 8. In fact,

e Boundary condition at x = 1: u(1,t) < uyy, or u(l,t) =1

)

Thanks to Theorem 5.4, it is possible to give other choices for f§ 41 for which the approximate solutions
obtained with this new choice of f}; L1 converge towards the same function u, which is the unique solution
2

of (5.65). Indeed, let h : [0,1] — R be a nondecreasing function such that h < f and h(1) = f(1) and
take:
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Ty = huR). (5.66)

One may construct a function g; satisfying (C1)-(C3) such that h(s) = g1(s, 1), for all s € [0, 1], and
then use Theorem 5.4. Let L be a common Lipschitz constant for g and g and g1 (on [0,1]?) and let
(>0 Ifk<(1-— C)%, the approximate solution up j, that is the solution defined by (5.50)-(5.52), with
the boundary fluxes (5.66) and (5.64) (and uo = 0, w = 1 and u given by (5.63)), takes its values in [0, 1]
and converges towards the unique solution of (5.65) in L7 ([0,1] x R4) for any 1 < p < oo, as h — 0.

loc

Turning back to the complete system described in Sect. 7.4.1, the analysis of this simplified model for
two phase flows in pipelines may also suggest another way to take into account the boundary condition
at © = 1 (with a given numerical flux ¢;):

1. Compute DF (w?,), its eigenvalues {\1, A2, A3} and a basis of R?, {¢1, 2, p3}, such that DF (w )p; =
Ai@ia i=1,2,3,

2. write w}; on the basis {¢1, p2, 3}, namely wh = a1¢01 + @22 + ases,

3. Since A3 < 0 and since one wants @; > 0, compute wy ; = fip1 + P22 + B3z and FJ’\l,Jr% =
g1(wiy, wi ) with the following 3 conditions on the components of wj; ;: usual condition on the
pressure, 33 = ag and Ry, ; = 1 where R}, is the gas fraction computed with wy ;.



Chapter 6

Multidimensional nonlinear
hyperbolic equations

The aim of this chapter is to define and study finite volume schemes for the approximation of the
solution to a nonlinear scalar hyperbolic problem in several space dimensions. Explicit and implicit
time discretizations are considered. We prove the convergence of the approximate solution towards the
entropy weak solution of the problem and give an error estimate between the approximate solution and
the entropy weak solution with respect to the discretization mesh size.

6.1 The continuous problem

We consider here the following nonlinear hyperbolic equation in d space dimensions (d > 1), with initial
condition

ug(z,t) + div(vf(u))(z,t) =0, r e R, t € R, (6.1)
u(z,0) = up(z), x € RY, (6.2)

where u; denotes the time derivative of u (¢t € IRy ), and div the divergence operator with respect to the
space variable (which belongs to IR?). Recall that |z| denotes the euclidean norm of z in RY, and z - y
the usual scalar product of x and y in IR".

The following hypotheses are made on the data:
Assumption 6.1

(i) up € L®(RY), Up,,Ups € R, Uy, < ug < Ups ace.,

(i) v e CHIRY x R4, RY),

(i3) divv(z,t) = 0, ¥(z,t) € R* x R,

(iv) 3V < oo such that |v(z,t)| <V, Y(z,t) € R? x Ry,

(v) f € CY(IR,IR).

Remark 6.1 Note that part (iv) of Assumption 6.1 is crucial. It ensures the property of “propagation
in finite time” which is needed for the uniqueness of the solution of (6.3) and for the stability (under
a “Courant-Friedrichs-Levy” (CFL) condition) of the time explicit numerical scheme. Part (iii) of As-
sumption 6.1, on the other hand, is only considered for the sake of simplicity; the results of existence and
uniqueness of the entropy weak solution and convergence (including error estimates as in the theorems
6.5 page 186 and 6.6 page 187) of the numerical schemes presented below may be extended to the case
divv # 0. However, part (iii) of Assumption 6.1 is natural in many “applications” and avoids several
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technical complications. Note, in particular, that, for instance, if divv # 0, the L*°-bound on the solution
of (6.3) and the L> estimate (in Lemma 6.1 and Proposition 6.1) on the approximate solution depend
on v and T'. The case F'(z,t,u) instead of v(z,t)f(u) is also feasible, but somewhat more technical, see
CHAINAIS-HILLAIRET [22] and CHAINAIS-HILLAIRET [23].

Problem (6.1)-(6.2) has a unique entropy weak solution, which is the solution to the following equation
(which is the multidimensional extension of the one-dimensional definition 5.3 page 121).

ue L®(R? x IR*)
/ / oz, t) + P(u(x, t)v(z,t) - Vo(x,t)| dedt +
R, 1Rd

U(Uo(ff))sﬁ(x, O)dx > Oa VQP € Cgo(IRd X IR+, IR+),
IRd
vn € C*(IR,IR), convex function, and ® € C'(IR,IR) such that ® = f'n/

where V¢ denotes the gradient of the function ¢ with respect to the space variable (which belongs to
R?). Recall that C7*(E, F') denotes the set of functions C" from E to F, with compact support in E.
The characterization of the entropy weak solution by the Krushkov entropies (proposition 5.2 page 122)
still holds in the multidimensional case. Let us define again, for all k € IR, the Krushkov entropies (|- —x|)
for which the entropy flux is f(-Tk) — f(-Lk) (for any pair of real values a, b, we denote again by aTb
the maximum of a and b, and by a_Lb the minimum of a and b). The unique entropy weak solution is
also the unique solution to the following problem:

u e L¥(IR d o ]R*)
/]R+ /]Rd [u(z,t) — klp(x,t) + ( (u (x,t)T/s)—f(u(x,t)Ln))v(x,t).Vgp(x,t)}dxdwr (6.3)

luo(z) — Klp(z,0)dz >0, Vs € R, Vo € C*(R? x Ry, Ry).
]Rd

As in the one-dimensional case (Theorem 5.1 page 122), existence and uniqueness results are also known
for the entropy weak solution to Problem (6.1)-(6.2) under assumptions which differ slightly from as-
sumption 6.1 (see e.g. KRUSHKOV [94], VOL'PERT [156]). In particular, these results are obtained with
a nonlinearity F (in our case F' = vf) of class C3. We recall that the methods which were used in
KRUSHKOV [94] require a regularization in BV(IRd) of the function ug, in order to take advantage, for
any T > 0, of compactness properties which are similar to those given in Lemma 5.6 page 139 for the case
d = 1. Recall that the space BV (€2) where € is an open subset of IRP, p > 1, was defined in Definition
5.7 page 139; it will be used later with Q = R? or @ = R? x (=T, 7).

The existence of solutions to similar problems to (6.1)-(6.2) was already proved by passing to the limit on
solutions of an appropriate numerical scheme, see CONWAY and SMOLLER [36]. The work of CONWAY
and SMOLLER [36] uses a finite difference scheme on a uniform rectangular grid, in two space dimensions,
and requires that the initial condition uo belongs to BV (IR?) (and thus, the solution to Problem (6.1)-
(6.2) also has a locally bounded variation). These assumptions (on meshes and on u) yield, as in Lemma
5.6 page 139, a (strong) compactness property in LZOC(IRd x IR4) on a family of approximate solutions.
In the following, however, we shall only require that ug € L°°(IRd) and we shall be able to deal with
more general meshes. We may use, for instance, a triangular mesh in the case of two space dimensions.
For each of these reasons, the BV framework may not be used and a (strong) compactness property in
Lj,. on a family of approximate solutions is not easy to obtain (although this compactness property does
hold and results from this chapter). In order to prove the existence of a solution to (6.1)-(6.2) by passing
to the limit on the approximate solutions given by finite volume schemes on general meshes (in the sense
used below) in two or three space dimensions, we shall work with some “weak” compactness result in
L*°, namely Proposition 6.4, which yields the “nonlinear weak-+x convergence” (see Definition 6.3 page
198) of a family of approximate solutions. When doing so, passing to the limit with the approximate
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solutions will give the existence of an “entropy process solution” to Problem (6.1)-(6.2), see Definition
6.2 page 179. A uniqueness result for the entropy process solution to Problem (6.1)-(6.2) is then proven.
This uniqueness result proves that the entropy process solution is indeed the entropy weak solution,
hence the existence and uniqueness of the entropy weak solution. This uniqueness result also allows us
to conclude to the convergence of the approximate solution given by the numerical scheme (that is (6.7),
(6.5)) towards the entropy weak solution to (6.1)-(6.2) (this convergence holds in L? (IR* x IR.) for any
1<p< o).

Note that uniqueness results for “generalized” solutions (namely measure valued solutions) to (6.1)-(6.2)
have recently been proved (see DIPERNA [46], SZEPESSY [140], GALLOUET and HERBIN [71]). The
proofs of these results rely on the one hand on the concept of measure valued solutions and on the other
hand on the existence of an entropy weak solution. The direct proof of the uniqueness of a measure
valued solution (i.e. without assuming any existence result of entropy weak solutions) leads to a difficult
problem involving the application of the theorem of continuity in mean. This difficulty is easier to deal
within the framework of entropy process solutions (but in fact, measure valued solutions and entropy
process solutions are two presentations of the same concept).

Developing the above analysis gives a (strong) convergence result of approximate solutions towards the
entropy weak solution. But moreover, we also derive some error estimates depending on the regularity of
UuQ.

In the case of a Cartesian grid, the convergence and error analysis reduces essentially to a one-dimensional
discretization problem for which results were proved some time ago, sec e.g. KUZNETSOV [96], CRANDALL
and MAJDA [43], SANDERS [133]. In the case of general meshes, the numerical schemes are not generally
“TVD” (Total Variation Diminushing) and therefore the classical framework of the 1D case (see Section
5.3.5 page 139) may not be used. More recent works deal with several convergence results and error
estimates for time explicit finite volume schemes, see e.g. COCKBURN, COQUEL and LEFLOCH [32],
CHAMPIER, GALLOUET and HERBIN [25], ViLA [155], KRONER and ROKYTA [92], KRONER, NOELLE
and ROKYTA [93], KRONER [91]: following Szepessy’s work on the convergence of the streamline diffusion
method (see SZEPESSY [140]), most of these works use DiPerna’s uniqueness theorem, see DIPERNA [46]
(or an adaptation of it, see GALLOUET and HERBIN [71] and EYMARD, GALLOUET and HERBIN [54]), and
the error estimates generalize the work by KuzNETSOV [96]. Here we use the framework of CHAMPIER,
GALLOUET and HERBIN [25], EYMARD, GALLOUET, GHILANI and HERBIN [52]; we prove directly that
any monotone flux scheme (defined below) satisfies a “weak BV” estimate (see lemmata 6.2 page 159
and 6.3 page 165). This inequality appears to be a key for the proof of convergence and for the error
estimate. Some convergence results and error estimates are also possible with some so called “higher
order schemes” which are not monotone flux schemes (briefly presented for the 1D case in section 5.4
page 144). These results are not presented here, see NOELLE [117] and CHAINAIS-HILLAIRET [22] for
some of them.

Note that the nonlinearity considered here is of the form v(z,t) f(u). This kind of flux is often encountered
in porous medium modelling, where the hyperbolic equation may then be coupled with an elliptic or
parabolic equation (see e.g. EYMARD and GALLOUET [49], VIGNAL [151], VIGNAL [152], HERBIN and
LABERGERIE [86]). It adds an extra difficulty to the case F'(u) because of the dependency on z and
t. Note again (see Remark 6.1) that the method which we present here for a nonlinearity of the form
v(x,t)f(u) also yields the same results in the case of a nonlinearity of the form F(x,t,u), see the recent
work of CHAINAIS-HILLAIRET [23].

The time implicit discretization adds the extra difficulties of proving the existence of the approximate
solution (see Lemma 6.1 page 163) and proving a so called “strong time BV estimate” (see Lemma 6.5
page 168) in order to show that the error estimate for the implicit scheme may still be of order h'/* even
if the time step k is of order v/h, at least in particular cases.

We first describe in section 6.2 finite volume schemes using a “general” mesh for the discretization of
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(6.1)-(6.2). In sections 6.3 and 6.4 some estimates on the approximate solution given by the numerical
schemes are shown and in Section 6.5 some entropy inequalities are proven. We then prove in section 6.6
the convergence of convenient subsequences of sequences of approximate solutions towards an entropy
process solution, by passing to the limit when the mesh size and the time step go to 0. A byproduct
of this result is the existence of an entropy process solution to (6.1)-(6.2) (see Definition 6.2 page 179).
The uniqueness of the entropy process solution to problem (6.1)-(6.2) is then proved; we can therefore
conclude to the existence and uniqueness of the entropy weak solution and also to the L = convergence
for any finite p of the approximate solution towards the entropy weak solution (Section 6.6). Using the
existence of the entropy weak solution, an error estimate result is given in Section 6.7 (which also yields
the convergence result). Therefore the main interest of this convergence result is precisely to prove the
existence of the entropy weak solution to (6.1)-(6.2) without any regularity assumption on the initial
data. Section 6.9 describes the notion of nonlinear weak-x convergence, which is widely used in the proof
of convergence of section 6.6.

Section 6.10 is not related to the previous sections. It describes a finite volume approach which may be
used to stabilize finite element schemes for the discretization of a hyperbolic equation (or system).

6.2 Meshes and schemes

Let us first define an admissible mesh of IR? as a generalization of the notion of admissible mesh of IR as
defined in definition 5.5 page 126.

Definition 6.1 (Admissible meshes) An admissible finite volume mesh of IR¢, with d = 1,2 or 3
(for the discretization of Problem (6.1)-(6.2)), denoted by 7, is given by a family of disjoint polygonal
connected subsets of IR? such that IR? is the union of the closure of the elements of 7 (which are called
control volumes in the following) and such that the common “interface” of any two control volumes is
included in a hyperplane of IR? (this is not necessary but is introduced to simplify the formulation).
Denoting by h = size(7) = sup{diam(K), K € T}, it is assumed that h < 400 and that, for some o > 0,

ah? < m(K),

m(0K) < Lhi=l VK €T, (6.4)

where m(K) denotes the d-dimensional Lebesgue measure of K, m(0K) denotes the (d — 1)-dimensional
Lebesgue measure of 0K (0K is the boundary of K) and N(K) denotes the set of neighbours of the
control volume K; for L € N(K), we denote by K|L the common interface between K and L, and by
ng r, the unit normal vector to K|L oriented from K to L. The set of all the interfaces is denoted by £.

Note that, in this definition, the terminology is “mixed”. For d = 3, “polygonal” stands for “polyhedral”
and, for d = 2, “interface” stands for “edge”. For d = 1 definition 6.1 is equivalent to definition 5.5 page
126.

In order to define the numerical flux, we consider functions ¢ € C(IR? IR) satisfying the following
assumptions:

Assumption 6.2 Under Assumption 6.1 the function g, only depending on f, v, Uy, and Uy, satisfies

e g is locally Lipschitz continuous from R? to IR,
o g(s,8) = f(s), for all s € [Up, Un],

o (a,b) — g(a,b), from [Un,Unm]? to R, is nondecreasing with respect to a and nonincreasing with
respect to b.
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Let us denote by g1 and ga the Lipschitz constants of g on [Up, Up|? with respect to its two arguments.

The hypotheses on g are the same as those presented for monotone flux schemes in the one-dimensional
case (see definition 5.6 page 132); the function g allows the construction of a numerical flux, see Remark
6.3 below.

Remark 6.2 In Assumption 6.2, the third item will ensure some stability properties of the schemes
defined below. In particular, in the case of the “explicit scheme” (see (6.7)), it yields the monotonicity
of the scheme under a CFL condition (namely, condition (6.6) with £ = 0). The second item is essential
since it ensures the consistency of the fluxes. All the examples of functions g given in Examples 5.2 page
133 satisfy these assumptions. We again give the important example of the “generalized 1D Godunov
scheme” obtained with a one-dimensional Godunov scheme for each interface (see e.g., for the explicit
scheme, see COCKBURN, COQUEL and LEFLOCH [32], VILA [155]),

| max{f(s),b<s<a}ifb<a
9(a,b) _{ min{ f(s), a < s < b} if a < b,

and also the framework of some “flux splitting” schemes:

9(a,b) = fi(a) + f2(b),

with f1, fo € CY(R,IR), f = f1 + fo, f1 nondecreasing and f> nonincreasing (this framework is consider-
ably more simple that the general framework, because it reduces the study to the particular case of two
monotone nonlinearities).

Besides, it is possible to replace Assumption 6.2 on g by some slightly more general assumption, in order
to handle, in particular, the case of some “Lax-Friedrichs type” schemes (see Remark 6.11 below).

In order to describe the numerical schemes considered here, let 7 be an admissible mesh in the sense of
Definition 6.1 and k& > 0 be the time step. The discrete unknowns are u%%, n € IN*, K € 7. The set {u(}{,
K € T} is given by the initial condition,

UO = —1
“ 7 m(K)

The equations satisfied by the discrete unknowns, u%, n € IN*, K € T, are obtained by discretizing
equation (6.1). We now describe the explicit and implicit schemes.

/ wo(x)da, VK € T. (6.5)
K

6.2.1 Explicit schemes

We present here the “explicit scheme” associated to a function g satisfying Assumption 6.2. In this case,
for stability reasons (see lemmata 6.1 and 6.2), the time step k& € IR’} is chosen such that

o?h
f)V(gl +g2)’

where £ € (0,1) is a given real value; recall that g1 and go are the Lipschitz constants of g with respect
to the first and second variables on [U,,, Up]? and that U, < ug < Uy ace. and |v(z,t)] <V < 400,
for all (z,t) € R? x R4 . Consider the following explicit numerical scheme:

k<(1- (6.6)

un+1 —
m(K)KTK + Z (U%L g(ug,uy) —vf Kk g(uz,u?{)) =0,VK €7,Vne€ N, (6.7)
LeN(K)

where

(n+1)k
Vg = —/ / (v(z,t) -ng ) dy(x)dt
Tk KL ’
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and
1 (n+1)k
V= | ety nw) iy
nk KI|L
1 (n—',—l)k
- E/ / (v(a,t) - 1)~ dy () dt.
nk K|L
Recall that a™ = aT0 and a= = —(aL0) for all @ € IR and that dvy is the integration symbol for the

(d — 1)-dimensional Lebesgue measure on the considered hyperplane.

Remark 6.3 (Numerical fluxes) The numerical flux at the interface between the control volume K
and the control volume L € N(K) is then equal to v}, g(u}, uf)—v} ;o g(ulf,uf); this expression yields
a monotone flux such as defined in definition 5.6 page 132, given in the one-dimensional case. However,
in the multidimensional case, the expression of the numerical flux depends on the considered interface;
this was not so in the one-dimensional case for which the numerical flux is completely defined by the
function g.

The approximate solution, denoted by w7 , is defined a.e. from R? x R4 to R by

urp(z,t) =ul, fze K, te [nk,(n+1)k), K€ T,necIN. (6.8)

6.2.2 Implicit schemes

The use of implicit schemes is steadily increasing in industrial codes for reasons such as robustness and
computational cost. Hence we consider in our analysis the following implicit numerical scheme (for which
condition (6.6) is no longer needed) associated to a function g satisfying Assumption 6.2:

141
G

k + Z (U%,L g(urll(—i—lvuz—i—l) - UZ,K g(uz—i—lvu}l{—i—l)) = Oa VK € T7 Vn € IN. (69)

LeN(K)

where {u%, K € T} is still determined by (6.5). The implicit approximate solution uz x, is defined now
a.e. from R? x IR, to R by

ur g (z,t) =uitt ifx € K, t € (nk,(n+1)k], K € T, n € IN. (6.10)

6.2.3 Passing to the limit

We show in section 6.6 page 179 the convergence of the approximate solutions wy x (given by the numerical
schemes above described) towards the unique entropy weak solution u to (6.1)-(6.2) in an adequate sense,
when size(7) — 0 and k — 0 (with, possibly, a stability condition). In order to describe the general line
of thought leading to this convergence result, we shall simply consider the explicit scheme (that is (6.5),
(6.7) and (6.8)) (the implicit scheme will also be fully investigated later).

First, in section 6.3, by writing u’;’("’l as a convex combination of uf and (u})ren(k), the L stability is
easily shown under the CFL condition (6.6) (ur is proved to be bounded in L>°(IR“ xIRY ), independently
of size(7) and k).

By a classical argument, if any possible limit of a family of approximate solutions uz j (where 7 is an
admissible mesh in the sense of Definition 6.1 page 154 and k satisfies (6.6)) is the entropy weak solution
to problem (6.1)-(6.2) then uz j converges (in L>°(IR% x IRY ) for the weak-x topology, for instance),
as h = size(7) — 0 (and k satisfies (6.6)), towards the unique entropy weak solution to problem (6.1)-
(6.2). Unfortunately, the L> estimate of section 6.3 does not yield that any possible limit of a family
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of approximate is solution to problem (6.1)-(6.2), even in the linear case (f(u) = u) (see the proofs
of convergence of Chapter 5). The “BV stability” can be used (combined with the L stability) to
show the convergence in the case of one space dimension (see section 5.3.5 page 139) and in the case of
Cartesian meshes in two or three space dimensions. Indeed, in the case of Cartesian meshes, assuming
ug € BV(IRd) and assuming (for simplicity) v to be constant (a generalization is possible for v regular
enough), the following estimate holds, for all T' > k:

Ntk

kY Y m(K|L)uk — up| < Tluol gy ra,
n=0 K|L€EE

where Nrj € IN is such that (Np, + 1)k <T < (Nrj + 2)k, and the values u7, are given by (6.5) and
(6.7). Such an estimate is wrong in the general case of admissible meshes in the sense of Definition 6.1
page 154, as it can be shown with easy counterexamples. It is, however, not necessary for the proof of
convergence. A weaker inequality, which is called “weak BV” as in the one-dimensional case (see lemma
5.5 page 135) will be shown in the multidimensional case for both explicit and implicit schemes (see
lemmata 6.2 page 159 and 6.3 page 165); the weak BV estimate yields the convergence of the scheme in
the general case. As an illustration, consider the case f' > 0; using an upwind scheme, i.e. g(a,b) = f(a),
the weak BV inequality (6.16) page 159, which is very close to that of the 1D case (lemma 5.5 page 135),
writes

Ntk
Zk Z (Vi + 0L )| f(ufe) — f(up)| < N
n=0 (K,L)€E}
where £ = {(K,L) € 7%, L e N(K), K|L C B(0,R) and u% > u?} and C only depends on v, g, ug, a,
&, R and T (see Lemma 6.2).
We say that Inequality (6.11) is “weak”, but it is in fact “three times weak” for the following reasons:

(6.11)

1. the inequality is of order #, and not of order 1.

2. In the left hand side of (6.11), the quantity which is associated to the K|L € £}, interface is zero
if f is constant on the interval to which the values v} and u} belong; variations of the discrete
unknowns in this interval are therefore not taken into account.

3. The left hand side of (6.11) involves terms (vi j + v} ;) which are not uniformly bounded from
below by C' m(K|L) with some C' > 0 only depending on the data (that is v, ug and ¢) and not on
T (note that, for instance, vj ; = v} x =0if v -ng =0).

For the convergence result (namely Theorem 6.4 page 185) the useful consequence of (6.11) is

Ntk

RS kST (W vf )l () — f(u})] = 0as b — 0,

n=0 (K,L)€E}

as in the 1D case, see Theorem 5.2 page 137. For the error estimate in Theorem 6.5 page 186, the bound
C/v/h in (6.11) is crucial. Note that a “twice weak BV” inequality in the sense (ii) and (iii), but of order
1 (that is C instead of C//v/h in the right hand side of (6.11)), would yield a sharp error estimate, i.c.
C.h'/? instead of C.h'/* in (6.94) page 186.

Note that, in order to obtain (6.11), £ > 0 is crucial in the CFL condition (6.6).

Recall also that (6.11) together with the L>(IR¢ x IR ) bound does not yield any (strong) compactness

1

To C(IRd x IR4) on a family of approximated solutions.

property in L

In the linear case (that is f(s) = cs for all s € R, for some ¢ in IR), the inequality (6.11) is used in
the same manner as in the previous chapter; one proves that the approximate solution satisfies the weak
formulation to (6.1)-(6.2) (which is equivalent to (6.3)) with an error which goes to 0 as h — 0, under
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condition (6.6). We deduce from this the convergence of ur ; (as h — 0 and under condition (6.6))
towards the unique weak solution of (6.1)-(6.2) in L>°(IR% x IR?Y) for the weak-x topology. In fact, the
convergence holds in LfOC(IRd x IR4) (strongly) for any 1 < p < oo, thanks to the argument developped
for the study of the nonlinear case.

The nonlinear case adds an extra difficulty, as in the 1D case; it will be handled in detail in the present
chapter. This difficulty arises from the fact that, if uz j converges to u (as h — 0, under condition (6.6))
and f(uz k) to pus, in L®(R? x IR ) for the weak-* topology, there remains to show that py = f(u) and
that u is the entropy weak solution to problem (6.1)-(6.2). The weak BV inequality (6.11) is used to
show that, for any “entropy” function 7, i.e. convex function of class C! from IR to IR, with associated
entropy flux ¢, i.e. ¢ such that ¢’ = f'5/, the following entropy inequality is satisfied:

/]R + /}R (e 000, 0) + o, 0¥ s ) - Vi, ) ) + /]R o@)plr Odr =0,
Ve CP(R* xRy, R,),

where j1,, (resp. pg) is the limit of n(uz ) (resp. é(uz ) in L=°(IRY x IR ) for the weak-x topology
(the existence of these limits can indeed be assumed). From (6.12), it is shown that w7, converges to
win L} (R? x Ry) (as h — 0, k satisfying (6.6)), and that u is the entropy weak solution to problem
(6.1)-(6.2). This last result uses a generalization of a result on measure valued solutions of DiPerna (see
DIPERNA [46], GALLOUET and HERBIN [71]), and is developped in section 6.6 page 179.

6.3 Stability results for the explicit scheme

6.3.1 L stability

Lemma 6.1 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k>0, let g€ C(IR?,R) satisfy Assumption 6.2 and assume that (6.6) holds; let ur,, be given by (6.8),
(6.7), (6.5); then,

Unp <ulf <Up,Vne N, VK € T, (6.13)

and

HuT,k”L‘”(]Rdx]Rj_) < ||U0||L<>°(1Rd)- (6.14)

PRrROOF of Lemma 6.1

Note that (6.14) is a straightforward consequence of (6.13), which will be proved by induction. For n = 0,

since Uy, < ug < Uy a.e., (6.13) follows from (6.5).

Let n € IN, assume that Uy, < uf < Up for all K € 7. Using the fact that divv = 0, which yields
Z (Vi — v k) =0, we can rewrite (6.7) as

LeN(K)
n+1

()M ST (g ) — F(R)) — o (gl ) — FR)) =0, (615)
LeN(K)

Set, for u’ # u},

o 9(“?{7“2) — f(unK) — 9(“27“%) — f(u?{)
K,L K,L R LK N )
and 7 ;= 0if uy = uf.
Assumption 6.2 on g and Assumption 6.1 yields 0 < 7%, < Vm(K|L)(g1 + g2). Using (6.15), we can
K,L
write



159

k
u’;(“ = (1 - m Z Tfé,L)“?{ t = Z TK LUL,

LeN(K) Le/\/
which gives, under condition (6.6), 1nf uf <t < sup uf, for all K € 7. This concludes the proof of
LeT
(6.13), which, in turn, yields (6.14).

Remark 6.4 Note that the stability result (6.14) holds even if £ = 0 in (6.6). However, we shall need
& > 0 for the following “weak BV” inequality.

6.3.2 A “weak BV?” estimate

In the following lemma, B(0, R) denotes the ball of IR? of center 0 and radius R (IR¢ is always endowed
with its usual scalar product).

Lemma 6.2 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k> 0. Let g € C(IR* R) satisfy Assumption 6.2 and assume that (6.6) holds. Let ur j be given by (6.8),
(6.7), (6.5).

LetT >0, R >0, Nrjp = max{n € N,n < T/k}, Tp = {K € T,K C B(0,R)} and £} = {(K,L) €
T2, Le N(K),K|L C B(0,R) and u% > u?}.

Then there exists C' € IR, only depending on v, g, ug, o, &, R, T such that, for h < R and k < T,

N i
kY {vK,L(quglgggu%(g(q,p) — @)+, max  (9(a.p) - f(p)))+
n=0 (K,L)EE} 6.16)
VLK (ugg%ﬁf{gu;{(f@ —9p0)+ , max | (f(p) —g(p.q)) } '
< <
S
and
N i
C
n+1 n
> > m( —uk| < —, (6.17)
n=0KeTr \/E

PROOF of Lemma 6.2

In this proof, we shall denote by C; (i € IN) various quantities only depending on v, g, uo, o, &, R, T'.
Multiplying (6.15) by ku% and summing the result over K € Tg, n € {0,..., Ny} yields

B+ B, =0, (6.18)
with
Ntk
By => > m(E)up(uit —uk),
n=0KeTr
and

Ntk

=R > (vknloui wh) — f (i)l = vE s (g, i) — Fuk))uf ).

n=0 KeTp LEN(K)

Gathering the last two summations by edges in Bj leads to the definition of Bs:
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Ntk

By =3k > | vio(uik(gluhoup) — flug) - up(gufe, wh) — f(uf)) -
n=0 (K,L)e€n
of e (w9 we) = Fu)) — who(up u) — F(up) ) |
The expression | Bs — Bs| can be reduced to a sum of terms each of which corresponds to the boundary of a
control volume which is included in B(0, R+h)\ B(0, R— h); since the measure of B(0, R+h)\ B(0, R—h)
is less than Cyh, the number of such terms is, for n fixed, lower than (Cyh)/(ah?) = C3h'~?. Thanks to
(6.14), using the fact that m(0K) < (1/a)h?~!, that |v(x,t)| <V, that g is bounded on [U,,, Up]?, and
that g(s,s) = f(s), one may show that each of the non zero term in |Bs — Bs| is bounded by C;h?~L.
Furthermore, since (Nt + 1)k < 2k, we deduce that

|Bs — Ba| < Cy. (6.19)

Denoting by ® a primitive of the function (-)f(-), an integration by parts yields, for all (a,b) € R?,

b

b
o(b) — @(a) = / sf'(s)ds = b(f(b) — g(a,b)) — a(f(a) — g(a,b)) — / (f(s) —g(a,b))ds.  (6.20)

Using (6.20), the term Bs may be decomposed as
B3 = By — Bs,
where
NT,k uz u}’(
Bi=Yk Y <K [0 = tueupds + o i [ S (060) - g(uz,u’g))ds)
n=0 (K,L)e€n Ui UL
and

Nt

Bs =Yk Y (v —vh) (®0ui) - oup)).

n=0 (K,L)eEx
The term Bjs is again reduced to a sum of terms corresponding to control volumes included in B(0, R +
h)\ B(0, R — h), thanks to divv = 0; therefore, as for (6.19), there exists C5 € IR such that
Bs < Cs.

Let us now turn to an estimate of By. To this purpose, let a,b € IR, define C(a,b) = {(p,q) € [aLb,aTb)?;
(g —p)(b—a) > 0}. Thanks to the monotonicity properties of g (and using the fact that g(s,s) = f(s)),
the following inequality holds, for any (p, q) € C(a, b):

b d q
/ (f(s) - gla,b))ds > / (f(s) — g(a, b))ds > / (f(s) — g(p. q))ds > 0. (6.21)

The technical lemma 4.5 page 108 can then be applied. It states that

[ 000 - )is| = 5000~ 0, 0 R

for all monotone, Lipschitz continuous function 6 : R — IR, with a Lipschitz constant G > 0.
From Lemma 4.5, we can notice that

/ ") - glp.0))ds > / "(9(0.5) — g(p, @))ds > 3070~ 900" (6.22)
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and

/ () — 9p.0))ds > / "(9(5.0) — g(p, @))ds > 2ig1<f<q) —g(p ). (6.23)

Multiplying (6.22) (resp. (6.23)) by g2/(g1 + g2) (resp. g1/(g91 + g2)), taking the maximum for (p,q) €
C(a,b), and adding the two equations yields, with (6.21),

b
[ sty > s max (70)-000) + | max (70 -9p.0)?). (620

We can then deduce, from (6.24):

Ntk
Biz go—sd b D
2(qn +92 n=0 (K.Deen
veo (L max  ((a) ~ f@P+ | max (glap) — F(0)?)+ (6:25)
7T \up <p<g<ui up Sp<qSupe
2 2
V7 ma; — , + ma; — , )} .
Bac(y max | (F@) =9 0)’ + |, max () = 9(p. )
This gives a bound on Bs, since (with Cs = Cy + C5):
By > By — Cs. (6.26)
Let us now turn to By. We have
R
— n+1 n \2 1 Nt p+1 2 1 0 2
- ——Z S m RIREDY m(K)(uK ) -5 m(K)(uK) . (6.27)
n=0K€eTr KeTr KeTg

Using (6.15) and the Cauchy-Schwarz inequality yields the following inequality:

( n+1 u’r;{)? S

“K
k2

T 2 ket X ok (atuiond) — F050) -+ ot (ot ) — f(u)) .
BT Len(x) LEN(K)

Then, using the CFL condition (6.6), Definition 6.1 and part (iv) of Assumption 6.1 gives

m(K)(uf" —u)® <

S S [ (o) — Fi) o (i) - 7)) ] (628)
gLt 92 S
Summing equation (6.28) over K € 7p and over n =0, ..., Ny, and reordering the summation leads to
NT k Ntk
33, 3 w0 i <k
n=0KeTr n=0 (K,L)eEn (6.29)

v;aL(@(u;z, up) = F(u5))? + (gl up) — F(uf))? )+
o s (P i) = gl uie)? + (F(ug) - 9w uie)?) | + O,

where C7 accounts for the interfaces K|L C B(0, R) such that K ¢ T and/or L ¢ T (these control
volumes are included in B(0, R+ h) \ B(0, R — h)).
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Note that the right hand side of (6.29) is bounded by (1 — &) By + C7 (from (6.25)). Using (6.18), (6.26)
and (6.27) gives

Nk
_ 2 _ 2
TS vt 2 [ k(g Gen) - 1@)F+ , max | Gler) = f0))+
(K,L)eEn
n — 2 — 2 6.30
vL,Kl(uz mex (q)2 9@+ max  (f0) - 9(p,0) )} (6.30)
5 > m(K) (u(}() + G+ Cy = Cs.
KeTg
Applying the Cauchy-Schwarz inequality to the left hand side of (6.16) and using (6.30) yields
Ntk
k [v” ( max  (g(q,p) — f(q)) +  max (g(q,p) — f(p )+
Sk 2 [ vkl e ton = S0+ e o) = 50
T - ) + - ’ ):| .
VLK (UL Jax o (F@) —gpa)+ , max . (f(p) = 9(p.q)) (6.31)
Nt 1
2
< C9(Zk Z (Vi1 +U2,K)) .
n=0 (K,L)e€p
Noting that
0,R+h)) Cio
< d— lm( ( ) — <10
Y Wkr+vix)< Y, Vm(9K) V- Ly —— =
(K,L)e€n KeTain
and (N7 + 1)k < 2T, one obtains (6.16) from (6.31).
Finally, since (6.15) yields
() — el <k Y (vigla(ufeut) - Fiol + of ala(ugu) - £uio)]),
LeEN(K)
Inequality (6.17) immediately follows from (6.16). This completes the proof of Lemma 6.2. m

6.4 Existence of the solution and stability results for the implicit
scheme

This section is devoted to the time implicit scheme (given by (6.9) and (6.5)). We first prove the existence
and uniqueness of the solution {u%,n € IN, K € T} of (6.5), (6.9) and such that u’% € [Uy,, Un] for all
K €T and all n € IN. Then, one gives a “weak space BV inequality (this is equivalent to the inequality
(6.16) for the explicit scheme) and a “(strong) time BV” estimate (Estimate (6.45) below). This last
estimate requires that v does not depend on ¢ (and it leads to the term “k” in the right hand side of
(6.95) in Theorem 6.6). The error estimate, in the case where v depends on ¢, is given in Remark 6.12.

6.4.1 Existence, uniqueness and L*> stability

The following proposition gives an existence and uniqueness result of the solution to (6.5), (6.9). In this
proposition, v may depend on t and one does not need to assume ug € BV(IRd).
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Proposition 6.1 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k> 0. Let g € C(IR* IR) satisfy Assumption 6.2.
Then there exists a unique solution {u%, n € N, K € T} C [Up,Unm| to (6.5),(6.9).

PROOF of Proposition 6.1

One proves Proposition 6.1 by induction. Indeed, {u%, K € T} is uniquely defined by (6.5) and one has
uY € [Upn, U], for all K € T, since Uy, < ug < Ups a.e.. Assuming that, for some n € IN, the set {u?,
K € T} is given and that ul, € [Up,, U], for all K € T, the existence and uniqueness of {u’}{ﬂ, KeT},
such that u?jl € [Um,Un| for all K € T, solution of (6.9), must be shown.

Step 1 (uniqueness of {u;"', K € T}, such that wi™" € [Up,, Uni] for all K € T, solution of (6.9))
Recall that n € IN and {ul., K € T} are given. Let us consider two solutions of (6.9), respectively
denoted by {ux, K € T} and {wk, K € T}; therefore, {ux, K € T} and {wgx, K € T} satisty {ur,
KeT}C [Um,UM], {UJK, KeT}C [Um,UM],

u _ un
m(K)% + > (Wi gluk,un) —vf g glup,uk)) =0, YK €T, (6.32)
LeN(K)
and
WK — uTIL( n n
m(K)T + Z (UK,L g(wr,wr) — VL. K g(wr,wk)) =0, VK € T. (6.33)
LeN(K)

Then, substracting (6.33) to (6.32), for all K € T,

B e —wie) + Y o (o us) — gl ur)
LeN(K)
+ > vkplg(wi,un) — glwi,wr)) = Y o gelg(ur, uk) — glwe, uk)) (6.34)
LEN(K) LEN(K)
- > v} klgwr, uk) = g(wr, wi)) =0

LeN(K)

thanks to the monotonicity properties of g, (6.34) leads to

m(K
U ke okl + Y v lgfuc, us) — gl ur)
LeEN(K)
+ Y viklgtwru) —glwrw)l <Y R plgwruz) - g(wre,wr)| (6.35)
LEN(K) LEN(K)
+ Y vpxlg(ur,ux) = glwr, uk)l.
LeN(K)

Let ¢ : RY — IR be defined by ¢p(x) = exp(—~|z|), for some positive v which will be specified later.
For K € T, let ¢ be the mean value of ¢ on K. Since ¢ is integrable over R? (and thanks to (6.4)),
one has ) 7 ¢r < (1/(ahd))||g0||L1(]Rd) < 0. Therefore the series

> ek Y viplg(wi,ur) — glwi,we)) and D or( Y 07 gelg(ur, uk) — glwr, uk)|)

KeT LeN(K) KeT LeN(K)

are convergent (thanks to (6.4) and the boundedness of v on IR? and g on [U,,, Un]?).
Multiplying (6.35) by ¢k and summing for K € T yields five convergent series which can be reordered
in order to give
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S P o < 3 YD vk slgtuse un) — gl un)llox — )

KeT KeT LeN(K)
+Y 0> v klglwr, uk) — g(wr, wi)llex — i,
KET LEN(K)

from which one deduces

Z aglug —wg| < Z brlux —wk|, (6.36)
KeT KeT

with, for all K € T, ax = wap;{ and bg = Z (Vi 91 + V] k92)|lpr — Ll
LeN(K)
For K € 7, let i be an arbitrary point of K. Then,

1
ax > Eahd inf{p(x), v € B(xk,h)}

and

br <

VL 92) 0 (| Vep(a). = € Bl 20)).

Therefore, taking v > 0 small enough in order to have

inf{o(y), y € B(x,h)} > Csup{|Ve(y)|, y € B(z,2h)}, Vo € R? (6.37)

with C' = (2kV (g1 + g2))/a?, yields ax > bx for all K € T. Hence (6.36) gives ux = wg, for all K € 7.
A choice of v > 0 verifying (6.37) is always possible. Indeed, since |Vp(z)| = vexp(—~|z|), taking v > 0
such that vexp(3vh) < 1/C' is convenient.

This concludes Step 1.

Step 2 (existence of {u’;(“, K € T}, such that u?(“ € [Um,Un| for all K € T, solution of (6.9)).
Recall that n € IN and {ul, K € T} are given. For r € N*, let B, = B(0,r) = {z € R?, |z| < r} and

7., ={K €T, K C B} (as in Lemma 6.2). Let us assume that r is large enough, say r > rg, in order to
have 7,. # (.

If K €T\7,,set u(KT) = u%. Let us first prove that there exists {u(KT), K € 7.} C [Un, Un, solution to
(r) _
m(K) K UK “K + S (g g ul) = of e gl W) = 0, VK € T,. (6.38)
LeN(K)

Then, we will prove that passing to the limit as » — oo (up to a subsequence) leads to a solution
{u"+1 K €T} to (6.9) such that u! € [U,,, Up] for all K € 7.

For a fixed r > rp, in order to prove the existence of {u%), K € 7.} C [Un, U] solution to (6.38), a
“topological degree” argument is used (see, for instance, DEIMLING [45] for a presentation of the degree).

Let U» = {u;, K € 7,} and assume that U, = {u(lg), K € 7.} is a solution of (6.38). The families U,
and U may be viewed as vectors of RY, with N = card(7,.). Equation (6.38) gives

r k r T s n
W s 3 e o)~ o g0 = i, VE € T
LEN(K)

which can be written on the form

U, — G.(U,)=U", (6.39)

where G, is a continuous map from RY into R".
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One may assume that ¢ is nondecreasing with respect to its first argument and nonincreasing with
respect to its second argument on IR? (indeed, thanks to the monotonicity properties of g given by
Assumption 6.2, it is sufficient to change, if necessary, g on IR? \ [Upm, Unr]?, setting, for instance, g(a, b) =
g(Un, T(UnrLa), Uy, T(UpLb))). Then, since u € [Up, Uy, for all K € T, and u(KT) =ul € [Up, Unml,
for all K € T\ 7., it is easy to show (using div(v) = 0) that if U, satisfies (6.39), then one has
u%) € [Upm, Up], for all K € 7,. Therefore, if C, is a ball of IRY of center 0 and of radius great enough,
Equation (6.39) has no solution on the boundary of C,, and one can define the topological degree of
the application Id — G, associated to the set C,. and to the point U, that is deg(Id — G,,C,,U").
Furthermore, if A € [0,1], the same argument allows us to define deg(Id — A\G,,C,,U). Then, the
property of invariance of the degree by continuous transformation asserts that deg(Id — AG,., C,., U*) does
not depend on A € [0, 1]. This gives

deg(Id — G,,C,.,U") = deg(Id,C,.,UM).

But, since U;" € C,,

deg(Id,C,,U) = 1.

Hence

deg(Id — G,,C.,U") # 0.

This proves that there exists a solution U, € C, to (6.39). Recall also that we already proved that the
components of U, are necessarily in [Uy,, Un].

In order to prove the existence of {u:"!, K € T} C [Uyn, Unr] solution to (6.9), let us pass to the limit as

r — oo. For r > rg, let {u%), K € T} be a solution of (6.38) (given by the previous proof). Since {u(lg),
r € IN} is included in [U,y,, U], for all K € T, one can find (using a “diagonal process”) a sequence
(r)iew, with r; — oo, as | — oo, such that (u}})en converges (in [Uy,, Up]) for all K € 7. One sets
ut! = limy_oo ujt. Passing to the limit in (6.38) (this is possible since for all K € 7, this equation is
satisfied for all [ € IN large enough) shows that {ux"", K € T} is solution to (6.9).

Indeed, using the uniqueness of the solution of (6.9), one can show that u%) — u?jl

KeT.
This completes the proof of Proposition 6.1. [

,as 1 — o0, for all

6.4.2 “Weak space BV” inequality

One gives here an inequality similar to Inequality (6.16) (proved for the explicit scheme). This inequality
does not make use of uy € BV (IR?) and v can depend on ¢. Inequality (6.17) also holds but is improved
in Lemma 6.5 when ug € BV(IR?) and v does not depend on t.

Lemma 6.3 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k> 0. Let g € C(R? R) satisfy Assumption 6.2 and let {u,n € IN, K € T} be the solution of (6.9),
(6.5) such that ' € [Un, U] for all K € T and all n € N (existence and uniqueness of such a
solution is given by Proposition 6.1).

Let T >0, R >0, Npp =max{n € N,;n <T/k}, Tr ={K € T,K C B(0,R)} and £} = {(K,L) €
72, L e N(K),K|L C B(0,R) and u% > u?}.

Then there exists C,, € IR, only depending on v, g, ug, o, R, T such that, for h < R and k < T,
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Nt i

Sk > ek, max  (glep) - fl@)+ , max  (9la.p) — f(p)+
—0 uy " SpSqSug

nt1 nt1
(K,L)€5;+l U SPSQSUK
)| 6o

Cy
o

~—

o7 ( max q) — P, q —+ max p) — D, q
e @ =g+ x| (6) o

<

Furthermore, Inequality 6.17 page 159 holds.

PROOF of Lemma 6.3

We multiply (6.9) by ku’;’{"l, and sum the result over K € Tz and n € {0,..., Nr}. We can then follow,
step by step, the proof of Lemma 6.2 page 159 until Equation (6.27) in which the first term of the right
hand side appears with the opposite sign. We can then directly conclude an inequality similar to (6.30),
which is sufficient to conclude the proof of Inequality (6.40). Inequality 6.17 page 159 follows easily from
(6.40). m

6.4.3 “Time BV?” estimate

This section gives a so called “strong time BV estimate” (estimate (6.45)). For this estimate, the fact that
ug € BV(IRY) and that v does not depend on ¢ is required. Let us begin this section with a preliminary
lemma on the space BV (IR%).

Lemma 6.4 Let 7 be an admissible mesh in the sense of Definition 6.1 page 154 and let u € BV(IRd)
(see Definition 5.38 page 139). For K € T, let ux be the mean value of u over K. Then,

o
> m(K|L)|ugk —ug| < Uy, (6.41)
K|LeE

where C only depends on the space dimension (d =1, 2 or 3).

PROOF of Lemma 6.4

Lemma 6.4 is proven in two steps. In the first step, it is proved that if (6.41) holds for all u € BV(IRd) N
C'(IR?,IR) then (6.41) holds for all u € BV (IR%). In Step 2, (6.41) is proved to hold for u € BV (IR%) N
CYR%R).

Step 1 (passing from BV(IR?) N C* (R, R) to BV (IRY))

Recall that BV (RY) ¢ L}, (RY). Let u € BV(IR?), let us regularize u by a sequence of mollifiers.

Let p € C°(IR%, IR, ) such that [rap(x)dz = 1. Define, for all n € IN*, p,, by p(x) = n?p(nz) for all
z € R* and Uy = U * Py, that is

unle) = [ uly)onlas = p)dy. Vo € R
R

It is well known that (uy,)nen~ is included in C*°(IR? R) and converges to u in L}, (IRY) as n — ooc.
Then, the mean value of u,, over K converges, as n — 00, to ug, for all K € 7. Hence, if (6.41) holds
with u, instead of u (this will be proven in Step 2) and if |un|py Ry < [ulpyray for all n € IN%,
Inequality (6.41) is proved by passing to the limit as n — oco.

In order to prove |u,|gy(re) < |ulpyre) for all n € IN* (this will conclude step 1), let n € IN* and
¢ € C(RR?) such that |p(z)| < 1 for all z € RY. A simple computation gives, using Fubini’s
theorem,
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[ wmtedive@ds = [ ([t~ ydivee)de)puw)dy < [ul (6.42)
Rd Rd Rd

since, setting 1, = p(y + -) € C°(R%, R?) (for all y € RY),

/ u(z — y)dive(x)de = / u(z)divipy (2)dz < |u| gy (ray, Yy € R,
R R4

/}Rd pn(y)dy = 1.

Then, taking in (6.42) the supremum over ¢ € C°(R?,IR?) such that |p(x)| < 1 for all z € R? leads to
[un| gy rey < [ulpymray-

Step 2 (proving (6.41) if u € BV(R) N CY(RY R))

Recall that B(z, R) denotes the ball of IR? of center z and radius R. Since u € C'(IR? R),

and

/ u(x)divp(x)de = — Vu(z) - p(z)de.
Rd

IR,d
Then |u|gy re) = [[(|Vul)|| L1 (re) and we will prove (6.41) with ||(|Vul)|| 1 (ra) instead of |u| gy (ray-
Let K|L € &, then K € T, L € N(K) and

U — UL, = K (L / / y))dzdy.

Forallz € K and all y € L,

—uly) = [ Valy+tla =) - (=)

Then,

m(K)m (>|uK—uL|</// Vuly + t(z — y)l| — yldtdz)dy

s/ / / Vuly + @ — )l — yldedt)dy

Using |z — y| < 2h and changing the variable x in z = z — y (for all fixed y € L and t € (0,1)) yields

1
m(K)m(L)|ug —ur| < Qh/(/ / [Vu(y + tz)|dzdt)dy,
L Jo JB(0,2n)

which may also be written (using Fubini’s theorem)

m(K)m(L)|ug —ur| < 2h o 2h)(/ /L |Vu(y + tz)|dydt)dz. (6.43)

For all K € 7, let xx be an arbitrary point of K.
Then, changing the variable y in £ = y + ¢z (for all fixed z € L and ¢t € (0,1)) in (6.43),

1
— h dédt)d
m(K)m(D)|uk — ur| <2 B(O%)/O /B(%Bh)wu(e)mt) .

which yields, since 7 is an adimissible mesh in the sense of Definition 6.4 page 154,
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d

2h
(K Do sl < SgzmBO.20) [ V(o)

Therefore there exists Cy, only depending on the space dimension, such that

m(K|L)ux —ug| < / Vu()|de, VKL € €. (6.44)
Q” JB(zr,,3h)

Let us now remark that, if M € 7 and L € 7, M N B(x,3h) # 0 implies L C B(xps,5h). Then, for a

fixed M € 7, the number of L € 7 such that M N B(zr,3h) # () is less or equal to m(B(0,5h))/(ah?)

that is less or equal Co/a where Cy only depends on the space dimension.

Then, summing (6.44) over K|L € £ leads to

cC C,C
> mKIDfux — ) < S S [ 9u(@)ide = L2V s qren,

K|Le& MeT

that is (641) with C' = Clcg. ]

Note that, in Lemma 6.4 the estimate (6.41) depends on «. This dependency on « is not necessary in the
one dimensinal case (see (5.6) in Remark 5.4) and for particular meshes in the two and three dimensional
cases. Recall also that, except if d = 1, the space BV (IR?) is not included in L=(IR%). In particular, it
is then quite easy to prove that, contrary to the 1D case given in Remark 5.4, it is not possible, for d = 2
or 3, to replace, in (6.41), ux by the mean value of v over an arbitrary ball (for instance) included in K.

Let us now give the “strong time BV estimate”.

Lemma 6.5 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k> 0. Let g € C(R* R) satisfy Assumption 6.2. Assume that ug € BV (IRY) and that v does not
depend on t.

Let {u},,n € IN,K € T} be the solution of (6.9), (6.5) such that u% € [Uy,,Un) for all K € T and all
n € IN (existence and uniqueness of such a solution is given by Proposition 6.1 page 163).

Then, there exists Cy, only depending on v, g, ug and « such that

K
Z % uttt —ul| < Gy, ¥n € IN. (6.45)

KeT
PROOF of lemma 6.5
Since v does not depend on ¢, one denotes vk, = v 1, for all K € 7 and all L € N(K).
For n € IN, let

= ug

Z K |
A = m _—
KeT

and
Bu= Y| Y. lkr g(up,ul)—vex glup,uf)].
KeT LeN(K)

Since ug € BV(IRd) and divv = 0, there exists (', > 0, only depending on v, g, up and «, such that
By < . Indeed,

Bo< Y > Vg +g2)m(K[L)|uf —ul.
KeT LeN(K)
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Thanks to lemma 6.4, By < Gy, with Cy, = 2V (g1 4 g2)C(1/a*)|uo| gy (re), where C only depends on the
space dimension (d =1, 2 or 3).

From (6.9), one deduces that B, 11 < A, for all n € IN. In order to prove Lemma 6.5, there only remains
to prove that A, < B, for all n € IN (and to conclude by induction).

Let n € IN, in order to prove that A,, < B, recall that the implicit scheme (6.9) writes
uptt =l 1 1 1 1
() Y (UKL gty — g e gt )) =0. (6.46)
LEN(K)
From (6.46), one deduces, for all K € T,

n+1

u u 'n, n n

m(K) KK 4 Z v, ( +1,uL+1)—g(uK,uL+1))
LeN(K)

+ 3 vK,L( (ufe, u ) — g(u’;z,u’z))— S onc (gl ui) - g, ui™h))
LEN(K) LEN(K)
= Y o (gl uit) - gt )
LeN (K)
== Y vkrpgioul)+ > vpx glul,ulk).

LEN(K) LEN(K)

Using the monotonicity properties of g, one obtains for all K € T,

|u71+1 — u'k | n n n
m(K)TK + Z vk, |g(uy 1 UL+1) Q(UK,UL+1)|
LeN(K)
+ > wpk lg(ui,uit) — gluf, ui)]
LeN(K) (6.47)
<= > vkrgioul)+ Y vk glul,uk)l
LEN(K) LeN(K)
+ > vk gl ™) = g(uiu)l + > vp lgit upE) — g(ul, uidth).
LeN(K) LeN(K)

In order to deal with convergent series, let us proceed as in the proof of proposition 6.1. For 0 < v < 1,
let ., : R% IR” be defined by ¢, (z) = exp(—v|z]).

For K € T, let ¢, k be the mean value of ¢, on K. As in Proposition 6.1, since ¢, is integrable over
RY, > ket v,k < 00. Therefore, multiplying (6.47) by ¢, k (for a fixed v) and summing over K € 7
yields six convergent series which can be reordered to give

unJrl_un
Zm(K)| K : K|507,K
KeT
<Y 1= D> vkrg(uiul) + Y vnk gul, uf)ley
KeT  LeN(K) LeN(K)
30 e lg(ui up ) — gluge, ul ) ey — 9l
KeT LeN(K)
3N vk o ul) — gl ul) ey x — oyl
KeT LeN(K)

For K € T, let zx € K be such that ¢, x = ¢, (zx). Let K € T and L € N(K). Then there exists
s € (0,1) such that ¢y 1 — ¢y, xk = Vo, (2x + s(zr — 2K)) - (v — 2K). Using |V, (z)| = yexp(—v|z]),
this yields ¢, — ¢y, x| < 2hyexp(2hy)py,k < 2hyexp(2h) ey k-

Then, using the assumptions 6.1 and 6.2, there exists some a only depending on k, V', h, o, g1 and go
such that
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|un+1 o un
> m(K) =0, k(1 -10)
KeT
<D= > wkngiout)+ Y vnk gl ul)|ey x < B
KeT  LeN(K) LeN(K)

Passing to the limit in the latter inequality as v — 0 yields A,, < B,,. This completes the proof of Lemma
6.5. [

6.5 Entropy inequalities for the approximate solution

In this section, an entropy estimate on the approximate solution is proved (Theorem 6.1), which will
be used in the proofs of convergence and error estimate of the numerical scheme. In order to obtain
this entropy estimate, some discrete entropy inequalities satisfied by the approximate solution are first
derived.

6.5.1 Discrete entropy inequalities

In the case of the explicit scheme, the following lemma asserts that the scheme (6.7) satisfies a discrete
entropy condition (this is classical in the study of 1D schemes, see e.g. GODLEWSKI and RAVIART [75],
GODLEWSKI and RAVIART [76]).

Lemma 6.6 Under assumption 6.1 page 151, let T be an admissible mesh in the sense of Definition 6.1
and k> 0. Let g € C(IR?,R) satisfying assumption 6.2 and assume that (6.6) holds.

Let ur i, be given by (6.8), (6.7), (6.5); then, for all k € R, K € T and n € IN, the following inequality
holds:

n+l o
Jusc H|k Jufc = | + Z [ Vi1, (g(u’}'(—l'/i, Ul Tk) — g(ulk Lk, uzJ_n)) -
LeN(K) (6.48)

UZK(Q(UZT/@ Uk Tk) — g(u} Lk, u}‘(J_/i))] <0.

m(K)

PROOF of lemma 6.6

From relation (6.7), we express u/;"! as a function of u% and u}, L € N(K),

k
W = s 2 ki (s uk) — v gk u))

LeN(K)
The right hand side is nondecreasing with respect to u?, L € N'(K). It is also nondecreasing with respect
to u, thanks to the Courant-Friedrichs-Levy condition (6.6), and the Lipschitz continuity of g.
Therefore, for all k € IR, using divv = 0, we have:

k
W TR SuR TR+ —m Y (2 s 9 Thos e Th) = vje 1 gl T, u )| (6.49)
m( ) LEN(K)
and
k
it Lk > ul Lk (k) Z (i ik g(ufLr, ukLr) —vi p g(ug Lk, ul Lk)). (6.50)
LEN(K)

The difference between (6.49) and (6.50) leads directly to (6.48). Note that using divv = 0 leads to
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ui™ — #| — |uf — &l

A +

S [ v (oupTrupTr) — Ful Th) = gluf Le,ul Le) + f(ul Ln)) - (6.51)
LeN(K)

m(K)

vl K (g(uz—l'/i, uETr) — f(uk Tr) — g(u} L, ul LK) + f(u?(J_n)ﬂ <0.

For the implicit scheme, one obtains the same kind of discrete entropy inequalities.

Lemma 6.7 Under assumption 6.1 page 151, let T be an admissible mesh in the sense of Definition 6.1
page 154 and k > 0. Let g € C(R? R) satisfying assumption 6.2.

Let {u, n e N, K € T} C [Up,, Upn] be the solution of (6.9),(6.5) (the existence and uniqueness of such
a solution is given by Proposition 6.1). Then, for all k € R, K € T and n € IN, the following inequality
holds:

|u}?rl — K| —Jul — kK

m(K) ?

| + Z {U%L (g(u?'("’l'l'/{, u’z"’l"l'/f) — g(u?’("’lj_n, u’z'HJ_/i))
LeN(K) (6.52)
—op (9 Tl Th) — gluf L, wi L) )| < 0.

PRrROOF of lemma 6.7
Let k € R, K € 7 and n € IN. Equation (6.9) may be written as

k
Wit =l - s 3 (ke g — v gl uit)
LeN(K)

The right hand side of this last equation is nondecreasing with respect to v’ and with respect to u’z‘H
for all L € N(K). Thus,

n n k n n n n n n
Wt <upTh— () Z (i g upt TR) — o} g g(uf ' T uft™)).
LeN(K)
k
Writing k = k — () Z (Vi1 9(k, k) = v} ¢ g(K, K)), one may remark that
m LeN(K)
n k n n n n
K< upTh— M Z (UK,L Q(KaUL'HT/‘?) — VLK Q(ULHT’% K)).
LeEN(K)

Therefore, since u?fl—l—n = u?(“ or K,

k
W TR < wl T — ) > Wk g TR up T TR) = 0f g g(up ™ Trufd Tr)). (6.53)

m(K
LeN(K)

A similar argument yields

k
uit Lk > ulf Lk — i) Z (Vi1 g(ut L uf P k) — VT K g(ut ™ L, ulit LR)). (6.54)
LeN(K)

Hence, substracting (6.54) to (6.53) gives (6.52). ]
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6.5.2 Continuous entropy estimates for the approximate solution

For © = R? or R? x R4, we denote by M(2) the set of positive measures on €2, that is of o-additive
applications from the Borel o-algebra of Q in R. If 4 € M(Q2) and ¢ € C.(2), one sets (u, 1) = [ dpu.
The following theorems investigate the entropy inequalities which are satisfied by the approximate so-

lutions u7  in the case of the time explicit scheme (Theorem 6.1) and in the case of the time implicit
scheme (Theorem 6.2).

Theorem 6.1 Under assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 page
154 and k > 0. Let g € C(R* R) satisfy assumption 6.2 and assume that (6.6) holds.

Let ur i be given by (6.8), (6.7), (6.5); then there exist 7 € M(R* x Ry) and pr € M(IR?) such
that

/]R /Rd( lur & (2, 1) — Ko (2, 1)+
(flur (2, t)Tr) = flurp(z,t)Lr))v(z,1) - V@(iryt))dxdt N

/. Juo () — klp(z,0)dz > (655)

_/1Rdx1R+ (|<Pt(x,t)| +|V50(x,t)|)dMT,k(x,t) —/lega(x,O)d;LT(x),

Ve e R, Yoe OCP(RYx R, R,).
The measures pr 1, and pr verify the following properties:

1. For all R >0 and T > 0, there exists C' depending only on v, g, ug, o, &, R and T such that, for
h<Randk<T,

pr.k(B(0, R) x [0,T]) < CVh. (6.56)
2. The measure pr is the measure of density |uo(-) — ur,0(-)| with respect to the Lebesgue measure,
where ur o is defined by ur o(z) = u% for a.e. v € K, for all K € T.
If ug € BV(IRd), then there exists D, only depending on uy and «, such that

pr(RY) < Dh. (6.57)
Remark 6.5

1. Let u be the weak entropy solution to (6.1)-(6.2). Then (6.55) is satisfied with u instead of ur j
and pr =0 and pr = 0.

2. Let BVioe(R?) be the set of v € L}, .(R?) such that the restriction of v to Q belongs to BV () for
all open bounded subset  of IRY.

An easy adaptation of the following proof gives that if ug € BV, (IR?) instead of BV (IR?) (in the
second item of Theorem 6.1) then, for all R > 0, there exists D, only depending on ug, @ and R,
such that u7(B(0,R)) < Dh.

PROOF of Theorem 6.1
Let ¢ € C®(R? x R4, Ry) and & € IR.

Multiplying (6.51) by k¢ = (1/m(K)) fézﬂ)k [ @(x,t)dxdt and summing the result for all K € 7 and
n € IN yields

T +15, <0,
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with

n+l |y (n+1)k
n=>%Y [uly n|k lug — | / / (e, t)ddt, (6.58)
nk K

nelNKeT
and

RIS

n€lN (K,L)e&,
ofe 25 (90 T Wi TR) = F(uf TR) = glufe Lin, wl L) + f(ufe L))
—o} Lgp%( (W Tr,ulTk) — f(u}TkK) — g(uk Lk, ul L) + f(uzj_n)) (6.59)
-} K(pK( (W TR UETR) — f(ukTr) — g(u} Le, ul LK) + f(u}J.n))
+of K(pL< (W} TR, UL TR) — f(u}Tk) — g(uf Lk, ul LK) + f(uZJ_/Q))},
where &, = {(K,L) € T2, u% > u?}}.

One has to prove

To+Tu< [ (lo@t] + Vela)durste) + [ pl@0dpr@. (660

for some convenient measures 7 ; and g7, and Thg, Too defined as follows
To = —/ / lur k(x,t) — K|oe(x, t)dadt — / |uop(z) — klp(x,0)dz,
R,y JRY R4

Too = — /}R /]R d((f(uf,k(x,t)m)— f(uT,k(x,t)M))v(x,t)-w(x,t))dxdt. (6.61)

In order to prove (6.60), one compares 77 and Ty¢ (this will give 17, and a part of 7 ) and one compares
T, and Ty (this will give another part of pr ).

Inequality (6.17) (in the comparison of T} and Tio) and Inequality (6.16) (in the comparison of T5 and
T50) will be used in order to obtain (6.56).

Comparison of 77 and T,

Using the definition of ur x and introducing the function uz o (defined by ur o(z) = ul;, for a.e. z € K,
for all K € T) yields

n+l o (n+1)k
Tw=> Y vk “' [wk “'/ / ,(n+ Dk)dadt +

neINKeT
(lur,o(x) — k| — |uo(x) — K|)@(z,0)dz.
Rd

The function | - —k| is Lipschitz continuous with a Lipschitz constant equal to 1, we then obtain
|un+1 —u | (n+1)k
m-mol< % K/ /|¢ (n+ 1)k) — (e, O)dedt +
neINKeT
|uo(z) — ur o(z)p(z,0)dz,
Rd

which leads to

(n+1)k
Ty =Tl < Y0 Juitt —u}u/ / |pe(, t)|dadt +
k K

neENKeT n (6.62)

|uo(z) — ur o(x)|e(z,0)dx.
Rd
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Inequality (6.62) gives

T — Thol < / (e, Dldvr k(z,£) + / (@, 0)dur (), (6.63)
REXR 4 R4

where the measures pr € M(R?) and vr, € M(IR? x R ) are defined, by their action on C.(IR?) and
C.(RY x Ry), as follows

() = /R Juo(e) — ur o) (), Voo € Co(R,

(n+1)k
rm) =Y Y Jupt —ugl /k /Klﬂ(x,t)dxdt,

r{LiEJN KeT
\V/w S CC(IR X IR+)

The measures 7 and vrj, are absolutely continuous with respect to the Lebesgue measure. Indeed,
one has duz(z) = |ug(z) — uro(z)|dz and dvr k(z,t) = (X, en Soxer [UET — Wl sk, (n1)k) ) dadt
(where 1g denotes the characteristic function of §2 for any Borel subset Q of IRdH).

If up € BV (IRY), the measure y7 verifies (6.57) with some D only depending on |uo| gy (mey and o (this
is classical result which is given in Lemma 6.8 below for the sake of completeness).

The measure v7 i satisfies (6.56), with v i, instead of p7 , thanks to (6.17) and condition (6.6). Indeed,
for R>0and T > 0,

vr k(B(0, R) x [0,T7) / / : DDl = Wk s, (n 1y dad,
B(0,R

nelN KeT
which yields, with Togp = {K € 7, K C B(0,2R)} and Ny ik <T < (Npjy+1)k,h < Rand k < T,

Ntk

kC
vra(BO,R) < [0,T) <k > Y m(K)|up — ] < —,
n=0 KeTzr \/E

where C] is given by lemma 6.2 and only depends on v, g, ug, o, £, R, T. Finally, since the condition
(6.6) gives k < Coh, where Co only depends on v, g, ug, «, &, the last inequality yields, for h < R and
k<T,

vr x(B(0,R) x [0,T]) < CsVh, (6.64)

with C3 = C1Cs.
Comparison of 75 and Ty
Using divv = 0, and gathering (6.61) by interfaces, we get

To=-Y > | ((f(uwm—fw;zm»—<f<uzTn>—f(uzm>>)

nelN (K,L)e&,
n+1)k
|| i ol 1)) dy ()]
K|L Jnk

Define, for all K € T, all L € N(K) and all n € IN,

(6.65)

. (n+1)k
= E /KL z,t) -ng ) o(x, t)dy(x)dt

and

(n+1)k
o= [, [, (0 men) et pdr
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Note that (ve)ph = (vp)7 & Then, (6.65) gives

)

re=kY ¥

n€lN (K,L)€E,,
(vcp)?(’z (g(u’}('l'n, utTk) = fUETR) — g(ulk Lr,u? Lk) + f(u’;(J_/f))
—(v) T e 9k TR, uE TrR) — f(uf TR) — g(uf Lk, uf Lr) + f(uﬁJ.n)) (6.66)
—(ve) g L (g TRk Tr) — fluf Tr) — g(u} Lk, uf Lr) + f(u’}(J_/f))
+(vgo)2’j< gt TR UETR) — f(ulTk) — g(u} Lk, uk LK) + f(uZJ_n))}
Let us introduce some terms related to the difference between ¢ on K € 7 and K|L € €&,

n,+

+
Tr,L = [V Lk — (USD)TIL(,L
and
T = WLk — (ve) R Ll

Then, from (6.59) and (6.66),

[Ty — Tho| < Zk Z

ncelN (K,L)eE,

7"?52 gUE TR UTTR) — f(WETr) + g(ulk Li,ulf Lk) — (’U,KJ_K;)) +
TL,K gUE TR, U TR) — f(u} TR) + g(uk Lk, u} Lk) — (6.67)
r(fugTr) — g} Tr,uf Tr) +

)+ f

7"2;“( JW}Tr) — g(uf TruE Tk

fukLr) — g(uLJ_ﬁ ulp L )) +
(uf Lk) — g(u} Lk, ul LK) }

For all (K, L) € &,, the following inequality holds:

0<g(uk Th,upTr) = f(uk Tk) < max (g9(g,p) — f(q)),
u} <p<g<ul

more precisely, one has g(ut Tk, u}Tk) — f(ukTk) = 0, if K > u%, and one has g(u Tk, u} Tk) —
fukTr) =g(¢,p) — f(g) with p =k and ¢ = w); if k € [u}, u}], and with p = u} and ¢ = u'; if kK < uf.
In the same way, we can assert that

0 < glukLr,uplr) — flukLr) < max  (g(g,p) = f(q))-
u} <p<q<ul,

The same analysis can be applied to the six other terms of (6.67).
To conclude the estimate on [T — Thg|, there remains to estimate the two quantities r%iL This will be

done with convenient measures applied to |V| and |p¢]. To estimate TZ"E, for instance, one remarks

that
N 1 (n+1)k  p(n+1)k N
T Si/ / // o(x,t) — ey, s)|(v(y,s) -ng )" dy(y)dxdtds.
WS L L [ 0 e s mn) )

(n+1)k  p(n+1)k
rKLka / / // /|Vgax-|—0 (y—2),t+0(s—1t))(y —x)+
nk K|L
t)]

oi(x+0(y —a),t+0(s—1))(s — ng, ) dOdy(y)dzdtds

Hence

which yields



176

(n+1)k  p(n+1)k
vi<mm ). [ ) / BV + 0y — o).t +0(s — )|+
K|L

kloe(a + 0y — )7t+9(s—t))|)( (4, 8) - ng ) dfdry(y)dadtds.

This leads to the definition of a measure ;/;(’Jz, given by its action on CC(IRd x R4):

(g v) = /(n+1)k/(n+l)k/ /K|L/ h+k Wz + 0y — ), t+9(s—t)))

-ng )T dOdy(y)dadtds, Vi € C.(RY x R,),

in order to have 27‘% <MK Vel + |50t|>

We define in the same way pfy ;, changing (v(y,s) - ng )" in (v(y,s) - ng )”. We finally define the
measure U7 j, by

Ty =Yk > [(uzggggéu (9(q ) PR
nelN (K,L)eE,
+<U7L<I;1<":l;<<u (9(q (p)) ) ML ) (6.68)
(e (@) = 90.0)) i)

+(uﬁ££%éu ( p) —g(p )(MLKu ]

Since 27"KL < <NKL’ Vol + [pe]), (6.67) and (6.68) leads to |To — Tho| < (U7 k. |Ve| + |t]). Therefore,
setting pur = vr  + U1k, using (6.63) and 77 + T2 <0,

T+ T < [ (leudet)] + Vol )duralo ) + [ plo0)dur (o),
RIXIR R4

which is (6.60) and yields (6.55).
There remains to prove (6.56).

For all K € 7, let xx be an arbitrary point of K. For all K € 7, all K € N(K) and all n € IN, the
supports of the measures ,u?(iL are included in the closed set B(xz g, h) N [nk, (n + 1)k]. Furthermore,

Wi (R R ) < 203 (h+ K) and g (RT X R) < 207 1 (h -+ )
Then, for all R > 0 and T > 0, the definition of 7 (1.e. WT k= VT )+ U7 1)) leads to

pi 1 (B(0, R) x [0,T]) < C3Vh
N g

w2 +R) Yk > oo, max  (9(a,p) - fl@)+  max  (g(a.p) /()

ut <p<qg<u uy <p<g<ufp
n=0 (K,L)EEL, g K r K

i se(, mex (o) = 9.a) + | max  (fp) =~ 9(p.0))]

up <p<q<ufy up Spqsufe
for h < R and k < T, where C3v/h is the bound of v (B(0, R) x [0,T]) given in (6.64). Therefore,
thanks to Lemma 6.2,

wr k(B(0,R) x [0,7T]) < C?,\/E-f— 1+ Cz)h% = C\/E,

where C' only depends on v, g, ug, a, &, R and T. The proof of Theorem 6.1 is complete. [

The following theorem investigates the case of the implicit scheme.
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Theorem 6.2 Under Assumption 6.1, let T be an admissible mesh in the sense of Definition 6.1 and
k> 0. Let g € C(IR*,R) satisfy Assumption 6.2.

Let {u,n € IN,K € T}, such that % € [Uy,Un) for all K € T and n € IN, be the solution of
(6.9),(6.5) (existence and uniqueness of such a solution are given by Proposition 6.1). Let ur i be given
by (6.8). Assume that v does not depend on t and that ug € BV (IR?).

Then, there exist pr, € M(RY x Ry) and pr € M(R?) such that

/]R /Rd( lur & (2,t) — Klo: (2, 1)+
(flur (2, t)Tk) — flur k(z,t) L)) v(z,t) - V@(%t))dxdt N

[ ) - slelw 0y > ee9)
[ (e 8+ e ) dura(et) ~ [ ol 0)dur ),
RIXIR 4 R

Ve € R, Ve CX(RY xRy, R,).
The measures pr 1, and pr verify the following properties:
1. For all R>0 and T > 0, there exists C, only depending on v, g, ug, o, R, T such that, for h < R

and k < T,
pr.k(B(0,R) x [0,T]) < C(k + Vh). (6.70)

2. The measure pur is the measure of density |uo(-) —ur o(-)| with respect to the Lebesgue measure and
there exists D, only depending on ug and «, such that

pr(R?) < Dh. (6.71)

PROOF of Theorem 6.2

Similarly to the proof of Theorem 6.1, we introduce a test function ¢ € CDQ(IRd x R4+,IR4) and a real

number £ € IR. We multiply (6.52) by (1/m(K)) f(nﬂ J5 @, t)dxdt, and sum the result for all K € T
and n € IN. We then define T} and T such that T} + T < 0 using equations (6.58) and (6.59) in which
we replace u} by u”Jrl and u} by u"“. Therefore we get (6.63), where the measure v7 j is such that
for all T' > 0, there exists C only dependlng on v, g, ug « and T', such that, for k < T,

vr(R% % [0,T]) < O1k,

using Lemma 6.5 page 168, which is available if v does not depend on ¢ (and for which one needs that
ug € BV(RY)).

The treatment of 75 is very similar to that of Theorem 6.1, replacing u} by u”Jrl and u} by u”Jrl But,
since v does not depend on ¢, the bounds on rKiL are simpler. Indeed,

nt 1 /<"+1>k// N
TR < < oz, t) — ey, )|(v(y) - ng ) dy(y)dzdt.
RS [P = o1 i) 1)

Now 2rKL <,uKL, |[V|) where ,uKL is defined by

Wi =g [ [ (ot 06— 0.0)

(v (y ng ) FdOdy(y)dzdt, Vi € Co(R? x R,).

With this definition of MKL’ the bound on 77 j, (defined by (6.68), replacing u} by u’}(ﬂ and u?} by
ZH) becomes, thanks to Lemma 6.3 page 165,
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o7 x(B(0,R) x [0,T]) < CoVh,

for h < R and k < T, where Cy only depends on v, g, up, a, R and T.
Hence, defining (as in Theorem 6.1) pr , = vr i + U7 ), for all R > 0 and all T' > 0 there exists C, only
depending on v, g, ug, o, R, T such that, for h < Rand k < T,

purk(B(0,R) x [0,T]) < C(k + \/ﬁ),
which is (6.70) and concludes the proof of Theorem 6.2. .

Remark 6.6 In the case where v depends on ¢, Lemma 6.5 cannot be used. However, it is easy to show
(the proof follows that of Theorem 6.1) that Theorem 6.2 is true if (6.70) is replaced by

1z 1 (B0, R) x [0,T]) < C(% + V), (6.72)

which leads to the result given in Remark 6.12. The estimate (6.72) may be obtained without assuming
that up € BV (IRY) (it is sufficient that ug € L®(R?)).

For the sake of completeness we now prove a lemma which gives the bound on the measure ps7 in the
two last theorems.

Lemma 6.8 Let 7 be an admissible mesh in the sense of Definition 6.1 page 154 and let u € BV(IRd)
(see Definition 5.38 page 139). For K € T, let ux be the mean value of u over K. Define ur by
ur(z) = ug for a.e. v € K, for all K € T. Then,

C
lu —ur|l L1 gray < §h|u|BV(le)v (6.73)
where C only depends on the space dimension (d =1, 2 or 3).

PROOF of Lemma 6.8
The proof is very similar to that of Lemma 6.4 and we will mainly refer to the proof of Lemma 6.4.

First, remark that if (6.73) holds for all u € BV(R*)NC*(R%,R) then (6.73) holds for all u € BV (IR%).
Indeed, let u € BV(IRd), it is proven in Step 1 of the proof of Lemma 6.4 that there exists a sequence
(tUn)new C C®°(R%, R) such that u, — u in L}, (IR?), as n — oo, and lunll gy rey < [lull pyme) for all
n € IN. One may also assume, up to a subsequence, that u,, — u a.e. on R Then, if (6.73) is true with
Uy, instead of u, passing to the limit in (6.73) (for u,) as n — oo leads to (6.73) (for u) thanks to Fatou’s
lemma.
Let us now prove (6.73) if u € BV (IR%) N C'(IR% R) (this concludes the proof of Lemma 6.8). Since
uwe CYIRY R),

|U'|BV(1Rd) = ||(|VU|)||L1(1Rd)§
hence we shall prove (6.73) with [|(|Vul)||L1(ra) instead of |u|gy (ra)-
For K €T,

/K|u(x)—uK|dx§ m(lK)/K(/K lu(z) — uly)|dz)dy.

Then, following the lines of Step 2 of Lemma 6.4,

1 1
/K|u(a:) —ugldr < mh/B(O,h)(/o /K|Vu(y+tz)|dydt)dz. (6.74)

For all K € 7, let xx be an arbitrary point of K.
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Then, changing the variable y in £ = y + tz (for all fixed z € K and ¢t € (0,1)) in (6.74),

1 1
/Klu(ar) —ugldr < —m(K)h/B(o,h)(/o /B(Wh) |Vu(€)|dedt)dz

which yields, since 7 is an admissible mesh in the sense of Definition 6.4 page 154,
1
[ lut@) —urclde < mBO.m0 [ vale)de
K ah B(zx,2h)

Therefore there exists Cy, only depending on the space dimension, such that

/ lu(z) — uxclde < Z2h Vu(€)|de, VK € T. (6.75)
K «Q B(wx,2h)

As in Lemma 6.4, for a fixed M € 7, the number of K € 7 such that M N B(xk,2h) # 0 is less or equal
to m(B(0,4h))/(ah?) that is less or equal to Cy/a where Cy only depends on the space dimension.
Then, summing (6.75) over K € 7 leads to

C1C C1C
> [ tute) = urlds < L0 Y [ vul©)ls = S0 ITUD] e

KeT MeT
that is (673) with C' = Clcg. ]

6.6 Convergence of the scheme

This section is devoted to the proof of the existence and uniqueness of the entropy weak solution and of
the convergence of the approximate solution towards the entropy weak solution as the mesh size and time
step tend to 0. This proof will be performed in two steps. We first prove in section 6.6.1 the convergence
of the approximate solution towards an entropy process solution which is defined in Definition 6.2 below
(note that the convergence also yields the existence of an entropy process solution).

Definition 6.2 A function p is an entropy process solution to problem (6.1)-(6.2) if 4 satisfies
p€ LR x RY % (0,1)),
+oo
/ / / pwlz,t,a))pr(x,t) + O (p(z, t, a))v(z,t) -ch(m,t))dadtd:v
R

+ [ ntuo(a))ete.0)ds >0,

for any ¢ € CH(R? x R, IR,),
for any convex function € C*(IR,IR), and ® € C*(IR,IR) such that ® = f'n’.

(6.76)

Remark 6.7 From an entropy weak solution u to problem (6.1)-(6.2), one may easily construct an
entropy process solution to problem (6.1)-(6.2) by setting u(x,t,a) = u(z,t) for a.e. (z,t,a) € R? x
IR’ x (0,1). Reciprocally, if u is an entropy process solution to problem (6. ) (6.2) such that there exists
u € L°°(1Rd x R%) such that u(z,t,a) = u(z,t), for ae. (z,t,0) € R x R x (0,1), then u is an
entropy weak solution to problem (6.1)-(6.2).

In section 6.6.2, we show the uniqueness of the entropy process solution, which, thanks to remark 6.7,
also yields the existence and uniqueness of the entropy weak solution. This allows us to state and prove,
in section 6.6.3, the convergence of the approximate solution towards the entropy weak solution.

We now give a useful characterization of an entropy process solution in terms of Krushkov’s entropies (as
for the entropy weak solution).
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Proposition 6.2 A function p is an entropy process solution of problem (6.1)-(6.2) if and only if,
g€ LR x RY x (0,1)),

/}Rd /+°°/ |N x,t, ) — klpe(x, t) + P(u(x, t, @), k)v (xat)'vw(x,t))dadtdx

+/]Rd |uo(z) — K|@(z,0)dz > 0,

Ve € R, Vo € CHIR? x Ry, Ry),
where we set ®(a,b) = f(aTb) — f(albd), for all a, b € R.

(6.77)

PROOF of Proposition 6.2

The proof of this result is similar to the case of classical entropy weak solutions. The characterization
(6.77) can be obtained from (6.76), by using regularizations of the function |- —x|. Conversely, (6.76)
may be obtained from (6.77) by approximating any convex function n € C*(IR,IR) by functions of the

form: 7y, (- Za(")| (")|, with 041(") > 0. L]

6.6.1 Convergence towards an entropy process solution

Let a > 0 and 0 < & < 1. Let (75, km)men be a sequence of admissible meshes in the sense of Definition
6.1 page 154 and time steps. Note that 7, is admissible with « independent of m. Assume that k,,
satisfies (6.6), for 7 = 7, and k = k,,,, and that size(7,,) — 0 as m — oo.

By Lemma 6.1 page 158, the sequence (u7,, k,. )men of approximate solutions defined by the finite volume
scheme (6.5) and (6.7) page 155, with 7 = 7,, and k = ky, is bounded in L=(IR* x R} ); therefore,
there exists p € L®°(R? x IR% x (0,1)) such that ug,, , converges, as m tends to co, towards p in the
nonlinear weak-x sense (see Definition 6.3 page 198 and Proposition 6.4 page 199), that is:

lim / / O(ur,, k., (,t))p(x, t)dtdx —/ / / O(p(z,t, a))e(x, t)dadtde,
Ly wt Jm, (6.78)
Yy € L IRXIR*) VGEC(IR R).

Taking for 0, in (6.78), the Krushkov entropies (namely 6 = | - —x|, for all x € IR) and the associated
functions defining the entropy fluxes (namely 0 = f(-,x) = f(-Tk) — f(-Lk)) and using Theorem 6.1
(that is passing to the limit, as m — oo, in (6.55) written with ur , = w7, 1,,) yields that p is an entropy
process solution. Hence the following result holds:

Proposition 6.3 Under assumptions 6.1, let « > 0 and 0 < § < 1. Let (T, km)men be a sequence of
admissible meshes in the sense of Definition 6.1 page 154 and time steps. Note that T, is admissible
with « independent of m. Assume that k,, satisfy (6.6), for T =T, and k = k,, and that size(7,,) — 0
as m — oo.

Then there exists a subsequence, still denoted by (Tpn, km)mew, and a function p € L= (IR x IR% x(0,1))
such that

1. the approzimate solution defined by (6.7), (6.5) and (6.8) with T = T, and k = ky,, that is ur,, k..,
converges towards p in the nonlinear weak-+ sense, i.e. (6.78) holds,

2. w is an entropy process solution of (6.1)-(6.2).

Remark 6.8 The same theorem can be proved for the implicit scheme without condition (6.6) (and thus
without &).

Remark 6.9 Note that a consequence of Proposition 6.3 is the existence of an entropy process solution
to Problem (6.1)-(6.2).
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6.6.2 Uniqueness of the entropy process solution

In order to show the uniqueness of an entropy process solution, we shall use the characterization of an
entropy process solution given in proposition 6.2.

Theorem 6.3 Under Assumption 6.1, the entropy process solution p of problem (6.1),(6.2), as defined
in Definition 6.2 page 179, is unique. Moreover, there exists a function u € L°°(IRd x R%) such that

u(x,t) = p(z,t, ), for a.e. (z,t,a) € R x IR* x (0,1). (Hence, with Proposition 6.3 and Remark 6.7,
there exists a unique entropy weak solution to Problem (6.1)-(6.2).)
ProOF of Theorem 6.3

Let 1 and v be two entropy process solutions to Problem (6.1)-(6.2). Then, one has u € L®(IR? x R x
(0,1)), v € L=(R* x R} x (0,1)) and

/]Rd/m/ (In(et.0) - wlir(. 1)

+(f (u(z,t,0) Tr) = f(u(x, b, ) Lr))v(z,t) - Vw(%t))dadtdx (6.79)
+/ luo(z) — k|p(z,0)dz > 0, Vi € R, Vp € CLHIRY x Ry, R.),

/]Rd/m/ (1(w,5,8) = Kl (v, 5)

(0,5 9)TR) = (g, 5. 0) LR V(Y. 5) - Viply, ) ) dBdsdy (6.80)
+/ luo(y) — k|p(y,0)dy >0, Ve € R, Vo € CLHIRY x Ry, R).
Rd

The proof of Theorem 6.3 contains 2 steps. In Step 1, it is proven that

/ol / /IR [t to) vt gt

+(f(/1‘(x7tv O[)TI/(:E,t, ﬁ)) - f(M(:E,t, Oc)J.V(!E,t,ﬂ))) V(xvt) ’ V?/J(:E,t) dxdtdadﬁ >0,
vy e CHIRY x Ry, Ry).

In Step 2, it is proven that u(x,t,«) = v(z,t,0) for ae. (z,t,,0) € R? x IR% x (0,1) x (0,1). We
then deduce that there exists u € L™(IR* x R%) such that u(z,t,a) = u(z,t) for ae. (z,t,a) €
R? x IR%. x (0,1) (therefore u is necessarily the unique entropy weak solution to (6.1)-(6.2)).

Step 1 (proof of relation (6.81))

In order to prove relation (6.81), a sequence of mollifiers in IR and R? is introduced .
Let p € C°(R% Ry ) and 5 € C(R, R, ) be such that

(6.81)

{z e R p(z) # 0} C {w € RY |2| <1},

{z € R; p(z) # 0} C [~1,0] (6.82)

/]Rd p(z)dx =1, /]Rﬁ(x)dx =1.

For n € IN*, define p,, = np(nz) for all z € R? and p, = np(nz) for all z € R.
Let ¢ € CHIR? xR, IR,). For (y,5,3) € RYxIR4 x (0,1), let us take, in (6.79), p(z,t) = 1 (z, t)pn(z—
Y)pn(t — s) and & = v(y, s, ). Then, integrating the result over R? x TR x (0,1) leads to

and



182

Ay +As + A3+ Ay + A5 >0, (6.83)
where
w= [ et v
e, pu (@ = y)pu(t - )| dadtdydsdads,
e[ L[ e
(2, t)pn(z —y)pl, (t — )]dxdtdydsdadﬁ,
=[] /}R (7t 0) Tty 5.0)) = Foue ) Loty 5. )
V(1) - V(@ pu (@ — y)pn(t - )| dadidydsdads,
= [T (et Tt ) - Gt t) 5.9
V(@ 1) - Vpu (e = y)b(a, Opn(t - 5) | dadtdydsdads
and

1 o0
A= [ ][] @) < vl Bl 0)pu (e ~ w)p(~s)dydsdeds
0o JraJo JRre
Passing to the limit in (6.83) as n — oo (using (6.80) for the study of As + A4 and Aj) will give (6.81).
Let us first consider Ay and As. Note that, using (6.82),
/ / pn(x — ) pn(t — s)dsdy = 1, Vo € R?, vt € Ry
R Jo

Then,

|As —/1/1 /}R+ /]R [u(@,t, ) — v(,t, B)|vr(z,1)| dedtdadp|
/ / /]Rd/ /Rd (@, t,8) = v(y, s, B)||[ve(@, t)|pn(z — y)pn(t — s) |dxdtdydsdf

< Hwt”LOO(]RdX]R*)c? n,S),

with S = {(x,t) € R? x R; (z,t) # 0} and

1 1
e(n,S) =sup{|lv —v(- +n,- + 7, )lLr(sx0,1)); [ < E’ 0<7< ﬁ}

Since v € L}, (R% x Ry x [0,1]) and S is bounded, one has £(n, S) — 0 as n — oo. Hence,

loc

1 1
A — A A ~/1R+ /]Rd “H(x,t,a) —v(x,t, B)|(x, t)|dedtdadf, as n — oo. (6.84)

Similarly, let M be the Lipschitz constant of f on [—D, D] where D = max{|| g/l co, [|V||oc }» With ||||cc =
H'||L°°(]R"><]R:_><(O 1))

| A3 —/ / ~/]R+/ wu(z,t,a)Tv(z,t, B8)) — f(u(x,t,a)lu(m,t,ﬁ)))
) - Vi (2, t)dzdidadB| < 2MVI[([VP)]| L rexmy) (1, 5),
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which yields

As —>/ / /lR /le w(x, t, o) Tr(e,t,3)) — f(,u(m,t,oz)J_V(x,t,ﬁ))) (6.85)
| v(z,t) - Vi(x,t)dedtdads, as n — oo.

Let us now consider Ao + Ay.

For (z,t,0) € R x Ry x (0,1), let us take ¢(y,s) = ¥(x,t)pn(x — y)pn(t — s) and & = p(z,t,a) in
(6.80). Integrating the result over IR? x TR x (0,1) leads to

—Ay — By >0, (6.86)

mme= [T [ttt 8) - Sty vty )

(v(z,t) = v(y,s)) - Vpnlz —y)(z,t)pn(t — s)} dxdtdydsdadf.

Note that By = Ay if v is constant (and one directly obtains (6.88) below). In the general case, in order
to prove that Ay — By — 0 as n — oo (which then gives (6.88)), let us remark that, using divv =0,

/// /R/ / xt,a)Tu(m,t,ﬁ))—f(u(x,t,a)J.u(x,t,ﬂ))) -

—v(y,8)) - Vpn(x — y)ib(z, 1) pn(t — 8)] drdtdydsdadB = 0.

with

Indeed, the latter equality follows from an integration by parts for the variable y € IR?. Then, substracting
the left hand side of (6.87) to A4 — B4 and using the regularity of v, there exists C, only depending on
M, v and 1), such that |A4 — By| < Cye(n,S). This gives Ay — By — 0 as n — oo and, thanks to (6.86),

limsup(Az + A4) <0. (6.88)

n—oo

Finally, let us consider As.
For 2 € IRY, let us take ¢(y, s) = (z,0) pn f pn(—7)d7 and k = ug(z) in (6.80). Integrating the

resulting inequality with respect to z € IR? gives

—As + Bsa + Bsp > 0, (6.89)

/ / /]Rd /]Rd/ v(y, s, B) Tuo(x)) — f(v(y, s, 3) Luo()))

v(y,s) - Von(z — y)v(x,0)p,(—7)drdydxdsdf,

Bsp = /1Rd /}Rd P(x,0)pn(x — y)|uo(x) — uo(y)|dyda.

Let Sp = {x € R, (z,0) # 0} and

with

1
coln So) = supf | Juofa) — uo(e +n)lda o] < -},
So
so that By < [[1(, 0)|| o (may€0(n So).
Since ug € L} (IRd) and since Sy is bounded, one has €¢(n,Sy) — 0 as n — oco. Then, By, — 0 as

n — 0.

loc
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Let us now prove that Bs, — 0 as n — oo (then, (6.89) will give (6.90) below). Note that Bs, =
_B5c + (B5a + B5c) with

me=[ [ ] / (5,5, 0) To(w)) = f (35, 6) Luo(v)

) - Vpn(z —y)(x,0)pn(—7)drdydadsdf.
Integrating by parts for the x variable ylelds

m=[ ]| / (5,5 0) Tuo(y) = £ (v{y,5,5) Luo(y)

) - Vp(z,0)pn(x — y) pn(—7)drdydadsdf.

Noting that the integration with respect to s is reduced to [0,1/n], Bs. — 0 as n — oo.
There remains to study Bsq 4 Bsc. Noting that |f(aTb) — f(aTc)| < M|b—¢| and |f(aLb) — f(aLlc)| <
M|b—c|if b, ¢ € [-D, D], where D = |lug|| () and M is the Lipschitz constant to f on [-D, D]

)

B+ Beel <200V [ [ [ o) = o)l o~ )l 0 (~)drdydads,

which yields the existence of Cs, only depending on M, V and 4, such that

1
| Bsq + Bse| < Cz/ ’ / / luo(z) — uo(z — 2)|n?Ttdzdxds.
0 So B(O,%)

Therefore, | Bs, + Bs.| < C3e¢(n, So), with some C3 only depending on M, V and 1. Since go(n, Sy) — 0
as n — oo, one deduces |Bs, + Bs.| — 0 as n — oco. Hence, Bs, — 0 as n — oo and (6.89) yields

limsup A5 <0. (6.90)
It is now possible to conclude Step 1. Passing to the limit as n — oo in (6.83) and using (6.84), (6.85),
(6.88) and (6.90) yields (6.81).
Step 2 (proof of u = v and conclusion)
Let R > 0and T > 0. One sets w = VM (recall that V is given in Assumption 6.1 and that M is given
in Step 1).
Let ¢ € C1(IR4,[0,1]) be a function such that ¢(r) = 1if r € [0, R+wT], p(r) =0if r € [R+wT+1,00)
and ¢'(r) <0, for all 7 € Ry.
One takes, in (6.81), ¢ defined by

Y(a,t) = o(|z| + wt) Tz, for v € R and t € [0, 7],
Y(x,t) =0, for z € R and t > T.

The function % is not in C’S"(IRd x R4,R4), but, using a usual regularization technique, it may be
proved that such a function can be considered in (6.81), in which case Inequality (6.81) writes

/ [ Tt = vt 0 (Er b ol 0 — e + )+
f(u(x t,0)Tv(z,t,8)) — flu(z,t,a) Lv(z,t 5)))T¢ (ol +wt)v(e,0) - Jdmdtdadﬁ > 0.
Since w = VM and ¢’ <0, one has (f(aTb)— f(aLd))¢' (x| +wt)v(z,t)- (z/]|z]) <|a—Dblw(—¢ (|z|+wt)),

for a.e. (z,t) € RYxIR% and all a, b € [~D, D] (D is defined in Step 1). Therefore, since ¢(|z|+wt) = 1
if (x,t) € B(0, R) x [0,T1], the preceding inequality gives
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1 1 T
[ L] inteta) vt g)dsidads <o
o Jo Jo JB(O,R)

which yields, since R and T are arbitrary, u(x,t,«) = v(x,t, 3) for a.e. (z,t,a,f3) € R x IR% x (0,1) x
(0,1).

Let us now deduce also from this uniqueness result that there exists u € L(IR¢ x IR%) such that
w(z,t, o) = u(x,t), for ae. (x,t,0) € R x IR” % (0,1) (then it is easy to see, with Definition 6.2, that
u is the entropy weak solution to Problem (6.1)-(6.2)).

Indeed, it is possible to take, in the preceeding proof, y = v (recall that the proposition 6.3 gives the
existence of an entropy process solution to Problem (6.1)-(6.2), see Remark 6.9). This yields u(z, ¢, a) =
w(z,t, B) for a.e. (z,t,a,3) € RY x IR* x (0,1) x (0,1). Then, for a.e. (z,t) € R x IR’ , one has

ul,t,0) = (a1, 8) for ace. (0, ) € (0,1) x (0,1)
and, for a.e. a € (0,1),

w(x,t, o) = p(z,t, B) for a.e. §€(0,1).
Thus, defining u from IRY x R to IR by

1
u(x,t)z/o w(z, t, B)ds,

one obtains pu(z,t, a) = u(z,t), for a.e. (z,t,a) € R x IR” x (0,1), and u is the entropy weak solution
to Problem (6.1)-(6.2). This completes the proof of Theorem 6.3. L]

6.6.3 Convergence towards the entropy weak solution

We now know that there exists a unique entropy process solution to problem (6.1)-(6.2) page 151, which
is identical to the entropy weak solution of problem (6.1)-(6.2); we may now prove the convergence of the
approximate solution given by the finite volume scheme (6.7), (6.5) and (6.8) towards the entropy weak
solution as the mesh size tends to 0.

Theorem 6.4 Under Assumptions 6.1 page 151, let o € R, and & € (0,1) be given. For an admissible
mesh T in the sense of Definition 6.1 page 154 and for k > 0 satisfying (6.6) (note that « and £ are
fized), let ur i, be the solution to (6.7), (6.5) and (6.8).

Then, wr  — u in L%’OC(IRd x IRy) for all p € [1,00), as h = size(T) — 0, where u is the entropy weak

solution to (6.1)-(6.2) page 151.

PrOOF of Theorem 6.4

P (R*xTRy) for all p € [1,00), as h = size(T) — 0), let us proceed
by a classical way of contradiction which uses the uniqueness of the entropy process solution to Problem
(6.1)-(6.2) page 151. Assume that there exists 1 < pg < oo, € > 0, w a compact subset of R, T > 0 and
a sequence ((Zm, km))men such that, for any m € IN, 7,, is an admissible mesh, k&, satisfies (6.6) (with
T =T, and k = ky,, note that o and £ are independent of m), size(7,,) — 0 as m — oo and

In order to prove that ur ; — u (in L

T
/ / luz,, k,, —ulPPdzdt > e, Vm € IN, (6.91)
0 Jo

-k, 1s the solution to (6.7), (6.5) and (6.8) with 7 = 7,, and k = k,, and w is the entropy weak
solution to (6.1)-(6.2).
Using Proposition 6.3, there exists a subsequence of the sequence ((Z,,, km))men, still denoted by ((7;,,
m))men, and a function pu € L®(IRY x IR% x (0,1)) such that

where ur_ 1
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1. wr,, k,, — 1, 8 m — 00, in the nonlinear weak-x sense, that is:

lim O(uz,, k,, (x,1)o(x, t)dedt = / / / O(p(z, t, )z, t)dedtde, (6.92)
m— 00 R4 . .
Vo € LY(IR® x RY), V0 € C(R,IR),

2. p is an entropy process solution to (6.1)-(6.2).

By Theorem 6.3 page 181, one has u(-, -, «) = u, for a.e. a € [0,1] (and u is the entropy weak solution to
(6.1)-(6.2)). Taking first 8(s) = s% in (6.92) and then 0(s) = s and pu instead of ¢ in (6.92) one obtains:

/00/ (ur, 1, (2,1)) — u(z, 1)) 2oz, t)dzdt — 0, as m — oo, (6.93)
0o Jme

for any function ¢ € LY(IR% x (0,T)). From (6.93), and thanks to the L°-bound on (ur, 1, Jmen, one
deduces the convergence of (ur,, k., )men towards w in Lloc(le x Ry) for all p € [1,00), which is in
contradiction with (6.91).

This completes the proof of our convergence theorem. [

Remark 6.10

1. Theorem 6.4 is also true with the implicit scheme instead of the explicit scheme (that is (6.9) and
(6.10) instead of (6.7) and (6.8)) without the condition (6.6) (and thus without &).

2. The following section improves this convergence result and gives an error estimate.

6.7 FError estimate

6.7.1 Statement of the results

This section is devoted to the proof of an error estimate of time explicit and time implicit finite volume
approximations to the solution u € L®(IR? x IR}) of Problem (6.1)-(6.2) page 151. Assuming that
ug € BV(RY), a “h'/*" error estimate is shown for a large variety of finite volume monotone flux
schemes such as those which were presented in Section 6.2 page 154.

Under Assumption 6.1 page 151, let 7 be an admissible mesh in the sense of Definition 6.1 page 154 and
k> 0. Let g € C(IR? IR) satisfying Assumption 6.2.

Let u be the entropy weak solution of (6.1)-(6.2) and let w7 j be the solution of the time explicit scheme
(6.7), (6.5), (6.8), assuming that (6.6) holds, or uz j be the solution of the time implicit scheme (6.9),
(6.5), (6.10). Our aim is to give an error estimate between u and ur k.

In the case of the explicit scheme, one proves, in this section, the following theorem.

Theorem 6.5 Under Assumption 6.1 page 151, let T be an admissible mesh in the sense of Definition
6.1 page 154 and k > 0. Let g € C(IR?, R) satisfy Assumption 6.2 and assume that condition (6.6) holds.
Let u be the unique entropy weak solution of (6.1)-(6.2) and ur i be given by (6.8), (6.7), (6.5). Assume
ug € BV(IRd). Then, for all R > 0 and all T > 0 there exists C. € R4, only depending on R, T, v, g,
ug, a and &, such that the following inequality holds:

T
/ / lug k(. t) — u(z, t)|dedt < Cohi. (6.94)
B(0,R

(Recall that B(0, R) = {z € R?, |z| < R}.)
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In Theorem 6.5, ug is assumed to belong to BV (IR?) (recall that ug € BV (IR?) if sup{ [ u(z)dive(z)dz,
¢ € C®(RYRY); |p(z)| < 1, Vo € R} < 00). This assumption allows us to obtain an h'/* estimate
in (6.94). If up ¢ BV (IR?) (but ug still belongs to L>°(IR%)), one can also give an error estimate which
depends on the functions £(r, S) and €q(r, S) defined in (6.109) and (6.116).

A slight improvement of Theorem 6.5 (and also Theorem 6.6 below) is possible. Using the fact that
ue C(Ry, L (IRY)) and thus u(-,t) is defined for all ¢t € IR, Theorem 6.5 remains true with

loc
/ lur i (z,t) — u(z, t)|dz < C.hY*, Yt € [0,T),
B(0,R)

instead of (6.94). The proof of such a result may be handled with an adaptation of the proof a uniqueness
of the entropy process solution given for instance in EYMARD, GALLOUET and HERBIN [54], see VILA
[155] and COCKBURN, COQUEL and LEFLOCH [32] for some similar results.

In some cases, it is possible to obtain h!/2, instead of h'/*, in Theorem 6.5. This is the case, for instance,
when the mesh 7 is composed of rectangles (d = 2) and when v does not depend on (z,t), since, in
this case, one obtains a “BV estimate” on wr ;. In this case, the right hand sides of inequalities (6.16)
and (6.17), proven above, are changed from C/v/h to C, so that the right hand side of (6.56) becomes
Ch instead of Cv/h, which in turn yields C.h'/? in (6.94) instead of C.h'/*. Tt is, however, still an
open problem to know whether it is possible to obtain an error estimate with h'/2, instead of /%, in
Theorem 6.5 (under the hypotheses of Theorem 6.5), even in the case where v does not depend on (z,t)
(see COCKBURN and GREMAUD [34] for an attempt in this direction).

Remark 6.11 Theorem 6.5 (and also Theorem 6.6) remains true with some slightly more general as-
sumption on g, instead of 6.2, in order to allow g to depend on 7" and k. Indeed, in (6.7), one can replace
g(ul,ul) (and g(u},u})) by gr,p(ui,ul, T, k) (and gr x(uf,ul,T,k)). Assume that, for all K € T
and all L € N(K), the function (a,b) — gk, (a,b,T,k), from [Up,, Um]? to R, is nondecreasing with
respect to a, nonincreasing with respect to b, Lipschitz continuous uniformly with respect to K and L
and that gx.r(a,a,T,k) = f(a) for all a € [U,,, Uy (recall that U,, < ug < Ups a.e. on R?). Then
Theorem 6.5 remains true.

However, note that condition (6.6) and C, in the estimate (6.94) of Theorem 6.5 depend on the Lipschitz
constants of gx.1.(,+, 7, k) on [Up,, Up]?. An interesting form for g1, is gx..(a, b, T, k) = cx. (7T, k) f(a)
+ (1—ck, (T, k)) f(b) + Di,o(7, k) (a—b), with some cx 1,(T, k) € [0,1] and D, (7, k) > 0. In order to
obtain the desired properties on g, 1, it is sufficient to take max{|f'(s)|, s € [Um,Un]} < Dg,(T,k) < D
(for all K, L), with some D € IR. The Lipschitz constants of g 1, on [Upn,, Up]? only depend on D, f,
U,, and U,,.

For instance, a “Lax-Friedrichs type” scheme consists, roughly speaking, in taking Dy (7, k) of order
“h/E”. The desired properties on gg, 1, are satisfied, provided that k/h < C, with some C' depending on
max{|f'(s)], s € [Un,Unm]}. Note, however, that the condition k/h < C is not sufficient to give a real
“h1/% estimate, since the coefficient C, in (6.94) depends on D. Taking, for example, k of order “h*” leads
to an estimate “C.h'/*” which do not goes to 0 as h goes to 0 (indeed, it is known, in this case, that the
approximate solution does not converge towards the entropy weak solution to (6.1)-(6.2)). One obtains
a real “h!/%” estimate, in the case of that “Lax-Friedrichs type” scheme, by taking C; < (k/h) < Cy. In
order to avoid the condition C; < (k/h) (note that (k/h) < Cy is imposed by the Courant-Friedrichs-Levy
condition 6.6), a possibility is to take Dk (7, k) = D = max{|f'(s)|, s € [Um, U]} (this is related to
the “modified Lax-Friedrichs ” of Example 5.2 page 133 in the 1D case). Then D only depends on f and
uo and, in the estimate “C.h'/*” of Theorem 6.5, C. only depends on R, T, v, f, ug, o and &, which
leads to a convergence result at rate “h'/*” as h — 0 (with fixed o and &).

In the case of the implicit scheme, one proves the following theorem.

Theorem 6.6 Under Assumption 6.1 page 151, let T be an admissible mesh in the sense of Definition
6.1 page 154 and k > 0. Let g € C(IR*,R) satisfy Assumption 6.2. Let u be the unique entropy weak
solution of (6.1)-(6.2). Assume that ug € BV (IR?) and that v does not depend on t.
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Let {u},, n € N, K € T} be the unique solution to (6.9) and (6.5) such that u% € [Up,,Un]| for all
K €T andn € IN (existence and uniqueness of such a solution is given by Proposition 6.1). Let ur j be
defined by (6.10).

Then, for all R > 0 and T > 0, there exists C, only depending on R, T, v, g, ug and «, such that the
following inequality holds:

T
/ / iz (2, 8) — ule, B)|dwdt < Cy(k + h3)}, (6.95)
o JB(O,R)

Remark 6.12 Note that, in Theorem 6.6, there is no restriction on k (this is usual for an implicit
scheme), and one obtains an “h'/%” error estimate for some “large” k, namely if k < h'/2. In Theorem
6.6, if v depends on ¢ and up € L®(IR?) (but ug not necessarily in BV (IR%)), one can also give an error
estimate. Indeed one obtains

T
k
/ / g k(. t) — u(x, t)|dedt < Co(— + h?)3,
0 JB(0O,R) h3
which yields an “h'/4” error estimate if k is of order “h”.

Theorem 6.5 (resp. Theorem 6.6) is an easy consequence of Theorem 6.1 (resp. 6.2) and of a quite
general theorem of comparison between the entropy weak solution to (6.1)-(6.2) and an approximate
solution. This theorem of comparison (Theorem 6.7) may be used in other frameworks (for instance, to
compare the entropy weak solution to (6.1)-(6.2) and the approximate solution obtained with a parabolic
regularization of (6.1)). It is stated and proved in Section 6.7.3 where the proofs of theorems 6.5 and 6.6
are also given. First, in Section 6.7.2, two preliminary lemmata are given. Indeed, Lemma 6.10 is the
crucial part of the two following sections.

6.7.2 Preliminary lemmata

Let us first give a classical lemma on the space BV.

Lemma 6.9 Let u € BV,.(R?), p € IN*, that is u € L}, .(IR?) and the restriction of u to 2 belongs to
BV (Q) for all open bounded subset 2 of R (see Definition 5.38 page 139 for the definition of BV (Q)).
Then, for all bounded subset Q of RP and for all a > 0,

HU’( + 77) - U’”Ll(Q) < |77||U'|BV(QQ)7 VU S Iva |T]| < a, (696)
where Q, = {x € RP; d(z,Q) < a} and d(z,Q) = inf{|x — y|, y € Q} is the distance from x to Q.

PROOF of Lemma 6.9
Let © be a bounded subset of IR” and n € IRP. The following equality classically holds:

lu(-+n) —ullLie) = Sup{/Q(u(ﬂ? + 1) —u(@))p(x)dr, o € CZ(LR), [|@lLe@ <1} (6.97)
Let ¢ € C°(Q,IR) such that ||| L) < 1.
Since p(z) = 0 if z € Qy \ Q (recall that Q) = {z € R?; d(z,Q) < n}),

/ u(z)p(x)der = / u(x)p(x)dx.
Q2 Q)
Similarly, using an obvious change of variables,

[ wtesneys = [ u@ete— e

Q)
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Therefore,

/Q (uz + 1) — u(e))p(x)dz = /Q u(@) (@ — ) — p(e))dz = — /Q w)(/o Vo(z — sn) - nds)dz

[n] [n]

and, with Fubini’s theorem,

[ e+ 0 —u@etads = [ ([ ule)Vel - sn) - ndos (6.95)

[l

For all s € (0,1), Define ¢s € C°(Q),,R?) by ¢s(x) = @(x — sn)n; since s € CZ(Q,,R’) and
[s(x)] < [n] for all z € IR, the definition of |u[py (g, ) yields

J

(@) Vepla — sn) - dz = / w(@)divip(2)dz < nllulsv,, )

Inl Q)

Then, (6.98) gives

/Q(U(ff +1) = u(@)p(x)dz < |nllulsya,)- (6.99)
Taking in (6.99) the supremum over ¢ € CZ°(£2,IR) such that ||| L~(q) < 1 yields, thanks to (6.97),

[u(-+n) —ullz1@) < Inllulpv(q,) Y1 € R,
and (6.96) follows, since Q| C Q, if |n| < a. ]

Remark 6.13 Let us give an application of the lemma 6.9 which will be quite useful further on. Let
u € BVioe(R?), p € N*. Let ¢, ¢ € Co(R”, IRy ), a > 0 and 0 < £ < a such that [, p(z)dr =1 and
o(xz) =0 for all x € RP, || > . Let S = {z € RP, ¢(x) # 0}.

Then,

/ / D@z — y)dyde < el bl L= [ulsv s, (6.100)
RrR? JIRP

where S, = {z € R,, d(z,S) < a}.
Indeed, Lemma 6.9 gives

u(-+n) —ullLis) < nllulpv(s,), Vn € RP,n| < a. (6.101)
Using a change of variables in the left hand side of (6.100),
[ ] @) - wwlb@het - dyds < [olwaun [ ([ fule) - ulo - 2)lde)e()dz
RrR? JIRP B(0,e) JS
Then, (6.101) yields
[l - uwlo@ete - dyde < lblliemnlulsvis.) [ o
RP JIRP RP

which gives (6.100).
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Lemma 6.10 Under assumption 6.1, let ug € BV (IR ) and @ € L=®(R? x IR*) such that Uy, <@ < Upy
a.e. on R x IR”.. Assume that there exist p € M(IR Y% Ry) and po € M(IR?) such that

/]R /]Rd u(x,t) — klpi(z, t)+
+

(f(u(x,t)Tr) — flu(x,t) Lk))v(z,t) - V(p(x,t)) drdt  +
/ jual) — lp(a. 0)de > (6.102)
Rd

_/]RdX]R+ <|<Pt(x,t)| +|Vgp(x,t)|)du(x,t) —/}Rdlso(x,oﬂduo(x),

Ve e R, Yoe OCP(RYx Ry, Ry).

Let u be the unique entropy weak solution of (6.1)-(6.2) (i.e. u € L®(IR? x IR?) is the unique solution
to (6.102) with u instead of @ and pn =0, po =0).

Then for all ¢ € C?O(IRd x R4,IRy) there exists C only depending on v (more precisely on ||| oo,
1t oos VYoo, and on the support of 1), v, f, and ug, such that

/]R /]Rd w(x,t) — u(x, t)| v (z,t) +
(f(u(x,t)Tu(x #) — f(a(z, t)J_u(x,t))) (v(x,t)-w(x,t))} dodt >

~Cluo({¥(-,0) # 0}) + (n{v # 01))% + u({y # 0})),

where {1 # 0} = {(x,t) € R x Ry, ¢(x,t) # 0} and {1(-,0) # 0} = {z € RY, ¢(x,0) # 0}. (Note
that ||-||c = ||'||L<>°(Rdxn1jr)')

(6.103)

PROOF of Lemma 6.10

The proof of Lemma 6.10 is close to that of step 1 in the proof of Theorem 6.3. Let us first define mollifiers
in IR and IR?%. For p =1 and p = d, one defines pp € C°(IRP,IR) satisfying the following properties:

supp(pp) = {x € R?; pp(z) # 0} C {z € R[] <1},

pp(z) >0, Vo € IRP,
| eplardo =1
RP

p1(z) =0, Ve € Ry. (6.104)

For r € IR, r > 1, one defines p, ,(z) = rPp,(rz), for all x € RP.
Using the mollifiers p, , will allow to choose convenient test functions in (6.102) (which are the inequalities
satisfied by @) and in the analogous inequalities satisfied by u which are

and furthermore, for p = 1,

[ [t = o)+ (£ulyes) o) = Sty 5)L0) )(we) - Tl ) dydst
R, JR

]Rd|u0(y) — klo(y,0)dy >0, Ve e R, Vo e CP(RY xRy, Ry).

(6.105)

Indeed, the main tool is to take x = u(y, s) in (6.102), k = u(x,t) in (6.105) and to introduce mollifiers
in order to have y close to x and s close to t.
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Let ¢ € C¥(IRY x Ry, R), and let ¢ : (IR? x IR} )% — IR be defined by:

o(x,t,y,s) = P(x,t)par (v —y)p1.,(t — ).

Note that, for any (y,s) € RY x Ry, one has ¢(-,-,7,5) € C°(R% x Ry, Ry) and, for any (z,t) €
R? x R, one has p(z,t,-,-) € C(R? x Ry, R ). Let us take ¢(-,-,y,s) as test function ¢ in (6.102)
and ¢(x,t,-,-) as test function ¢ in (6.105). We take, in (6.102), £ = u(y,s) and we take, in (6.105),
r = u(z,t). We then integrate (6.102) for (y,s) € R% x R, and (6.105) for (z,t) € R? x R. Adding
the two inequalities yields

Ei1 + Eig + B3+ Eiy > —Eo, (6.106)
where
A O A I L T e P e
Ba= [ [ / /]R (s 0Tty 9) - st Luty. )
) Vo, Dpar (@ = y)prp(t — )| dadidyds,
Ba=-[ [ | /R (DT uly,5) = ) Laly,5) )b
v(z,t)) - Vpa,r(x —y)p1,-(t — s)dvdtdyds,
Bu= [ [ luale) ~ uly. )t 00pa o~ oo (~s)dydsd
and

), S (120 =)0t D1t = ) 5 00,0 (0 9)
Horr(t =) (VY (@, Dpar (@ —y) + (2, 1) Vpar(z - ))l)du(x t)dyds (6.107)

/ /Rd/]Rd (@,0)pa.r(x = y)p1,r(—s)|dpo(x)dyds.

One may be surprised by the fact that the inequation (6.106) is obtained without using the initial condition
which is satisfied by the entropy weak solution w of (6.1)-(6.2). Indeed, this initial condition appears
only in the third term of the left hand side of (6.105); since ¢(x,t,-,0) = 0 for all (z,t) € R x R, the
third term of the left hand side of (6.105) is zero when ¢(z,t,,-) is chosen as a test function in (6.105).
However, the fact that u satisfies the initial condition of (6.1)-(6.2) will be used later in order to get a
bound on FE14.

Let us now study the five terms of (6.106). One sets S = {¢ # 0} = {(z,t) € R? x R ; ¢(x,t) # 0}
and Sy = {¥(-,0) # 0} = {z € R? 9(x,0) # 0}. In the following, the notation C; (i € IN) will refer to
various real quantities only depending on ||9||ec, ||¥t]lco, IV%|loos S5 So, v, f, and ug.
Equality (6.107) leads to

By < (r+1)C1u(S) + Capo(So). (6.108)
Let us handle the term Ey;. For all z € R? and for all ¢ € R4, one has, using (6.104),

/ / par(x —y)p1r(t — s)dsdy = 1.
R< JO
Then,
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|E11—/]R /}Rd[m(sg,t)—u(x,t)wt(x,t)} dadt| <
I L et =t dlpaste - o (e - 9)] dediayds < sz, ),
with

1
e(r, §) = sup{|lu — u(- +n,-+ 7)llL1(s), Inl < -, 0<7< -} (6.109)

<

Since ug € BV (IR?), the function u (entropy weak solution to (6.1)—(6.2)) belongs to BV (IRY x (=T, T)),
for all T' > 0, setting, for instance, u(.,t) = ug for ¢ < 0 (see KRUSHKOV [94] or CHAINAIS-HILLAIRET
[23] where this result is proven passing to the limit on numerical schemes).

Then, Lemma 6.9 gives, since r > 1, (takingp=d +1, @ = S and @ = v/2 in Lemma 6.9,)

e(r, ) < % (6.110)
Hence,
. Cy
|E11—/ / [|u(x,t)—u(x,t)|¢t(x,t) dwdt| < =2 (6.111)
R R4 T

In the same way, using |f(aTb) — f(aTc)| < M|b —¢| and |f(aLlb) — f(aLlc)] < M|b — ¢| for all a, b,
¢ € [Up, Up] where M is the Lipschitz constant of f in [U,, U],

|Er —/ / A, O Tule, 1) — (@, 1) Lu(z, 1))
,t) - Vip(a,t))dadt| < Cse(r, S) < <e.

(6.112)

Let us now turn to F13. We compare this term with

Frg = / /R/ / (e, ) Tu(, 1)) — [ (a2, 1) Luz, 1)) ) (. 1

—v(z,t)) - Vpar(x—y)p1r(t —s) dedtdyds.

Since div(v(-, s) —v(x,t)) =0 (on IRd) for all z € R, t € Ry and s € IR, one has Fy3, = 0. Therefore,
substracting E13, from Ey3 yields
<
Ba<Crf [ 7] jutt) - utm it 6113
|(v(y,s) —v(z,t) - Vpar(x —y)|p1r({t —s) dedtdyds.
The right hand side of (6.113) is then smaller than Cgse(r, S), since |(v(y, s) — v(z,t)) - Vpar(x — y)| is
bounded by Cor? (noting that |z —y| < 1/r). Then, with (6.110), one has

Eq3 < @ (6.114)
r

In order to estimate Fi4, let us take in (6.105), for 2 € R? fixed, ¢ = ¢(z, -,-), with

P(o0.8) = Ve Oparta =) | " (=7,

and k = ug(z). Note that ¢(z,-,-) € C°(R? x R4,IR;). We then integrate the resulting inequality
with respect to z € R?. We get

—FE14+ Ei5 + Eig > 0,
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with

o= [ /}R d / $)Tuo(a)) — f (uly,5) Luo(w))

v(y,s )Vpdr(w = y))p1,r(—7)drdydzds,

E¢ Z/le /1Rd/o P(x,0)par(x —y)p1r(—7)|uo(x) — uo(y)|drdydz.

To bound FE\5, one introduces Eys5;, defined as

Bun= [ /}R d /}R d / $)Tuo(y) ~ f(u(y. s) Luo(y)))

vpd r(x - y))dj(xv O)pl,r(_T)deydxds‘
Integrating by parts for the x variable ylelds

B[ /}R d / [ Gt T = (w9 Luo(w))
,8) - Vw(x 0))pdr(w— Y)p1,r(—7)drdydzds.

Then, noting that the time support of this integration is reduced to s € [0,1/7], one has

C
iy < = (6.115)

Furthermore, one has

|Eus + Eusy| < Cs / / / / luo(2) — wo@)IV(Y, ) - Vour(@ — 4)[(z, 0)prr (—r)drdydeds,
0 R4 JIRY Js

which is bounded by Cizeo(r, Sp), since the time support of the integration is reduced to s € [0,1/7],
where g¢(r, So) is defined by

1
eo(r, So) = sup{ | fuo(x) —uo(z +n)ldz; [n] < —}. (6.116)
So

Since ug € BV (IR?), one has (thanks to Lemma 6.9) eo(r, So) < Ci4/r and therefore, with (6.115),
Ey5 < Cis/r.

Since ug € BV(IRd), again thanks to Lemma 6.9, see remark 6.13, the term FEi4 is also bounded by
016/7"-
Hence, since E14 < E15 + FEig,

C
Eyy < % (6.117)

Using (6.106), (6.108), (6.111), (6.112),(6.114), (6.117), one obtains

/]R /]Rd w(x,t) — u(x, t)|(z,t) +
(e, Tute, ) = fla@, ) Lu(@,0)) (v(z,1) - Vib(a,0))| dodt >
—Cy(r+ 1)p(S) — Capo(So) — <=,
)

which, taking r = 1//u(S) if 0 < u(S) <1 (r — oo if u(S) =0 and r = 1 if u(S) > 1), gives (6.103).
This concludes the proof of the lemma 6.10. [
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6.7.3 Proof of the error estimates

Let us now prove a quite general theorem of comparison between the entropy weak solution to (6.1)-(6.2)
and an approximate solution, from which theorems 6.5 and 6.6 will be deduced.

Theorem 6.7 Under assumption 6.1, let ug € BV (R?) and @ € L= (IR x R} ) such that Uy, < 4 < Uny
a.e. on IRY x IR”.. Assume that there exist ji € MR x Ry) and po € M(R?) such that (6.102) holds.

Let u be the unique entropy weak solution of (6.1)-(6.2) (note that u € L>®°(IR? x IRY) is solution to
(6.102) with u instead of @ and =0, po =0).

Then, for all R > 0 and all T > 0 there exists C, and R, only depending on R, T, v, f and ug, such that
the following inequality holds:

ST Faoum |8, 0) — ule, )]dedt < Coluo(B(O, R) + [u(B(0, R)

Recall that B(0, R) = {x € R?; |z| < R}.

PROOF of Theorem 6.7

The proof of Theorem 6.7 is close to that of Step 2 in the proof of Theorem 6.3. It uses Lemma 6.10
page 190, the proof of which is given in section 6.7.2 above.

Let R > 0 and T > 0. One sets w = VM, where V is given in Assumption 6.1 and M is the Lipschitz
constant of f in [Up,, U] (indeed, since f € C1(IR,IR), one has M = sup{|f’(s)|; s € [Um, Unm]}).

Let p € CL(IR4,[0,1]) be a function such that p(r) = 1if r € [0, R+wT], p(r) =0 if r € [R+wT +1,00)
and p'(r) <0, for all » € R (p only depends on R, T, v, f and uy).

One takes, in (6.103), ¢ defined by

U(x,t) = (|x|—|—wt)TT, for € R and t € [0, 77,
Y(z,t) =0, for t € R and t > T.

Note that p(|z| + wt) = 1, if (z,t) € B(O,R) x [0, T7.

The function % is not in C’f"(IRd x R4,R4), but, using a usual regularization technique, it may be
proved that such a function can be considered in (6.103), in which case Inequality (6.103) writes, with
R=R+wT+1,

/ [l =t 01 (S )+ ) = ool +)) +
(G, Tule, ) = f (e, t) Lu(w,£))) Zetpl(al +wt)(vie,t) - )] dedt >
—C(po(B(0, R)) + (u(B (07R)><[07T]))%+u( (0, R) x [0,77)),

where C' only depends on R, T, v, f and uyg.
Since w = VM and p’ <0, one has

(#(aa T, 1)) = o) Lo 1)) o/ (] +ot)(v(e.0) - 7)) <
(e, t) = ule, O] Ztw(—p (lal +wt)),
and therefore, since p(|z| + wt) =1, if (x,t) € B(0, R) x [0,T],

=

T
/0 / ) Dt < CT (B0, B) + (u(BO,R) (0.1 + (B0, R) x 0.7]).

This completes the proof of Theorem 6.7. [
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Let us now conclude with the proofs of theorems 6.5 page 186 (which gives an error estimate for the time
explicit numerical scheme (6.7), (6.5) page 155) and 6.6 page 187 (which gives an error estimate for the
time implicit numerical scheme (6.9), (6.5) page 155). There are easy consequences of theorems 6.1 and
6.2 and of Theorem 6.7.

PROOF of Theorem 6.5

Under the assumptions of Theorem 6.5, let @ = ur . Thanks to the L* estimate on u7 j, (Lemma 6.1)
and to Theorem 6.1, @ = ug i satisfies the hypotheses of Theorem 6.7 with 1 = pr x and po = pr (the
measures fi7 ; and p7 are given in Theorem 6.1).

Let R > 0 and T > 0. Then, Theorem 6.7 gives the existence of C; and R, only depending on R, T, v,
f and wug, such that

ST Fogomy e e 1) — (e, 0)ldedt < Cr(ur(BO, B)) + [ur (B0, B) x [0,T])]3
+ur.x(B(0, R) x [0,17)).
For h small enough, say h < Ry, one has h < R and k < T (thanks to condition 6.6, note that Ry only

depends on R, T, v, g, ug, a and &).
Then, for h < Ry, Theorem 6.1 gives, with (6.118),

(6.118)

T
/ / luz i (z,t) — u(z, t)|dzdt < Cy(Dh+ VChT + CVh) < Cahi,
0o JB(O,R)

where Cs only depends on R, T', v, g, ug, @ and &.
This gives the desired estimate (6.94) of Theorem 6.5 for h < Ry.
There remains the case h > Ry. This case is trivial since, for h > Ry,

T
/ / iz (2, 8) — (e, £)|dzdt < 2max{—Un, Unr}m(B(0, R) x (0,T)) < Cs(Ro)* < Csh?,
0 JB(0,R)
for some C5 only depending on R, T', v, g, ug, o and &.
This completes the proof of Theorem 6.5. [

PROOF of Theorem 6.6

The proof of Theorem 6.6 is very similar to that of Theorem 6.5 and we follow the proof of Theorem 6.5.
Under the assumptions of Theorem 6.6, using Theorem 6.2 instead of Theorem 6.1 gives that @ = u7 j
satisfies the hypotheses of Theorem 6.7 with p = p7  and po = pr (the measures 7 and pr are given
in Theorem 6.2).

Let R > 0 and T > 0. Theorem 6.7 gives the existence of C'; and R, only depending on R, T, v, f and
ug, such that (6.118) holds.

For h < R and k < T Theorem 6.1 gives with (6.118),

T
/ / lur k(. t) — u(z, t)|dedt < CL(Dh+ VC(k + h?)? + C(k+ h?)) < Co(k + h?)?,
0o JB(O,R)
where Cy only depends on R, T, v, g, ug, Q.

This gives the desired estimate (6.95) of Theorem 6.6 for h < Rand k< T.
There remains the cases h > R and & > T'. These cases are trivial since

T
/ / (2, 8) — u(, B)|dzdt < 2max{—Un, Uns ym(B(0, R) x (0,T)) < Cy inf{ R*, T#}
o JB(O,R)

for some C5 only depending on R, T', v, g, ug.
This completes the proof of Theorem 6.6. [
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6.7.4 Remarks and open problems

Theorem 6.5 page 186 gives an error estimate of order h'/* for the approximate solution of a nonlinear
hyperbolic equation of the form u; + div(vf(u)) = 0, with initial data in L N BV by the explicit finite
volume scheme (6.7) and (6.5) page 155, under a usual CFL condition k < Ch (see (6.6) page 155).

Note that, in fact, the same estimate holds if ug is only locally BV. More generally, if the initial data wug
is only in L°°, then one still obtains an error estimate in terms of the quantities
1 1
e(r,S) =sup{ | |u(z,t) —u(z+n,t+7)|dxdt; |n| < —,0<7< -}
S T r

and

1
eo(r, So) = sup{ | [uo(z) —uo(z +m)ldz; [n] < —},
So
see (6.109) page 192 and (6.116) page 193. This is again an obvious consequence of Theorem 6.1 page
172 and Theorem 6.7 page 194.

We also considered the implicit schemes, which seem to be much more widely used in industrial codes in
order to ensure their robustness. The implicit case required additional work in order

(i) to prove the existence of the solution to the finite volume scheme,

(ii) to obtain the “strong time BV” estimate (6.45) if v does not depend on .

For v depending on ¢, Remark 6.12 yields an estimate of order h'/* if k behaves as h; however, in the
case where v does not depend on ¢, then an estimate of order h'/* is obtained (in Theorem 6.6) for a
behaviour of k as v/h; Indeed, recent numerical experiments suggest that taking k of the order of vh
yields results of the same precision than taking k£ of the order of h, with an obvious reduction of the
computational cost.

Note that the method described here may also be extended to higher order schemes for the same equation,
see CHAINAIS-HILLAIRET [22]; other methods have been used for error estimates for higher order schemes
with a nonlinearity of the form F'(u), as in NOELLE [117]. However, it is still an open problem, to our
knowledge, to improve the order of the error estimate in the case of higher order schemes.

6.8 Boundary conditions

In this section, a generalization of Theorem 5.4 is presented for the multidimensional scalar case together
with a rough sketch of proof. For the sake of simplicity, one considers d = 2 (the extension to d = 3 is
straightforward) and a flux function under the form v(z,t)f(u), with div(v(-,t)) = 0 (see [157] for the
general case of a flux function f(z,¢,u)). This leads to the following equation:

ug +div(vf(u)) =0, in Q x (0,7), (6.119)

where  is a bounded polygonal open set of R?, T' > 0, f € C*(R,R) (or f : R — R Lipschitz
continuous) and v € C1(R? x [0,7]) — R? with div(v(-,¢)) = 0 in R? for all ¢t € [0,7]. The unknown is
u: Q2x(0,7T)—R.

Let up € L>®(Q) and w € L>®(0Q x (0,T)). Let A,B € R be such that A < ug < B a.e. on {2 and
A <u < Bae ondx(0,7T). Following the work of [122], an entropy weak solution of (6.119) with
the initial condition ug and the (weak) boundary condition @ is a solution of (6.120):



197

u € L>(Qx (0,7)),
/ / u— k)T + signy (u — &) (f(u) — f(k))v - gradp|dzdt

+M/ / to(x, t)dy(x)dt (6.120)
o0
/( o — k) p(z,0)dr >0,
Vi € [A, B], Vo € CHQ x [0,T),Ry),
where dy(z) stands for the integration with respect to the one dimensional Lebesgue measure on the

boundary of  and M is such that [|[v||eo|f(s1) — f(s2)| < M|s1 — so| for all s1, 52 € [A, B], where||v||o =
SUp(, pyeax(o,r] 1V(2,t)| (and | - | denotes here the Euclidean norm in R?).

Remark 6.14

1. If u satisfies the family of inequalities (6.120), it is possible to prove that w is a solution of
(6.119) (on a weak form), u satisfies some entropy inequalities in Q x (0,T), namely |u — K|y +
div(v(f(max(u, x)) — f(min(u, x)))) < 0 for all K € R, but also on the boundary of 9Q and on
t = 0. u satisfies the initial condition (u(-,0) = ug) and u satisfies partially the boundary condition.
For instance, if f' > 0 and u is regular enough, then u(z,t) = u(x,t) if x € 9Q, t € (0,T) and
v(x,t) - n(z,t) <0, where n is the outward normal vector to 0.

2. Let M > 1. It is interesting to remark that u is solution 0fL6.120) if and only if u is solution of
(6.120) where the term [, (ug — k)*p(x,0)dx is replaced by M [, (uo — r)F@(z,0)dx.

A sketch of proof of existence and uniqueness of the solution of (6.120) together with the convergence of
numerical approximations is now given, following [157].
STEP 1: APPROXIMATE SOLUTION. With a quite general mesh of  (with triangles, for instance), denoted
by 7, and a time step k, it is possible to define an approximate solution, denoted by w7 ;, using some
numerical fluxes (on the edges of the mesh) satisfying conditions similar to (C1)-(C3) in Sect. 5.5.1.
Under a so called CFL condition (like k& < (1 — C)% in Sect. 5.5.1), it is easy to prove that A < urj < B
a.e. on Q x (0,7). Unfortunately, it does not seem easy to obtain directly a strong compactness result
on the familly of approximate solutions (alhough this strong compactness result is true, as we shall see
below).
STEP 2: WEAK COMPACTNESS. Using only this L* bound on ur j, one can assume (for convenient
subsequences of sequences of approximate solutions) that ur  — u, as the mesh size goes to zero (with

the CFL condition), in a “non linear weak-+ sense” (similar to the convergence towards young measures,
see [53] for instance), that is u € L>°(Q x (0,T") x (0,1)) and

/ / (ur k(z,t))e(x, t)dedt —>/ / / u(z, t, )z, t)dedtdo,
for all ¢ € LY(Q x (0,7)).

STEP 3: PASSING TO THE LIMIT. Using the monotonicity of the numerical fluxes, the approximate
solutions satisfy some discrete entropy inequalities. Passing to the limit in these inequalities gives that u
(defined in Step 2) is solution of some inequalities which are very similar to (6.120), namely:

ue L>®(Qx (0,7) x (0,1)),
/ / / u — k) F o +signy (u— &)(f(u) — f(k))v - gradg|dzdtdo
—|—M/ / = o, )y () dt (6.121)
o0

/(uo — k) *o(x,0)dr > 0,
Vi € [A,B], Vp € CL(Q x [0,T),Ry),
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For this step, one chooses M not only greater than the Lipschitz constant of ||v||of on [4, B], but also
greater than the Lipschitz constant (on [A, B]?) of the numerical fluxes associated to the edges of the
meshes (the equivalent of L in Theorem 5.4). This choice of M is possible since the unique solution
of (6.120) does not depend on M provided that M is greater than the Lipschitz constant of ||v||ecf on
[A, B] and since it is possible to choose numerical fluxes (namely, Godunov flux, for instance) such as the
Lipschitz constant of these numerical fluxes is bounded by the Lipschitz constant of ||v||~f (then, the
present method leads to an existence result with M only greater than the Lipschitz constant of ||v||eo f
on s € [A, B], passing to the limit on approximate solutions given with these numerical fluxes).

STEP 4: UNIQUENESS OF THE SOLUTION OF (6.121). In this step, the “doubling variables” method of
Krushkov is used to prove the uniqueness of the solution of (6.121). Indeed, if u and w are two solutions
of (6.121), the doubling variables method leads to:

/ / / / lu(@, t, ) — w(z,t, B)|p: dedtdadf

/ / / / (max(u,w)) — f(min(u,w)))v - grade dedtdadB > 0
Yo € CHQ % [0,T),Ry),

Taking p(x,t) = (T — )T in (6.122) (which is, indeed, possible) gives that u does not depend on «, v
does not depend on § and u = v a.e. on Q x (0,T). As a result, u is also the unique solution of (6.120).

(6.122)

STEP 5: CONCLUSION. Step 4 gives, in particular, the uniqueness of the solution of (6.120). It gives
also that the non linear weak-* limit of sequences of approximate solutions is solution of (6.120) and,
therefore, the existence of the solution of (6.120). Furthermore, since the non linear weak-* limit of
sequences of approximate solution does not depend on «, it is quite easy to deduce that this limit is
“strong” in LP(2 x (0,T)) for any p € [1,00) (see [53], for instance) and, thanks to the uniqueness of the
limit, the convergence holds without extraction of subsequences.

6.9 Nonlinear weak-x convergence

The notion of nonlinear weak-x convergence was used in Section 6.6.3. We give here the definition of this
type of convergence and we prove that a bounded sequence of L converges, up to a subsequence, in the
nonlinear weak-x sense.

Definition 6.3 (Nonlinear weak-x convergence)
Let Q be an open subset of RY (N > 1), (un)new C L¥(Q) and u € L®°(Q x (0,1)). The sequence
(un)nen converges towards u in the “nonlinear weak-+ sense” if

/Q( n(2) dx—>// (z)dzdo, as n — +o0, (6.123)
Vap € Ll(Q), Vg € C(IR,R).

Remark 6.15 Let Q be an open subset of RY (N > 1), (up)nenw C L¥(Q) and u € L°(Q x (0,1))
such that (u,)neN converges towards u in the nonlinear weak-+ sense. Then, in particular, the sequence
(un)nen converges towards v in L>°(Q), for the weak-x topology, where v is defined by

1
v(z) :/ u(z, a)do, for a.e. x € Q.
0

Therefore, the sequence (uy)nen is bounded in L () (thanks to the Banach-Steinhaus theorem). The
following proposition gives that, up to a subsequence, a bounded sequence of L*°()) converges in the
nonlinear weak-x sense.
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Proposition 6.4 Let Q be an open subset of RrY (N > 1) and (up)new be a bounded sequence of
L>°(Q). Then there exists a subsequence of (un)neN, which will still be denoted by (up)new, and a
function w € L>®(Q2 x (0,1)) such that the subsequence (un)new converges towards w in the nonlinear
weak-* sense.

PROOF

This proposition is classical in the framework of “Young measures” and we only sketch the proof for the
sake of completeness.

Let (un)new be a bounded sequence of L>°(Q) and 7 > 0 such that |[u,|| @) < r,Vn € IN.

Step 1 (diagonal process)

Thanks to the separability of the set of continuous functions defined from [—r,7] into IR (this set is
endowed with the uniform norm) and the sequential weak-x relative compactness of the bounded sets of
L>°(Q) , there exists (using a diagonal process) a subsequence, which will still be denoted by (uy)nenN,
such that, for any function g € C(IR,IR), the sequence (g(un))nenw converges in L>°(€2) for the weak-x
topology towards a function pg € L>(Q).

Step 2 (Young measure)
In this step, we prove the existence of a family (m,).cq such that

1. for all z € Q, m, is a probability on IR whose support is included in [—r, +r] (i.e. m,, is a o-additive
application from the Borel o-algebra of IR in IR such that m,(IR) =1 and m, (IR \ [-r,7]) = 0),

2. pg(z) = [ 9(s)dm,(s) for a.e. z € Q and for all g € C(IR,IR).

The family m = (m,).cq is called a “Young measure”.

Let us first claim that it is possible to define p, € L>(Q) for g € C([—r,7],IR) by setting py = py where
f € C(R,R) is such that f =g on [—r,r]. Indeed, this definition is meaningful since if f and h are two
elements of C(IR,IR) such that f = g on [—r,7] then puy and pyp are the same element of L>(Q) (i.e.
ff = pp a.e. on §2) thanks to the fact that —r < w,, <r a.e. on Q and for all n € IN.

For z € Q, let

1
E,={ge€C(-rr],R); }1Lim _— /B( Y pg(z)dz exists in IR},

—0m(B(0,h))
where B(z, h) is the ball of center x and radius h (note that B(z, h) C Q for h small enough).
If g € E,, we set

) 1
o(@) = I, B0, 1) /B@,h) po(2)dz.
Then, we define T, from E, in IR by T,(g) = fig(x). It is easily seen that E, is a vector space which con-
tains the constant functions, that 7, is a linear application from E, to IR and that 7, is nonnegative (i.e.
g(s) > 0 for all s € IR implies T,(g) > 0). Hence, using a modified version of the Hahn-Banach theorem,
one can prolonge T}, into a linear nonnegative application 7', defined on the whole set C'([~r,7],IR). By
a classical Riesz theorem, there exists a (nonnegative) measure m, on the Borel sets of [—r, 7] such that

o) :/ g(s)dma(s),¥g € C([=r, 1], R). (6.124)
If g(s) =1 for all s € [—r, 7], the function g belongs to E, and fig(z) = 1 (note that p, =1 a.e. on Q).
Hence, from (6.124), m,, is a probability over [—r,r], and therefore a probability over IR by prolonging it
by 0 outside of [—r,r]. This gives the first item on the family (ms)zecq-

Let us prove now the second item on the family (mgy)geq. If ¢ € C([—r,7],IR) then g € E, for a.e.
z € Qand py(x) = fig(x) for ae. x € Q (this is a classical result, since g € Lj,.(€2), see RUDIN [129]).
Therefore, pg(x) = Ty(g) = To(g) for a.e. z € Q. Hence,
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pg(x) = /T g(s)dm,(s) for a.e. x € Q,

-r

for all g € C([—r,r],IR) and therefore for all g € C(IR,IR). Finally, since the support of m, is included
in [—r, 7],

pg(z) = /]R g(s)dmy(s) for a.e. x € Q, Vg € C(IR,R).

This completes Step 2.

Step 3 (construction of u)
It is well known that, if m is a probability on IR, one has

1
/ g(s)dm(s) = / g(u(a))da, Yg € My, (6.125)
R 0
where My, is the set of bounded measurable functions from IR to IR and with

u(a) = sup{c € R; m((—o0,c)) < a}, Va € (0,1).
Note that the function u is measurable, nondecreasing and left continuous. Furthermore, if the support
of m is included in [a, b] (for some a, b € IR, a < b) then u(a) € [a,b] for all & € (0,1) and (6.125) holds
for all g € C(IR,IR).
Applying this result to the measures m, leads to the definition of u as

u(x, o) = sup{c € R; my((—00,¢)) < a}, Va € (0,1), Va € Q.

For all z € 2, the function u(x,-) is measurable (from (0, 1) to IR), nondecreasing, left continuous and
takes its values in [—r,7]. Furthermore,

1
pg(z) = / g(u(z, a))da for ae. z € Q, Vg € C(R,IR).
0

Therefore,

1
[ stu@etads ~ [ ([ gtutwa)da)pa)de. asn— .
Q a Jo
Vo € L1(Q), Vg € C(R,R).
In order to conclude the proof of Proposition 6.4, there remains to show that modifying u on a negligible

set leads to a function (still denoted by w) measurable with respect to (z,a) € Q x (0,1). Indeed, this
mesurability is needed in order to assert for instance, applying Fubini’s Theorem (see RUDIN [129]), that

X / ' (u(e,o))da)p(a)dz = / K | stut.coppta)da)ao.

for all p € L}(Q2) and for all g € C(R,R).

For all g € C(IR,R), one chooses for p, (which belongs to L>(2)) a bounded measurable function from
Q to IR.
Let us define € = {ga.; a, b € @, a < b} where g, € C(IR,IR) is defined by

g(l,b(x) = 1 lfx S a,
Jap(z) = =L ifa <z < b,
ga,b(x) =0ifx > b.

Since £ is a countable subset of C(IR,IR), there exists a Borel subset A of 2 such that m(A4) = 0 and
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tg(x) = / g(s)dmy(s), Ve € Q\ A, Vg € £. (6.126)
R
Define for all a € (0,1) v(., ) by
v(z,a) =0if x € A,
v(z, ) = sup{c € R, my((—o00,c)) < a} ifx € Q\ A,

so that u =wv on (2 \ A) x (0,1) (and then v = v a.e. on Q x (0,1)).

Let us now prove that v is measurable from € x (0,1) to IR (this will conclude the proof of Proposition
6.4).

Since v(x,.) is left continuous on (0,1) for all x € Q, proving that v(., ) is measurable (from  to IR)
for all € (0,1) leads to the mesurability of v on Q x (0,1) (this is also classical, see RUDIN [129]).
There remains to show the mesurability of v(.,«) for all & € (0,1).

Let € (0,1) (in the following, « is fixed). Let us set w = v(., ) and define, for ¢ € IR,

fe(@) =my((—o00,¢)) —a, x € N\ A,

so that v(x,a) = w(x) =sup{c € R, f.(z) <0} forall z € Q\ A.
Using (6.126) leads to

mg((—00,¢)) = sup{uy(r), g < 1(_x,) and g € £}, Vo € Q\ A,

Then, the function f. : 2\ A — IR is measurable as the supremum of a countable set of measurable
functions (recall that p4 is measurable for all g € £).

In order to prove the measurability of w (from € to R), it is sufficient to prove that {x € Q\ 4; w(x) > a}
is a Borel set, for all @ € IR (recall that w = 0 on A).

Let a € R, since f.(x) is nondecreasing with respect to ¢, one has

{z € Q\ 4 w(z) = a} =NMaso{z € O\ 4; f,_1(2) <0}

Then {x € 2\ A; w(x) > a} is measurable, thanks to the measurability of f. for all ¢ € IR.
This concludes the proof of Proposition 6.4. [

Remark 6.16 Let Q be an open subset of RY (N > 1), (un)new C L¥(Q) and u € L=(Q x (0,1))
such that (uy)nen converges towards u in the nonlinear weak-x sense. Assume that u does not depend
on q, i.e. there exists v € L>(Q) such that u(z,«) = v(x) for a.e. (z,a) € Q x (0,1). Then, it is easy
to prove that (u,),en converges towards w in LP(B) for all 1 < p < oo and all bounded subset B of Q.
Indeed, let B be a bounded subset of Q. Taking, in (6.123), g(s) = s? (for all s € IR) and ¢ = 1 and
also g(s) = s (for all s € IR) and ¢ = 1gv leads to

/ (tn () — v(x))?dr — 0, as n — oo.
B

This proves that (u,)nen converges towards u in L?(B). The convergence of (uy, )nen towards u in LP(B)
for all 1 < p < oo is then an easy consequence of the L*(€2) bound on (u,)pen (see Remark 6.15).

6.10 A stabilized finite element method

In this section, we shall try to compare the finite element method to the finite volume method for the
discretization of a nonlinear hyperbolic equation. It is well known that the use of the finite element is not
straightforward in the case of hyperbolic equations, since the lack of coerciveness of the operator yields
a lack of stability of the finite element scheme. There are several techniques to stabilize these schemes,
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which are beyond the scope of this work. Here, as in SELMIN [134], we are interested in viewing the
finite element as a finite volume method, by writing it in a conservative form, and using a stabilization
as in the third item of Example 5.2 page 133.

Let F € C'(IR,IR?), consider the following scalar conservation law:

ug(x,t) + div(F(u))(z,t) =0, z € R? t € R, (6.127)

with an initial condition. Let 7" be a triangular mesh of IR?, well suited for the finite element method. Let
S denote the set of nodes of this mesh, and let (¢;);es be the classical piecewise bilinear shape functions.
Following the finite element principles, let us look for an approximation of u in the space spanned by
the shape functions ¢;; hence, at time ¢,, = nk (where k is the time step), we look for an approximate

solution of the form
JjES
then, multiplying (6.127) by ¢;, integrating over IR?, approximating F(Zjes u;‘géj) by Zjes F(u?)géj

and using the mass lumping technique on the mass matrix yields the following scheme (with the explicit
Euler scheme for the time discretization):

uh""l —un
Y Tu v)dz — 3 Flu 63 (2)Voi(x)dz = 0,
; Z ) fat
which writes, noting that /gbj Woi(x) /(;57 )V¢;(z)dr and that ZV¢J =0,
JES
n+1 _ U,
S [ e P + P [ @)@ o

JES

This last equality may also be written

n+1_u
/ ¢z dm"‘ZEzg: )

JES
where
Eij = 5(F(ui) + F(u})) - /]R2 (¢i(2)V;(x) — ¢;(2)Vi(x))dz
Note that Ej; = —F; ;.

This is a centered and therefore unstable scheme. One way to stabilize it is to replace E}'; by

EYy = B+ Dyj(ul —ulf),

where D; ; = D, ; (in order for the scheme to remain “conservative”) and D; ; > 0 is chosen large enough
so that E}'; is a nondecreasing function of ;" and a nonincreasing function of uj, which ensure the
stability of the scheme, under a so called CFL condition, and does not change the “consistency” (see
(5.27) page 133 and Remark 6.11 page 187).

6.11 Moving meshes

For some evolution problems the use of time variable control volumes is advisable, e.g. when the domain
of study changes with time. This is the case, for instance, for the simulation of a flow in a porous medium,
when the porous medium is heterogeneous and its geometry changes with time. In this case, the mesh is
required to move with the medium. The influence of the moving mesh on the finite volume formulation
can be explained by considering the following simple transport equation:
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ug(z,t) + div(uv)(z,t) =0, e R? teRy, (6.128)

where v depends on the unknown u (and possibly on other unknowns). Let k be the time step, and set
t, =nk, n € IN. Let 7(¢) be the mesh at time ¢. Since the mesh moves, the elements of the mesh vary
in time. For a fixed n € IN, let R(K,t) be the domain of IR? occupied by the element K (K € 7 (t,)) at
time ¢, t € [tn,tn11], that is R(K,t,) = K. Let v(x,t) be the velocity of the displacement of the mesh
at point € R? and for all ¢ € [t,,t,+1] (note that v,(z,t) € IR?). Let u} and ux™" be the discrete
unknowns associated to element K at times ¢,, and ¢, (they can be considered as the approximations of
the mean values of u(-,t,) and u(-,t,+1) over R(K,t,) and R(K,t,4+1) respectively). The discretization
of (6.128) must take into account the evolution of the mesh in time. In order to do so, let us first consider
the following differential equation with initial condition:

0
a—zé(x,t) = _Vs(y(xat)yt); tG[tn,thrl], (6129)

y(,tn) = =

Under suitable assumptions on v, (assume for instance that v is continuous, Lipschitz continuous with
respect to its first variable and that the Lipschitz constant is integrable with respect to its second variable),
the problem (6.129) has, for all z € IR?, a unique (global) solution. For z € IR?, define the function
y(x,-) from [t,,t,41] to IR? as the solution of problem (6.129). Let (¢,)pen € CL(IR? R4 ) such that
0 < pplx) <1foruaxe IR? and for all p € IN, and such that ¢p — lg a.e. as p — 4o00. Multiplying
(6.128) by v, (,t) = p,(y(x,t)) and integrating over IR? yields

() 1)+ a0, 0) vl 0,0) = (@) at) - Vi) e =0, (6130
RZ

Using the explicit Euler discretization in time on Equation (6.130) and denoting by u"(z) a (regular)
approximate value of u(zx,t,) yields

/ 1 (un+1($)¢p(ﬂ?, tnt1) — u (@)Y (2, tn))dx—i—

2 k
j7 u(x)(vs(z,tn) — v(z, ty)) - Vp(x)dae = 0,
IR2

which also gives (noting that ¥, (z,t) = ¢p(y(z,t)))

/}R 2 (P @y ) — " @)y ) ) -

div(u™(vs — v))(z,tn) - pp(x)dz = 0.
RQ

(6.131)

Letting p tend to infinity and noting that 1x (y(x,t,)) = Lr(x e, () and 1k (y(2, tny1)) = 1Rk t,00)(T),
(6.131) becomes

1
— (/ u" M (z)dx — / u"(x)dm) + / div((v — vs)u")(x,t,)dx =0,
kNS Rk i) R(K t2) R(K )

which can also be written

(ui m(R(K, try1)) — ufem(R(E, ta)))+

/ (v = v2) (@, t) - e (2, b )" () () = O,
OR(K,ty)

> =

where e = [1/m(R(K, t))] [px,) u" (@)de and uie™ = [L/m(R(K tosn)] [r(x ) 0" (@)dz. Re-
call that nx denotes the normal to 0K, outward to K. The complete discretization of the problem uses
some additional equations (on v, vg...).
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Remark 6.17 The above considerations concern a pure convection equation. In the case of a convection-
diffusion equation, such a moving mesh may become non-admissible in the sense of definitions 3.1 page
37 or 3.5 page 63. It is an interesting open problem to understand what should be done in that case.



Chapter 7

Systems

In chapters 2 to 6, the finite volume was successively investigated for the discretization of elliptic,
parabolic, and hyperbolic equations. In most scientific models, however, systems of equations have
to be discretized. These may be partial differential equations of the same type or of different types, and
they may also be coupled to ordinary differential equations or algebraic equations.

The discretization of systems of elliptic equations by the finite volume method is straightforward, following
the principles which were introduced in chapters 2 and 3. Examples of the performance of the finite
volume method for systems of elliptic equations on rectangular meshes, with “unusual” source terms
(in particular, with source terms located on the edges or interfaces of the mesh) may be found in e.g.
ANGOT [3] (see also references therein), FIARD, HERBIN [66] (where a comparison to a mixed finite
element formulation is also performed). Parabolic systems are treated similarly as elliptic systems, with
the addition of a convenient time discretization.

A huge literature is devoted to the discretization of hyperbolic systems of equations, in particular to
systems related to the compressible Euler equations, using structured or unstructured meshes. We shall
give only a short insight on this subject in Section 7.1, without any convergence result. Indeed, very
few theoretical results of convergence of numerical schemes are known on this subject. We refer to
GODLEWSKI and RAVIART [76] and references therein for a more complete description of the numerical
schemes for hyperbolic systems.

Finite volume methods are also well adapted to the discretization of systems of equations of different
types (for instance, an elliptic or parabolic equation coupled with hyperbolic equations). Some examples
are considered in sections 7.2 page 216 and 7.3 page 220. The classical case of incompressible Navier-
Stokes (for which, generally, staggered grids are used) and examples which arise in the simulation of a
multiphase flow in a porous medium are described. The latter example also serves as an illustration of
how to deal with algebraic equations and inequalities.

7.1 Hyperbolic systems of equations
Let us consider a hyperbolic system consisting of m equations (with m > 1). The unknown of the system

is a function u = (uy, ..., uy)", from Q x [0, 7] to IR™, where Q is an open set of R? (i.e. d > 1 is the
space dimension), and u is a solution of the following system:

8u7; d 8Gi7j -
E(J%t)—’—; 8{EJ (x7t)_g1(xat7u(x7t))a

; (7.1)
x=(x1,...,24) €Q,t€(0,7),i=1,...,m,

where
Gij(z,t) = F j(z, t,u(x, 1)),
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and the functions F; = (Fyj,..., F, ;)" (j =1,...,d) and g = (g1,...,9m)" are given functions from
Qx[0,T]xIR™ (indeed, generally, a part of IR™, instead of R™) to IR"™. The function F = (F\,..., Fy) is
assumed to satisfy the usual hyperbolicity condition, that is, for any (unit) vector of IRd, n, the derivative
of F'-n with respect to its third argument (which can be considered as an m X m matrix) has only real
eigenvalues and is diagonalizable.

Note that in real applications, diffusion terms may also be present in the equations, we shall omit them
here. In order to complete System (7.1), an initial condition for ¢ = 0 and adequate boundary conditions
for z € 002 must be specified.

In the first section (Section 7.1.1), we shall only briefly describe the general method of discretization
by finite volume and some classical schemes. In the subsequent sections, some possible treatments of
difficulties appearing in real simulations will be given.

7.1.1 Classical schemes

Let us first describe some classical finite volume schemes for the discretization of (7.1) with initial and
boundary conditions, using the concepts and notations which were introduced in chapter 6. Let 7 be an
admissible mesh in the sense of Definition 6.1 page 154 and k be the time step, which is assumed to be
constant (the generalization to a variable time step is easy). We recall that the interface, K|L, between
any two elements K and L of 7 is assumed to be included in a hyperplane of IRY. The discrete unknowns
are the v, K € T, n € {0,..., N, + 1}, with Ny, € N, (N, + 1)k =T. For K € T, let N(K) be the
set of its neighbours, that is the set of elements L of 7 such that the (d — 1) Lebesgue measure of K|L is
positive. For L € N(K), let ng, 1 be the unit normal vector to K|L oriented from K to L. Let ¢, = nk,
forn€{0,..., Ny +1}.

A finite volume scheme writes

U%+1_UK n

m(K) £ —K | Z m(K|L)Fy ;, = m(K)gk,
LeN(K)

KET, n e {07...,Nk})

(7.2)

where

1. m(K) (resp. m(K|L)) denotes the d (resp. d — 1) Lebesgue measure of K (resp. K|L),

2. the quantity g%, which depends on v}, (or u?j’l or u and u?j’l), for K € 7, is some “consistent”

approximation of g on element K, between times ¢,, and ¢,,+1 (we do not discuss this approximation
here).

3. the quantity F% ;, which depends on the set of discrete unknowns uj, (or uh !t or wl, and ulift)

for M € T, is an approximation of F' - ng  on K|L between times ¢, and ¢,,41.

In order to obtain a “good” scheme, this approximation of F'- ng ; has to be consistent, conservative
(that is Fg =-FF ;) and must ensure some stability properties on the approximate solution given by
the scheme (indeed, one also needs some consistency with respect to entropies, when entropies exist. . . ).
Except in the scalar case, it is not so easy to see what kind of stability properties is needed. ... Indeed, in
the scalar case, that is m = 1, taking ¢ = 0 and Q = R? (for simplicity), it is essentially sufficient to have
an L estimate (that is a bound on u% independent of K, n, and of the time and space discretizations)
and a “touch” of “BV estimate” (see, for instance, chapters 5 and 6 and CHAINAIS-HILLAIRET [22] for
more precise assumptions). In the case m > 1, it is not generally possible to give stability properties from
which a mathematical proof of convergence could be deduced. However, it is advisable to require some
stability properties such as the positivity of some quantities depending on the unknowns; in the case of
flows, the required stability may be the positivity of the density, energy, pressure...; the positivity of
these quantities may be essential for the computation of F'(u) or for its hyperbolicity.
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The computation of F ; is often performed, at each “interface”, by solving the following 1D (for the

space variable) system (where, for simplicity, the possible dependency of F with respect to x and ¢ is
omitted):

8'le 8fK,L(u) N

where fx r(u)(z,t) = F-ng (u(z,t)), forall z € IR and ¢t € (0,T), which gives consistency, conservativity
(and, hopefully, stability) of the final scheme (that is (7.2)). To be more precise, in the case of lower
order schemes, I ; may be taken as: I ; = Fng 1 (w) where w is the solution for z = 0 of (7.3) with
initial conditions u(z,0) = u}% if x < 0 and u(z,0) = u} if z > 0. Note that the variable z lies in IR, so
that the multidimensional problem has therefore been transformed (as in chapter 6) into a succession of
one-dimensional problems. Hence, in the following, we shall mainly keep to the case d = 1.

Let us describe two classical schemes, namely the Godunov scheme and the Roe scheme, in the case
d=1,Q=RR, F(x,t,u) = F(u) and g = 0 (but m > 1), in which case System (7.1) becomes

ou OF (u)

in order to complete this system, an initial condition must be specified, the discretization of which is
standard.

Let 7 be an admissible mesh in the sense of Definition 5.5 page 126, that is 7 = (K;)iez, with
Ki=(xi—1/2,Tit1/2), With 2,1/ < %4172, 1 € Z. One sets h; = T;41/2 — Tj—1/2, © € Z. The dis-
crete unknowns are ul’, i € Z, n € {0,..., N + 1} and the scheme (7.2) then writes

(x,t)=0, z€R,te (0,T). (7.4)

n+l _ ' n

u; U, m n .
hit——t 4+ Fly — Fl, =0, i€ Z,ne{0,...,Ni), (7.5)
where F} | , is a consistent approximation of F (u(2i41/2,tn). This scheme is clearly conservative (in the
sense defined above). Let us consider explicit schemes, so that I /2 is a function of u}, j € Z. The
principle of the Godunov scheme GopuNov [77] is to take F}, , = F'(w) where w is the solution, for

x =0 (and any t > 0), of the following (Riemann) problem

ou OF (u)
E(x,t)—!— pe (x,t) =0, z€R,teRy, (7.6)
u(z,0) =ul, if z <0,

u(x,0) = up,,, if 2 > 0.

Then, w depends on uj', ui,; and F.

The time step is limited by the so called “CFL condition”, which writes k < Lh;, for all ¢ € ZZ | where L
is given by F' and the initial condition. The quantity u?’“, given by the Godunov scheme, see GODUNOV
[77], is, for all i € Z, the mean value on K; of the exact solution at time k of (7.4) with the initial
condition (at time ¢ = 0) ug defined, a.e. on R, by uo(z) = uj' if 2;_1/2 <= < 412

The Godunov scheme is an efficient scheme (consistent, conservative, stable), sometimes too diffusive
(especially if k is far from Lh; defined above), but easy improvements are possible, such as the MUSCL
technique, see below and Section 5.4. Its principal drawback is its difficult implementation for many
problems, indeed the computation of F'(w) can be impossible or too expensive. For instance, this com-
putation may need a non trivial parametrization of the non linear waves. Note also that F' is generally
not given directly as a function of w (the components of u are called “conservative unknowns”) but as
a function of some “physical” unknowns (for instance, pressure, velocity, energy...), and the passage
from u to these physical unknowns (or the converse) is often not so easy...it may be the consequence of
expensive and implicit calculations, using, for instance, Newton’s algorithm.
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Due to this difficulty of implementation, some “Godunov type” schemes were developed (see HARTEN,
Lax and VAN LEErR [81]). The idea is to take, for u?’“, the mean value on K; of an approzimate
solution at time k of (7.4) with the initial condition (at time ¢t = 0), ug, defined by ug(x) = ul, if
Ti_1/2 < x < xj11/2. In order for the scheme to be written under the conservative form (7.5), with a
consistent approximation of the fluxes, this approximate solution must satisfy some consistency relation
(another relation is needed for the consistency with entropies). One of the best known of this family of
schemes is the Roe scheme (see ROE [127] and ROE [128]), where this approximate solution is computed

by the solution of the following linearized Riemann problems:

Ou(x,t)
ot

Ou(x,t)

+ A(u?’,uﬁl)T =0,zeR,teRy, (7.8)
u(z,0) =ul, if z <0,

u(z,0) = uly, if >0, (7.9)

where A(-, -) is an m X m matrix, continuously depending on its two arguments, with only real eigenvalues,
diagonalizable and satisfying the so called “Roe condition”:

A(u,v)(u —v) = F(u) — F(v),Yu,v € R™. (7.10)
Thanks to (7.10), the Roe scheme can be written as (7.5) with

iﬁl = F(uf) + A7 (uf, uilyy) (uf — uilyy)
(= Flujyy) + AT (uf, ugt ) (uf — uyy)),

where A* are the classical nonnegative and nonpositive parts of the matrix A: let A be a matrix with
only real eigenvalues, (A\p)p=1,....m, and diagonalizable, let (¢p)p=1,.. m be a basis of IR™ associated to
these eigenvalues. Then, the matrix AT is the matrix which has the same eigenvectors as A and has
(max{Ap,0})p=1,...m as corresponding eigenvalues. The matrix A~ is (—A)*.

Roe’s scheme was proved to be an efficient scheme, often less expensive than Godunov’s scheme, with,
more or less the same limitation on the time step, the same diffusion effect and some lack of entropy
consistency, which can be corrected. It has some properties of consistency and stability. Its main drawback
is the difficulty of the computation of a matrix A(u,v) satisfying (7.10). For instance, when it is possible
to compute and diagonalize the derivative of F', DF(u), one can take A(u,v) = DF(u*), but the difficulty
is to find u* such that (7.10) holds (note that this condition is crucial in order to ensure conservativity
of Roe’s scheme). In some difficult cases, the Roe matrix is computed approximately by using a “limited
expansion” with respect to some small parameter.

(7.11)

7.1.2 Rough schemes for complex hyperbolic systems

The aim of this section is to present some discretization techniques for “complex” hyperbolic systems.
In many applications, the expressions of ¢ and F which appear in (7.1) are rather “complex”, and it is
difficult or impossible to use classical schemes such as the 1D Godunov or Roe schemes or their standard
extensions, for multidimensional problems, using 1D solvers on the interfaces of the mesh. This is the
case of gas dynamics (Euler equations) with real gas, for which the state law (pressure as a function of
density and internal energy) is tabulated or given by some complex analytical expressions. This is also
the case when modelling multiphase flows in pipe-lines: the function F' is difficult to handle and highly
depends on = and u, because, for instance, of changes of the geometry and slope of the pipe, of changes
of the friction law or, more generally, of the varying nature of the flow. Most of the attempts given
below were developed for this last situation. Other interesting cases of “complexity” are the treatment of
boundary conditions (mathematical literature is rather scarce on this subject, see Section 7.1.4 for a first
insight), and the way to handle the case where the eigenvalues (of the derivative of F'-n with respect to
its third argument) are of very different magnitude, see Section 7.1.3. Another case of complexity is the
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treatment of nonconservative terms in the equations. One refers, for instance, to BRUN, HERARD, LEAL
DE Sousa and UHLMANN [17] and references therein, for this important case.

Possible modifications of Godunov and Roe schemes (including “classical” improvements to avoid exces-
sive artificial diffusion) are described now to handle “complex” systems. Because of the complexity of
the models, the justification of the schemes presented here is rather numerical than mathematical. Many
variations have also been developed, which are not presented here. Note that other approaches are also
possible, see e.g. GHIDAGLIA, KUMBARO and LE CoqQ [74]. For simplicity, one considers the case d = 1,
O =1, F(z,t,u) = F(u) and g = 0 (but m > 1) described in Section 7.1.1, with the same notations.
The Godunov and Roe schemes can both be written under the form (7.5) with F" /2 computed as a
function of uj* and ', ;; both schemes are consistent (in the sense of Section 7.1.1, i.e. consistency of the
“fluxes”) since F} ) o = F(u) if uf! = uiy, = .

Going further along this line of thought yields (among other possibilities, see below) the “VFRoe” scheme
which is (7.5), that is:

n+1 )

hiT-l- i+%_Fi—%:O’ ieZ,nef0,..., Ny}, (7.12)
with Fi’j_l/Q = F(w), where w is the solution of the linearized Riemann problem (7.8), (7.9), with
A(ul',ul ;) = DF(w*), that is:

Ju(x,t) ou(x, t)
o PP = 1
5+ DFW)—- 0,z €R,te Ry, (7.13)

u(z,0) =up, if z <0,

70

u(z,0) = uly, if >0, (7.14)

where w* is some value between uj and uj,, (for instance, w* = (1/2)(uj’ + uj,;)). In this scheme, the
Roe condition (7.10) is not required (note that it is naturally conservative, thanks to its finite volume
origin). Hence, the VFRoe scheme appears to be a simplified version of the Godunov and Roe schemes.
The study of the scalar case (m = 1) shows that, in order to have some stability, at least as much as
in Roe’s scheme, the choice of w* is essential. In practice, the choice w* = (1/2)(uj + uj,,) is often
adequate, at least for regular meshes.

Remark 7.1 In Roe’s scheme, the Roe condition (7.10) ensures conservativity. The VFRoe scheme is
“naturally” conservative, and therefore no such condition is needed. Also note that the VFRoe scheme
yields precise approximations of the shock velocities, without Roe’s condition.

Numerical tests show the good behaviour of the VFRoe scheme. Its two main flaws are a lack of entropy
consistency (as in Roe’s scheme) and a large diffusion effect (as in the Godunov and Roe schemes). The
first drawback can be corrected, as for Roe’s scheme, with a nonparametric entropy correction inspired
from HARTEN, HYMAN and LAX [82] (see MASELLA, FAILLE, and GALLOUET [106]). The two drawbacks
can be corrected with a classical MUSCL technique, which consists in replacing, in (7.9) page 208, u!
and uiyy by ul,,,  and w5, which depend on {u?, j =1i—1,i,i+ 1,7 + 2} (see, for instance,
Section 5.4 page 144 and GODLEWSKI and RAVIART [76] or LEVEQUE [100]). For stability reasons, the
computation of the gradient of the unknown (cell by cell) and of the “limiters” is performed on some
“physical” quantities (such as density, pressure, velocity for Euler equations) instead of u. The extension
of the MUSCL technique to the case d > 1 is more or less straightforward.

This MUSCL technique improves the space accuracy (in the truncation error) and the numerical results
are significantly better. However, stability is sometimes lost. Indeed, considering the linear scalar equa-
tion, one remarks that the scheme is antidiffusive when the limiters are not active, this might lead to a
loss of stability. The time step must then be reduced (it is reduced by a factor 10 in severe situations. . . ).
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In order to allow larger time steps, the time accuracy should be improved by using, for instance, an
order 2 Runge-Kutta scheme (in the severe situations suggested above, the time step is then multiplied
by a factor 4). Surprisingly, this improvement of time accuracy is used to gain stability rather than
precision. . .

Several numerical experiments (see MASELLA, FAILLE, and GALLOUET [106]) were performed which
prove the efficiency of the VFRoe scheme, such as the classical Sod tests (Sop [137]). The shock
velocities are exact, there are no oscillations. ... For these tests, the treatment of the boundary conditions
is straightforward. Throughout these experiments, the use of a MUSCL technique yields a significant
improvement, while the use of a higher order time scheme is not necessary. In one of the Sod tests, the
entropy correction is needed.

A comparison between the VFRoe scheme and the Godunov scheme was performed by J. M. Hérard
(personal communication) for the Euler equations on a Van Der Wals gas, for which a matrix satisfying
(7.10) seems difficult to find. The numerical results are better with the VFRoe schem, which is also much
cheaper computationally. An improvment of the VFRoe scheme is possible, using, instead of (7.13)-(7.14),
linearized Riemann problems associated to a nonconservative form of the initial system, namely System
(7.4) or more generally System (7.1), for the computation of w (which gives the flux F, , in (7.12)
by the formula F}\, , = F(w)), see for instance BUFFARD, GALLOUET and HERARD [18] for a simple
example.

In some more complex cases, the flux F' may also highly, and not continuously, depend on the space
variable z. In the space discretization, it is “natural” to set the discontinuities of F' with respect to x on
the boundaries of the mesh. The function F' may change drastically from K; to K;yi. In this case, the
implementation of the VFRoe scheme yields two additional difficulties:

i) The matrix A(ul*,u} ;) in the linearized Riemann problem (7.8), (7.9) now depends on z:
7 1+1

A(ui,upy ) = DyF(z,w*), where w* is some value between uj and uf,; and D, F denotes the

Wo M

derivative of F' with respect to its “u” argument.

(ii) once the solution, w, of the linearized problem (7.8) (7.9), for x = 0 and any ¢ > 0, is calculated,

the choice F}', , = F(z,w) again depends on z.
The choice of Fi’j_l/Q (point (ii)) may be solved by remarking that, in Roe’s scheme, Fi’_’i_l/2 may be written
(thanks to (7.10)) as
i+l = §(F(Uz )+ F(uiy)) + EA”%(ui —uiy), (7.15)
where A7, = [A(uf,uiy,)], and |A] = At + A
Under this form, the second term of the right hand side of (7.15) appears to be a stabilization term,
which does not affect the consistency. Indeed, in the scalar case (m = 1), one has A7, j2 = |F(ul") —

F(up y)|/|ui — uj |, which easily yields the L> stability of the scheme (but not the consistency with
respect to the entropies). Moreover, the scheme is stable and consistent with respect to the entropies,
under a Courant-Friedrichs-Levy (CFL) condition, if Fi /2 is nondecreasing with respect to u} and

nonincreasing with respect to ug, ;, which holds if A}, , > sup{|F'(s)|, s € [uf,ui},] or [ufy,u}]}.
This remark suggests a slightly different version of the VFRoescheme (closer to Roe’s scheme), which is

the scheme (7.12)-(7.14), taking

n 1 n n 1 n n
it1/2 = §(F(Uz) + F(uiyq)) + §|DF(U}*)|(% —uity),
in (7.12), instead of Flie

F(ui) and F(uy ) in the latter expression of F}', ,

= F(w). Note that it is also possible to take other convex combinations of
without modifying the consistency of the scheme.

When F' depends on z, the discontinuities of F' being on the boundaries of the control volumes, the

generalization of (7.15) is obvious, except for the choice of A7 /2- The quantity F (ul) is replaced by
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n

F(x;,ul’), where a; is the center of K;. Let us now turn to the choice of a convenient matrix Az+1/2 for
this modified VFRoe scheme, when F highly depends on x. A first possible choice is

Aiyry2 = (12)(IDuF (i, ui)| + [DuF (@ig 1, uiyq)])-

n

i41/2 Seems, however, to give better numerical results (see

The following slightly different choice for A
FAILLE and HEINTZE [60]). Let us define

A, = DuF({E“u?),VZ IS/

(for the determination of A” the fixed index n is omitted). Let ()\g))p:17___7m be the eigenvalues of A;

‘ ‘ i+1/2 A
(with )‘Sll < )\]S,Z), for all p) and ((p,(f))p:17___7m a basis of IR™ associated to these eigenvalues. Then, the

matrix AEH/Q [resp. Agﬂﬂ

(max{|)\§,i)|, |)\§,i+1) |})p=1,...m as corresponding eigenvalues. The choice of A

] is the matrix which has the same eigenvectors as A; [resp. A;;1] and has

?+1/2 is
n A - +

Ly = A AT, (7.16)
where ) is a parameter, the “normal” value of which is 1. Numerically, larger values of )\, say A = 2 or
A = 3, are sometimes needed, in severe situations, to obtain enough stability. Too large values of X yield

too much artificial diffusion.

The new scheme is then (7.12)-(7.14), taking

T = 5 (Flosud) + Fla,ul)) + A% 3 (uf = ully). (7.17)
where A?;H /2 is defined by (7.16). It has, more or less, the same properties as the Roe and VFRoe schemes

but allows the simulation of more complex systems. It needs a MUSCL technique to reduce diffusion
effects and order 2 Runge-Kutta for stability. It was implemented for the simulation of multiphase flows
in pipe lines (see FAILLE and HEINTZE [60]). The other difficulties encountered in this case are the
treatment of the boundary conditions and the different magnitude of the eigenvalues, which are discussed
in the next sections.

7.1.3 Partial implicitation of explicit scheme

In the modelling of flows, where “propagation” phenomena and “convection” phenomena coexist, the
Jacobian matrix of F' often has eigenvalues of different magnitude, the “large” eigenvalues (large meaning
“far from 0”, positive or negative) corresponding to the propagation phenomena and “small” eigenvalues
corresponding to the “convection” phenomena . Large and small eigenvalues may differ by a factor 10 or
100.

With the explicit schemes described in the previous sections, the time step is limited by the CFL condition
corresponding to the large eigenvalues. Roughly speaking, with the notations of Section 7.1.1, this
condition is (for all i € Z ) k < |A|~1h;, where X is the largest eigenvalue. In some cases, this limitation
can be unsatisfactory for two reasons. Firstly, the time step is too small and implies a prohibitive
computational cost. Secondly, the discontinuities in the solutions, associated to the small eigenvalues,
are not sharp because the time step is far from the CFL condition of the small eigenvalues (however,
this can be somewhat corrected with a MUSCL method). This is in fact a major problem when the
discontinuities associated to the small eigenvalues need to be computed precisely. It is the case of interest
here.

A first method to avoid the time step limitation is to take a “fully implicit” version of the schemes

developed in the previous sections, that is F}' /2 function of u?’“, J € Z , instead of u?, j € Z (the
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terminology “fully implicit” is by opposition to “linearly implicit”, see below and FERNANDEZ [63]).
However, in order to be competitive with explicit schemes, the fully implicit scheme is used with large
time steps. In practice, this prohibits the use of a MUSCL technique in the computation of the solution
at time t,,41 by, for instance, a Newton algorithm. This implicit scheme is therefore very diffusive and
will smear discontinuities.

A second method consists in splitting the system into two systems, the first one is associated with the
“small” eigenvalues, and the second one with the “large” eigenvalues (in the case of the Euler equations,
this splitting may correspond to a “convection” system and a “propagation” system). At each time step,
the first system is solved with an explicit scheme and the second one with an implicit scheme. Both use
the same time step, which is limited by the CFL condition of the small eigenvalues. Using a MUSCL
technique and an order 2 Runge-Kutta method for the first system yields sharp discontinuities associated
to the small eigenvalues. This method is often satisfactory, but is difficult to handle in the case of
severe boundary conditions, since the convenient boundary conditions for each system may be difficult
to determine.

Another method, developed by E. Turkel (see TURKEL [145]), in connexion with Roe’s scheme, uses a
change of variables in order to reduce the ratio between large and small eigenvalues.

Let us now describe a partially linearly implicit method (“turbo” scheme) which was successfully tested
for multiphase flows in pipe lines (see FAILLE and HEINTZE [60]) and other cases (see FERNANDEZ [63]).
For the sake of simplicity, the method is described for the last scheme of Section 7.1.2, i.e. the scheme
defined by (7.12)- (7.14), where Fi’jr% is defined by (7.17) and (7.16) (recall that F' may depend on ).

Assume that I C {1,...,m} is the set of index of large eigenvalues (and does not depend on i). The aim
here is to “implicit” the unknowns coresponding to the large eigenvalues only: let A;, Az /2 and Az +1/2
be the matrix having the same eigenvectors as A;, Ag /2 and AJ% /20 with the same large eigenvalues
(i.e. corresponding to p € I) and 0 as small eigenvalues. Let
?Jrl/? - ()‘/2)(‘4(“/2 + Az+1/2)
Then, the partially linearly implicit scheme is obtained by replacing F}}, , in (7.5) by F, i41/ defined by
F;_;,_? F+1 +3 ( ( ’ﬂ+1 )+A1+1( 1,+1 - U’?—‘,—l))

+3 An ( o +ud g —w .

In order to obtain sharp discontinuities corresponding to the small eigenvalues, a MUSCL technique is
used for the computation of F L1)2 Then, again for stability reasons, it is preferable to add an order
2 Runge-Kutta method for the time discretization. Although it is not so easy to implement, the order
2 Runge-Kutta method is needed to enable the use of “large” time steps. The time step is, in severe
situations, very close to that given by the usual CFL condition corresponding to the small eigenvalues,
and can be considerably larger than that given by the large eigenvalues (see FAILLE and HEINTZE [60]
for several tests).

7.1.4 Boundary conditions

In many simulations of real situations, the treatment of the boundary conditions is not easy (in particular
in the case of sign change of eigenvalues). We give here a classical possible mean (see e.g. KUMBARO
[95] and DuBoIs and LEFLOCH [47]) of handling boundary conditions (a more detailed description may
be found in MASELLA [105] for the case of multiphase flows in pipe lines).

Let us consider now the system (7.4) where “x € IR” is replaced by “z € Q7 with Q = (0,1). In order for
the system to be well-posed, an initial condition (for ¢ = 0) and some convenient boundary conditions
for = 0 and x = 1 are needed; these boundary conditions will appear later in the discretization (we do
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not detail here the mathematical analysis of the problem of the adequacy of the boundary conditions, see
e.g. SERRE [135] and references therein). Let us now explain the numerical treatment of the boundary
condition at x = 0.

With the notations of Section 7.1.1, the space mesh is given by {K;, i € {0,..., N7}}, with ZZV:TI hi = 1.
Using the finite volume scheme (7.5) with i € {1,..., N7} instead of i € Z needs, for the computation
of u™ with {ul, i € {1,..., Nz}} given, a value for FY'5 (which corresponds to the flux at point 2 = 0

and time t = t,,).

For the sake of simplicity, consider only the case of the Roe and VFRoe schemes. Then, the “interior
fluxes”, that is I}, , for i € {1,...,Nr — 1}, are determined by using matrices A(u},uj ;) (i €

{1,..., Ny — 1}). In the case of the Roe scheme, FJ, /5 is given by (7.11) or (7.15) and A(-,-) satisfies

the Roe condition (7.10). In the case of the VFRoe scheme, Fﬁrl/z is given through the resolution of
the linearized Riemann problem (7.8), (7.9) with e.g. A(uj,uf,,) = DF((1/2)(uj + ui,,)). In order
to compute 1"/2, a possibility is to take the same method as for the interior fluxes; this requires the
determination of some u{j. In some cases (e.g. when all the eigenvalues of D, F'(u) are nonnegative), the
given boundary conditions at z = 0 are sufficient to determine the value w{, or directly Fln/z, but this is
not true in the general case.... In the general case, there are not enough given boundary conditions to
determine ug and missing equations need to be introduced. The idea is to use an iterative process. Since
A(uf,ul) is diagonalizable and has only real eigenvalues, let Aq,..., A, be the eigenvalues of A(uf,ul)
and @1,...,¢mnm a basis of IR™ associated to these eigenvalues. Then the vectors uf} and u} may be
decomposed on this basis, this yields

m m
n n
Uy = E Qi Pi, Up = E Qqq Pi-
i=1 i=1

Assume that the number of negative eigenvalues of A(uf,u}) does not depend on u{} (this is a simplifying
assumption); let p be the number of negative eigenvalues and m — p the number of positive eigenvalues
of A(ug,uy).

Then, the number of (scalar) given boundary conditions is (hopefully ...) m — p. Therefore, one takes,
for uf, the solution of the (nonlinear) system of m (scalar) unknowns, and m (scalar) equations. The
m unknowns are the components of ug and the m equations are obtained with the m — p boundary
conditions and the p following equations:

Qo = O 4, if A\; <O. (718)

Note that the quantities ap; depend on A(ug, ut); the resulting system is therefore nonlinear and may
be solved with, for instance, a Newton algorithm.

Other possibilities around this method are possible. For instance, another possibility, perhaps more
natural, consists in writing the m — p boundary conditions on u} 2 instead of ufy and to take (7.18) with
the components of uj , instead of those of ug, where uj, is the solution at = 0 of (7.8), (7.9) with
i = 0. With the VFRoe scheme, the flux at the boundary x = 0 is then F[", = F(u’f/z). In the case of a
linear system with linear boundary conditions and with the VFRoe scheme, this method gives the same
flux F "/2 as the preceding method, the value u} /2 is completely determined although u{ is not completely

1
determined.

In the case of the scheme described in the second part of Section 7.1.2, the following “simpler” possibility
was implemented. For this scheme, F7, , is given, for i € {1,..., N7 — 1}, by (7.15) with (7.16). Then,
the idea is to take the same equation for the computation of Flﬁ/2 but to compute uf} as above (that is
with m — p boundary conditions and (7.18)) with the choice A(uf}, u}) = D, F(x1,ul).
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This method of computation of the boundary fluxes gives good results but is not adapted to all cases
(for instance, if p changes during the Newton iterations or if the number of boundary conditions is not
equal to m — p...). Some particular methods, depending on the problems under consideration, have to
be developped.

We now give an attempt for the justification of this treatment of the boundary conditions, at least for a
linear system with linear boundary conditions.
Consider the system

Ut(xat)+uw(xvt)zoax€ (0,1),t€IR+, (7 19)
ve(x,t) —vg(z,t) =0,z € (0,1), t € Ry, ’
with the boundary conditions
u(0,t) + av(0,t) =0, t € Ry, (7.20)
v(L,t) + Pu(l,t) =0,t € R, ’
and the initial conditions
u(z,0) = uo(x), z € (0,1), (7.21)

v(z,0) =vo(z), z € (0,1),

where o € R*, 3 € R*, ug € L®(N) and vy € L>®(Q) are given. It is well known that the problem
(7.19)-(7.21) admits a unique weak solution (entropy conditions are not necessary to obtain uniqueness
of the solution of this linear system).

A stable numerical scheme for the discretization of the problem (7.19)-(7.21) will add some numerical
diffusion terms. It seems quite natural to assume that this diffusion does not lead a coupling between the
two equations of (7.19). Then, roughly speaking, the numerical scheme will consist in an approximation
of the following parabolic system:

ug(x,t) +uyp(x,t) — cugy(x,t) =0,z € (0,1), t € Ry,

ve(, 1) — Vg (2, ) — Nuge(z,t) =0, z € (0,1), t € Ry, (7.22)

for some £ > 0 and n > 0 depending on the mesh (and time step) and ¢ — 0,  — 0 as the space and
time steps tend to 0.

In order to be well posed, this parabolic system has to be completed with the initial conditions (7.21)
and (for all ¢ > 0) four boundary conditions, i.e. two conditions at x = 0 and two conditions at z = 1.
This is also the case for the numerical scheme which may be viewed as a discretization of (7.22). There
are two boundary conditions given by (7.20). Hence two other boundary conditions must be found, one
at x = 0 and the other at x = 1.

If these two additional conditions are, for instance, v(0,¢) = u(1,t) = 0, then the (unique) solution to
(7.20)-(7.22) with these two additional conditions does not converge, as ¢ — 0 and 7 — 0, to the weak
solution of (7.19)-(7.21). This negative result is also true for a large choice of other additional boundary
conditions. However, if the additional boundary conditions are (wisely) chosen to be v;(0,%) = uy(1,1) =
0, the solution to (7.20)-(7.22) with these two additional conditions converges to the weak solution of
(7.19)-(7.21).

The numerical treatment of the boundary conditions described above may be viewed as a discretization
of (7.20) and v;(0,) = u,(1,t) = 0; this remark gives a formal justification to such a choice.
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7.1.5 Staggered grids

For some systems of equations it may be “natural” (in the sense that the discretization seems simpler) to
associate different grids to different unknowns of the problem. To each unknown is associated an equation
and this equation is integrated over the elements (which are the control volumes) of the corresponding
mesh, and then discretized by using one discrete unknown per control volume (and time step, for evolution
problems). This is the case, for instance, of the well known discretization of the incompressible Navier-
Stokes equations with staggered grids, see PATANKAR [123] and Section 7.2.2.

Let us now give an example in order to show that staggered grids should be avoided in the case of
nonlinear hyperbolic systems since they may yield some kind of “instability”. As an illustration, let us
consider the following “academic” problem:

(vu)y(z,t) =0,z € R, t € Ry,

_|_
2
—:|—(v )o(z,t) =0,z € R, t € Ry, (7.23)

where ug is a bounded function from IR to [0, 1]. Taking u = v equal to the weak entropy solution of the
Biirgers equation (namely u; + (u?), = 0), with initial condition wug, leads to a solution of the problem
(7.23). One would expect a numerical scheme to give an approximation of this solution. Note that the
solution of the Biirgers equation, with initial condition ug, also takes its values in [0, 1], and hence, a
“good” numerical scheme can be expected to give approximate solutions taking values in [0, 1]. Let us
show that this property is not satisfied when using staggered grids.

Let k be the time step and h be the (uniform) space step. Let x; = ih and ;412 = (i + 1/2)h, for
i € Z . Define, fori € Z, K; = ($i71/2,$i+1/2) and Ki+1/2 = (xi,xiﬂ).

The mesh associated to u is {K;,i € Z } and the mesh associated to v is {Kl+1/2,7; € Z }. Using the
principle of staggered grids, the discrete unknowns are ul, i € Z, n € IN*, and v” 1€ Z,neIN".
The discretization of the initial conditions is, for instance,

ud = 1/ (x)dx, i€ Z,

(7.24)
Z.Jr% h/ x)dx, 1 € Z .

The second equation of (7.23) does not depend on u. It seems reasonable to discretize this equation with
the Godunov scheme, which is here the upstream scheme, since ug is nonnegative. The discretization of
the first equation of (7.23) with the principle of staggered grids is easy. Since vj', 1 /o is always nonnegative,
we also take an upstream value for u at the extremities of the cell K;. Then, with the explicit Euler
scheme in time, the scheme becomes

i+1/20

1 1
n+1 n n n n n _ .
E(ui —U¢)+E(U¢+%Ui —vi_%ui_l)—O,zEZ,nelN,
(7.25)
1 1
n+1 n n 2 n 2\ __ .
E(’UH_% —’UH_%)—FE((UH_%) —(vi_%) )=0,1€ Z,n € IN.

It is easy to show that, whatever k and h, there exists uq (function from IR to [0, 1]) such that sup{u},i €
7} is strictly larger than 1. In fact, it is possible to have, for instance, sup{u},i € Z} = 1 + k/(2h).
In this sense the scheme (7.25) appears to be unstable. Note that the same phenomenon exists with the
implicit Euler scheme instead of the explicit Euler scheme . Hence staggered grids do not seem to be the
best choice for nonlinear hyperbolic systems.
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7.2 Incompressible Navier-Stokes Equations

The discretization of the stationary Navier-Stokes equations by the finite volume method is presented in
this section. We first recall the classical discretization on cartesian staggered grids. We then study, in
the linear case of the Stokes equations, a finite volume method on a staggered triangular grid, for which
we show, in a particular case, the convergence of the method.

7.2.1 The continuous equation

Let us consider here the stationary Navier-Stokes equations:

d .
AL ) (0 20 _ ) o
vAu' (z) + E u(x) oz, D+t o ()= fz), z€Q, Vi=1,....d,
. =1 (7.26)
ou®
g —(z) =0, z € .

with Dirichlet boundary condition

uD(z) =020 Vi=1,....d, (7.27)
under the following assumption:

Assumption 7.1

(i) Q is an open bounded connected polygonal subset of R%, d=2,3,
(ii) v >0,
(iii) f@O e L*Q),Vi=1,...,d

In the above equations, u(?) represents the ith component of the velocity of a fluid, v the kinematic
viscosity and p the pressure. The unknowns of the problem are u(?), i € {1,...,d} and p. The number
of unknown functions from € to IR which are to be computed is therefore d + 1. Note that (7.26) yields
d + 1 (scalar) equations.

We shall also consider the Stokes equations, which are obtained by neglecting the nonlinear convection
term.

—vAu () + g—p(it) =f9),zeVi=1,...,d,
o
d ou® (7.28)

;8% =0,z €.

There exist several convenient mathematical formulations of (7.26)-(7.27) and (7.28)-(7.27), see e.g.
TEMAM [141]. Let us give one of them for the Stokes problem. Let

ou®
Zj

o— =0},

d
V={u= (", . D) e H Q)"
i=1
Under assumption 7.1, there exists a unique function u such that

u eV,
d d (7.29)
Z/Z/ Vu® (z) - Vo) (z)da = Z/ FD ()0 D (z)dz, Yo = (0D, ... v D) eV ’
i=179 =179

Equation (7.29) yields the existence of p € L? (unique if [, p(x)dz = 0) such that
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—vAu 4 % =D inD(Q),Vie{l,...,d}. (7.30)

In the following, we shall study finite volume schemes for the discretization of Problem (7.26)-(7.27) and
(7.28)-(7.27). Note that the Stokes equations may also be successfully discretized by the finite element
method, see e.g. GIRAULT and RAVIART [73] and references therein.

7.2.2 Structured staggered grids

The discretization of the incompressible Navier-Stokes equations with staggered grids is classical (see
PATANKAR [123]): the idea is to associate different control volume grids to the different unknowns. In
the two-dimensional case, the meshes consist in rectangles. Consider, for instance, the mesh, say 7, for
the pressure p. Then, considering that the discrete unknowns are located at the centers of the elements of
their associated mesh, the discrete unknowns for p are, of course, located at the centers of the element of
7. The meshes are staggered such that the discrete unknowns for the z-velocity are located at the centers
of the edges of 7 parallel to the y-axis, and the discrete unknowns for the y-velocity are located at the
centers of the edges of 7 parallel to the z-axis. The two equations of “momentum” are associated to the
2 and y-velocity (and integrated over the control volumes of the considered mesh) and the “divergence
free” equation is associated to the pressure (and integrated over the control volume of 7). Then the
discretization of all the terms of the equations is straightforward, except for the convection terms (in
the momentum equations) which, eventually, have to be discretized according to the Reynolds number
(upstream or centered discretization. .. ). The convergence analysis of this so-called “MAC” (Marker and
Cell) is performed in NICOLAIDES [114] in the linear case and NICOLAIDES and WU [116] in the case of
the Navier-Stokes equations.

7.2.3 A finite volume scheme on unstructured staggered grids

Let us now turn to the case of unstructured grids; the scheme we shall study uses the same control
volumes for all the components of the velocity. The pressure unknowns are located at the vertices, and a
Galerkin expansion is used for the approximation of the pressure. Note that other finite volume schemes
have been proposed for the discretization of the Stokes and incompressible Navier-Stokes equations on
unstructured grids (BOTTA and HEMPEL [14]), but, to our knowledge, no proof of convergence has been
given yet.

We again use the notion of admissible mesh, introduced in Definition 3.1 page 37, in the particular case
of triangles, if d = 2, or tetrahedra, if d = 3. We limit the description below to the case d = 2 and
to the Stokes equations. Let  be an open bounded polygonal connected subset Q of IR%. Let 7 be a
mesh of €2 consisting of triangles, satisfying the properties required for the finite element method (see e.g.
CIARLET, P.G. [29]), with acute angles only. Defining, for all K € 7, the point zx as the intersection
of the orthogonal bisectors of the sides of the triangle K yields that 7 is an admissible mesh in the sense
of Definition 3.1 page 37. Let St be the set of vertices of 7. For S € Sy, let ¢g be the shape function
associated to S in the piecewise linear finite element method for the mesh 7. For all K € 7, let Sy C St
be the set of the vertices of K.

A possible finite volume scheme using a Galerkin expansion for the pressure is defined by the following
equations, with the notations of Definition 3.1 page 37:

i 0 i
v Y P+ 3 ps | G ()1,

cefk SeSK (7.31)
VK eT,Vi=1,...,d,
FO =@ —ul), ifo €&, o =K|L,i=1,....d,

oy T o (7.32)
Ko = ToUg ifoelxitNék,i=1,...,d,
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ZZ o CMS (z)dz = 0, VS € St, (7.33)
KeTi=1
/ Z psés(z)dr =0, (7.34)
Q,SEST
£ = M /K f(z)dz, VK € T. (7.35)

The discrete unknowns of (7.31)-(7.35) are ug?, KeT,i=1,...,dand pg, S € St.
The approximate solution is defined by

pr = Z PsPs, (7.36)
SeSt
ug)()—u;{), ae.r e K,VKeT,Vi=1,...,d. (7.37)

The proof of the convergence of the scheme is not straightforward in the general case. We shall prove
in the following proposition the convergence of the discrete velocities given by the finite volume scheme
(7.31)-(7.35) in the simple case of a mesh consisting of equilateral triangles.

Proposition 7.1 Under Assumption 7.1, let T be a triangular finite element mesh of 2, with acute
angles only, and let, for all K € T, xi be the intersection of the orthogonal bisectors of the sides of the
triangle K (hence T is an admissible mesh in the sense of Definition 3.1 page 37). Then, there erists a
unique solution to (7.31)-(7.35), denoted by {ug?, KeT,i=1,...,d} and {ps, S € Sr}. Furthermore,
if the elements of T are equilateral triangles, then ur — u in (L?(Q))?, as size(T) — 0, where u is the

(unique) solution to (7.29) and ur = (u(Tl), e ,ug(—i))d is defined by (7.37).

PROOF of Proposition 7.1.
Step 1 (estimate on ur)

Let 7 be an admissible mesh, in the sense of Proposition 7.1, and {ug?, KeT,i=1,...,d}, {ps,
S € St} be a solution of (7.31)-(7.33) with (7.35).

Multiplying the equations (7.31) by u K), summing over i = 1,...,d and K € T and using (7.33) yields

”Z > 7o(Dyul?)? Z S m(K)ul £, (7.38)

=1 oc€e& i=1KeT

with Dyu® = |u(Ll) — u(l?| ifo € &w, 0 =K|L, i € {1,...,d} and Doul® = |u§?| if 0 € Ext N Ek,
ied{l,...,d}.

In step 2, the existence and the uniqueness of the solution of (7.31)-(7.35) will be essentially deduced
from (7.38).

Using the discrete Poincaré inequality (3.13) in (7.38) gives an L? estimate and an estimate on the
“discrete Ht norm” on the component of the approximate velocities, as in Lemma 3.2 page 42, that is:

w7 < C, |u |12 < C, Vi € {1,...,d},

where C only depends on Q, vu and ), i=1,...,d.

As in Theorem 3.1 page 45 (thanks to Lemma 3.3 page 44 and Theorem 3.10 page 93), this estimate
gives the relative compactness in (L2(Q))? of the set of approximate solutions ur, for 7 in the set of
admissible meshes in the sense of Proposition 7.1. It also gives that if uz, — u in (L?(Q))%, as n — oo,
where uz, is the solution associated to the mesh 7,,, and size(7,,) — 0 as n — oo, then u € (H}(Q))%.

This will be used in Step 3 in order to prove the convergence of ur to the solution of (7.29).
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Step 2 (existence and uniqueness of ur and pr)
Let 7 be an admissible mesh, in the sense of Proposition 7.1. Replace, in the right hand side of (7.33),

“0” by “gs” with some {gs, S € S} C R. Eliminating FI(;?U, the system (7.31)-(7.33) becomes a linear

system with as many equations as unknowns. The sets of unknowns are {u%), KeT,i=1,...,d} and
{ps, S € St}. Ordering the equations and the unknowns yields a matrix, say A, defining this system.

Let us determine the kernel of A; let f(i) =0andgs=0forall K € 7,all S € Sy and all i € {1,...,d}.

Then, (7.38) leads to u&? =0forall K €7 and all i € {1,...,d}. Turning back to (7.31) yields that pr
(defined by (7.36)) is constant on K for all K € 7. Therefore, since ) is connected, p7 is constant on
Q. Hence, the dimension of the kernel of A is 1 and so is the codimension of the range of A. In order to
determine the range of A, note that

Z ps(z) =1, Yo € Q.
SeSr

Then, a necessary condition in order that the linear system (7.31)-(7.33) has a solution is

> gs=0 (7.39)
SeST
and, since the codimension of the range of A is 1, this condition is also sufficient. Therefore, under the
condition (7.39), the linear system (7.31)-(7.33) has a solution, this solution is unique up to an additive
constant for py. In the particular case gs = 0 for all S € S, this yields that (7.31)-(7.35) has a unique
solution.

Step 8 (convergence of ur to u)

In this step the convergence of u7 towards u in (L?(Q))¢ as size(7) — 0 is shown for meshes consisting of
equilateral triangles. Let (7,,)new be a sequence of meshes (such as defined in Proposition 7.1) consisting
of equilateral triangles and let (ur,)nen be the associated solutions. Assume that size(7,,) — 0 and
ur, — uin (L?(Q))? as n — oo. Thanks to the compactness result of Step 1, proving that u is the
solution of (7.29) is sufficient to conclude this step and to conclude Proposition 7.1.

By Step 1, u € (H}(Q))?. It remains to show that u € V (which is the first part of (7.29)) and that u
satisfies the second part of (7.29).

For the sake of simplicity of the notations, let us omit, from now on, the index n in 7,, and let h = size(7).
Note that xx (which is the intersection of the orthogonal bisectors of the sides of the triangle K) is the
center of gravity of K, for all K € 7. Let ¢ = (o, ..., (@)t € V and assume that the functions ¢
are regular functions with compact support in Q, say ¢ € C(Q) for all i € {1,...,d}. There exists
C > 0 only depending on ¢ such that

. 1 ]
(k) — o [ ¢ Olahdol < OB (7.40)
m(K) J
forall K € 7 and i =1,...,d. Let us proceed as in the proof of convergence of the finite volume scheme

for the Dirichlet problem (Theorem 3.1 page 45).
Assume that h is small enough so that ¢(x) = 0 for all z such that x € K, K € T and Ex N Eexs # 0.
Note that (0¢s)/(0z;) is constant in each K € T and that

dos ; B D)
Z [ G @) ) = /¢s Z(fm

Then,

Y Y, s [ @i [ O =0,

i=1KeT SeSk
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Therefore, multiplying the equations (7.31) by (1/m(K)) [, oW (z)dzx, for each i = 1,...,d, summing
the results over K € 7 and i € {i...,d} yields

d
@) _ @)y, L 1 _
v Y ! g [ 0@ - e [ @) -

i=1 K|LEEn
d
S [ @
K

i=1KeT

(7.41)

Passing to the limit in (7.41) as n — oo and using (7.40) gives, in the same way as for the Dirichlet problem
(see Theorem 3.1 page 45), that u satisfies the equation given in (7.29), at least for v € V N (C°())4.
Then, since V N (C>(2))? is dense (for the (Hg(Q2))%-norm) in V (see, for instance, L1oNs [102] for a
proof of this result), u satisfies the equation given in (7.29).

Since u € (H(R2))4, it remains to show that u is divergence free. Let ¢ € C2°(£). Multiplying (7.33) by
¢(S), summing over S € S7 and noting that the function Y g5 ©(S)¢s converges to ¢ in H'(Q2), one
obtains that u is divergence free and then belongs to V. This completes the proof that w is the (unique)
solution of (7.29) and concludes the proof of Proposition 7.1. ]

7.3 Flows in porous media

7.3.1 Two phase flow

This section is devoted to the discretization of a system which may be viewed as an elliptic equation
coupled to a hyperbolic equation. This system appears in the modelling of a two phase flow in a porous
medium. Let Q be an open bounded polygonal subset of IR%, d = 2 or 3, and let a and b be functions of
class O from IR to IR .. Assume that a is nondecreasing and b is nonincreasing. Let g and 7 be bounded
functions from 02 x R4 to R, and ug be a bounded function from © to IR. Consider the following
problem:

ug(x,t) —div(a(u)Vp)(z,t) = 0, (z,t) € Q xRy,
(1 —u)e(z,t) — div(b(u)Vp)(x,t) = 0, (z,t) € Q xRy,
Vp(x,t) -n(x) = g(z,t), (z,t) €90 xRy, (7.42)
u(z,t) = u(z,t), (x,t) € xRy ; gz, t) >0,
u(z,0) = wg(x), x €,

where n is the normal to 92, outward to 2. The unknowns of this system are the functions p and u (from
Ox R4 to R). Adding the two first equations of (7.42), this system may be viewed as an elliptic equation
with respect to the unknown p, for a given u (note that there is no time derivative in this equation), with
a Neumann condition, coupled to a hyperbolic equation with respect to the unknown u (for a given p).
Note that, for the elliptic problem with the Neumann condition, the compatibility condition on g writes

[ Mo (@) =0, te Ry,
Q

where M = a + b. It is not known whether the system (7.42) has a solution, except in the simple
case where the function M is a positive constant (which is, however, already an interesting case for real
applications).

In order to discretize (7.42), let 7 be an admissible mesh of € in the sense of Definition 3.5 page 63 and
k > 0 be the time step. The discrete unknowns are p% and u} for K € 7 and n € IN*. The discretization
of the initial condition is
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1
0 _
up = ( )/Kuo(x)dx, KeT.

In order to take into account the boundary condition on u, define, with t,, = nk,

1 bn41
Uk = T AR B0 Uz, t)dy(z)dt, K € T, neN.
e km(aKmaQ)/amm/tn u(z, t)dy(z)dt, K €T, ne

The scheme will use an “upstream choice” of a(u) and b(u) on each “interface” of the mesh, that is, for
al K e T, L e N(K),

(al))fe s = alufe) if i = pp!
(a(u))f r = aul) if p’}?l < p’£+17
(b(u))%,, = blug) if p?fl >p”+1
(b(u)f,r = bluf) if pE <pp,
The discrete equations are, for all K € 7, n € IN,
unKJrl — uTIL( n+1 n+1 n
m(K) == = 3 menpt - pi ) ()i
LeN(K)
tﬂ+1 u tn+1
/ / Tz, t)dy(x)dt + K/ / “(z, t)dy(z)dt =
JOK 000 OKNOQ
— u n n
—m(K) e = Ym0 pi ()
LeEN(K)

tnt1 u tnia
/ / Tz, t)dy(x)dt + K / / “(x,t)dy(x)dt = 0.
K NAQ ornan Jt,

Recall that g* (z, 1) = max{g(z,t),0}, g~ = (—g)" and 7x |, = m(K|L)/d/, (see Definition 3.1 page 37).
This finite volume scheme gives very good numerical results under a usual stability condition on the time
step with respect to the space mesh. It can be generalized to more complicated systems (in particular, for
the simulation of multiphase flows in porous medium such as the “black oil” case of reservoir engineering,
see EYMARD [48]). It is possible to prove the convergence of this scheme in the case where the function M
is constant and the function g does not depend on t. In this case, the scheme may be written as a finite
volume scheme for a stationary diffusion equation with respect to the unknown p (which does not depend
on t) and an upstream finite volume scheme for a hyperbolic equation with respect to the unknown w.
The proof of this convergence is given below (Theorem 7.1) under the assumptions that a(u) = v and
b(u) = 1—wu (see also VIGNAL [151]). Note that the elliptic equation with respect to the pressure may also
be discretized with a finite element method, and coupled to the finite volume scheme for the hyperbolic
equation. This coupling of finite elements and finite volumes was introduced in FORSYTH [68], where it
is called “CVFE” (Control Volume Finite Element), in SONIER and EYMARD [138] and in EYMARD and
GALLOUET [49], where the convergence of the finite element-finite volume scheme is shown under the
same assumptions.

7.3.2 Compositional multiphase flow

Let us now turn to the study of a system of partial differential equations which arises in the simulation
of a multiphase flow in a porous medium (the so called “Black Oil” case in petroleum engineering, see
e.g. EYMARD [48]). This system consists in a parabolic equation coupled with hyperbolic equations and
algebraic equations and inequalities (these algebraic equations and inequalities are given by an assumption
of thermodynamical equilibrium). It may be written, for x € Q and ¢t € R4, as:

0

E(pl (p)u) (Z‘, t) - div(fl (U, v, C)Vp) (Z‘, t) =0, (743)
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%(m(n )1 —u—=0)(1 = ))(z,t) = div(f2(u, v,c)Vp)(z,t) = 0, (7.44)
%(PQ (P, ¢)(1 —u —v)e+ p3(p)o)(x, 1) — div(fs(u, v, ¢)Vp)(z,t) = 0, (7.45)
(v(z,t) =0 and ¢(z,t) < f(p(z,t)) or (c(z,t) = f(p(x,t)) and v(x,t) > 0), (7.46)

where € is a given open bounded polygonal subset of IR? (d=2or3), f1, f2, f3 are given functions from
R® to IR, f, p1, p3 are given functions from IR to IR | and ps is a given function from IR? to IR.. The
problem is completed by initial and boundary conditions which are omitted here. The unknowns of this
problem are the functions u,v, ¢, p from Q x R4 to IR.

In order to discretize this problem, let & be the time step (as usual, k£ may in fact be variable) and 7 be a
cartesian mesh of 2. Following the ideas (and notations) of the previous chapters, the discrete unknowns
are ul, v, ¢ and pl, for K € 7 and n € IN* and it is quite easy to discretize (7.43)-(7.45) with a
classical finite volume method. Note that the time discretization of the unknown p must generally be
implicit while the time discretization of the unknowns wu,v,c may be explicit or implicit. The explicit
choice requires a usual restriction on the time step (linearly with respect to the space step). The only
new problem is the discretization of (7.46), which is now described.

Let n € IN. The discrete unknowns at time t,,41, namely u"Jrl v?(ﬂ, }L(H and p"Jrl K € 7, have to be

computed from the discrete unknowns at time ¢,,, namely u', v}, ¢ and p%, K € 7. Even if the time

discretization of (7.43)-(7.45) is explicit with respect to the unknowns u,v and ¢, the system of discrete

equations (with unknowns u’;’{"l v}}“, 7+l and p"*’1 K € T) is nonlinear, whatever the discretization

of (7.46). It can be solved by, say, a Newton process. Let [ € IN be the index of the “Newton iteration”,
and uj ot , upthh ot C?(H ! and p”Jrl ' (K € T) be the computed unknowns at iteration I. As usual, these
unknowns are, for [ = 0, taken equal to u', v}, ¢ and p'. In order to discretize (7.46), a “phase index”

is introduced; it is denoted by i, for all K € 7 and n € IN and it is defined by:

if i =0 then v}t =0 (and % < f(p})),
if i% =1 then ¢ = f(p}%) (and v}t > 0).

In the Newton process for the computation of the unknowns at time ¢,,41, a “phase index”, denoted by

i?;ru is also introduced, with z?;rl 0 — 4% This phase index is used in the computation of u?;rl b

n+1 l+1 n+1 +1 pn+1 l+1 and Zn-i—l JA+1 (K c T), starting from un—i—l l n+1,1 n+1 l n+1,1 n+1, l

W K v s Dy and iy

n+1 41 _ —0if ZnKJrll o 0, and C'rIL(Jrl,lJrl _ f(p'rIL(Jrl,lJrl) if Z-'rIL(Jrll

mediate) values of u”Jr1 b v?<+1’l+1, c?jl’lﬂ, an+1,l+1 is possible with a “Newton iteration” on (7.43),
(7.44), (7.45) (note that the number of unknowns is equal to the number of equations). Then, for each

K € T, three cases are possible:

Settlng Vg =1, the computatlon of (mter—

. 1,041 1,0+1 1,0+1 141 ntl,l
1. 1anK+,+ gf(p%Jr’Jr)andv?f’Jr ZO,thensetz"KJr’Jr ZZ"KJ“

)

2. if L S p(pn Y (and necessarily i = 0), then set ¢t = f(pn ) and
Z-n,+1,l+1 -1
s =

)

3. if v?(Jrl,lJrl n41,0 1) n+1,1+1 — 0 and ZnJrl JA+1 = 0.

< 0 (and necessarily i} then set v,

This yields the final values of /" o+l v?(H’Hl, c?;rl’lﬂ, an+1,l+1 and i"KH’Hl (KeT).

When the “convergence” of the Newton process is achieved, say at iteration [*, the values of the unknowns
at time ¢, 11 are found. They are taken equal to those indexed by (n + 1,1*) (for w,v,c,p,). It can be
proved, under convenient hypotheses on the function f (which are realistic in the applications), that there
is no “oscillation” of the “phase index” during the Newton iterations performed from time ¢,, to time ¢, 41
(see EYMARD and GALLOUET [50]). This method, using the phase index, was also successfully adapted
for the treatment of the obstacle problem and the Signorini problem, see HERBIN and MARCHAND [87].
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7.3.3 A simplified case

The aim of this section and of the following sections is the study of the convergence of two coupled finite
volume schemes, for the system of equations u; — div(uVp) = 0 and Ap = 0, defined on an open set
Q. A finite volume mesh 7 is used for the discretization in space, together with an explicit Euler time
discretization. Similar results are in VIGNAL [151] and VIGNAL and VERDIERE [153] where the case of
different space meshes for the two equations is also studied.

We assume that the following assumption is satisfied.

Assumption 7.2 Let Q be an open polygonal bounded connected subset of R, d = 2 or 3, and 09 its
boundary. We denote by n the normal vector to 02 outward to 2.
Let g € L?(0R) be a function such that

/ g(2)dy(z) = 0,
o0

and let 90T ={z € 9Q, g(z) > 0}, Qt =QU IO and I~ ={z € 99, g(x) < 0}. Let ug € L>®(Q)
and @ € L= (0QF x RY) represent respectively the initial condition and the boundary condition for the
unknown w.

The set
DO xR,)={p e C®RY*xR,R), p=00n N~ x R}

will be the set of test functions for Equation (7.51) in the weak formulation of the problem, which is
given below.

Definition 7.1 A pair (u,p) € L=(Q2 x R%) x H'(2) (u is the saturation, p is the pressure) is a weak
solution of

Ap(z) =0, Vo € €,
Vp(z) -n(z) = g(z), Vo € 09,
ug(x,t) —div(uVp)(x,t) =0, Vore Q,Vte Ry, (7.47)
u(z,0) = up(x), Vo € Q,
u(z,t) = u(x,t), Vo € 00T,V € R,
if it verifies
p e HY(Q), (7.48)
ue L*(Q xRY), (7.49)
/ Vp(z) - VX(x)dr — [ X(z)g(x)dy(z) =0,YX € H(Q). (7.50)
Q a0
and
[ [ utw0ew6) - Ip(o) - Tt et + [ uo(e)o(a, 0)de+
R+ /8 @ (7.51)
a(z, t)p(z, t)g(x)dy(z)dt = 0,V € D(QT x Ry).
Ry Joo+

Under Assumption 7.2, a classical result gives the existence of p € H'(£2) and the uniqueness of Vp where
p is the solution of (7.48),(7.50), which is a variational formulation of the classical Neumann problem.
Additional hypotheses on the function g are necessary to get the uniqueness of u € LDO(IRd x IR7Y)
solution of (7.51). The existence of u results from the convergence of the scheme, but not its uniqueness,
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which could be obtained thanks to regularity properties of Vp. We shall assume such regularity, which
ensures the uniqueness of the function v and allows an error estimate between the finite volume scheme
approximation of the pressure and the exact pressure. In fact, for the sake of simplicity, we assume (in
Assumption 7.3 below) that p € C2(Q). This is a rather “strong” assumption which can be weakened.
However, a convergence result (such as in Theorem 7.1) with the only assumption p € H'(Q) seems
not easy to obtain. Note also that similar results of convergence (for the “pressure scheme” and for the
“saturation scheme”) are possible with an open bounded connected subset of IR? with a C? boundary
(instead of an open bounded connected polygonal subset of IRd) using Definition 4.4 page 115 of admissible
meshes.

Assumption 7.3 The pressure p, weak solution in H'(Q2) to (7.50), belongs to C*(Q2).
Remark 7.2 The solution (u,p) of (7.48)-(7.51) is also a weak solution of
(1 —w)(x,t) — div((1 — uw)Vp)(x,t) = 0.

Remark 7.3 The finite volume scheme will ensure the conservation of each of the quantities u and
1 — u. It can be extended to more complex phenomena such as compressibility, thermodynamic equilib-
rium. . . (see Section 7.3.2)

Remark 7.4 The proof which is given here can easily be extended to the case of the existence of a source
term which writes

Ap(ff) v(x), z €1,
x) n x) ( ) x € 0N,
(x,t) div(uVp)(z,t) +u(z, t)v™(z) = s(z, t)vT(x), x€Q, t € Ry,
( 70) U'O( ) S Q,
u(z, t) = u(x,t), redQt, te Ry,

where v € L?(Q) with / g(x)dy(x) + /v(m)dm =0and s € L>(Q2 x IR%). All modifications which are
19} Q

connected to such terms will be stated in remarks.

7.3.4 The scheme for the simplified case

Let © be an open polygonal bounded connected subset of IR?. Let 7 be an admissible mesh, in the sense
of Definition 3.5 page 63, and let h = size(7). Assume furthermore that, for some a > 0, d, > «h for all
o€ ginb

The pressure finite volume scheme

We first define the approximate pressure, using the finite volume scheme defined in section 3.2 page 62
(that is (3.85)-(3.87)).
(i) The values Gk, for K € T, are defined by

Gr = / g(@)dv(z) if m(OK N O9) £ 0

KON (7.52)
Gk =0, if m(0K NoN) =0.
(ii) The scheme is defined by
Z TK|L<PL —PK) =Gk, VK €T, (7.53)

LeN(K)
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and
> m(K)pk = 0. (7.54)
KeT
We recall that, from lemma 3.6 page 64, there exists a unique function pr € X (7) defined by pr(z) = px
for a.e. x € K, for all K € T, where (px)xer satisfy equations (7.52)-(7.54). Then, using Theorem 3.5
page 69, there exist C7 and Cs, only depending on p and €2, such that
lp7 = pllr2@) < Cih (7.55)

and

— 1
3 m(K|L)dg (P2 - Vp(x) - ng rdy(z))’ < (Cah)2. (7.56)
Kbt dgr m(K|L) Jk L

Last but not least, using lemma 3.11 page 74, there exists C3, only depending on g and §2, such that

Z 1L (pL — pi)? < (C3)*. (7.57)

K\Légint

The saturation finite volume scheme

Let us now turn to the finite volume discretization of the hyperbolic equation (7.51). In order to write
the scheme, let us introduce the following notations: let

Gg}” :/ gt (z)dy(z) and G(K_) :/ g (x)dvy(x),
OKNON OKNON

so that G(I;r) - G(I;) = Gk. Let

¢ = [ @@ = Y6

KeT

(note that G(*) does not depend on 7). The scheme (7.53) may also be written

> mwie(pr i) + G -G =0, VK €T (7.58)
LeN(K)

Remark 7.5 In the case of the problem with source terms, the right hand side of the equation (7.53) is
replaced by G + Vl(;r) - VI({) with

VI((i) :/ vE () da.
K

Then, in the equation (7.58) the quantities Gg(i) are replaced by Gg(i) + V[((i).
Let € € (0,1). Given an admissible mesh 7, the time step is defined by a real value k£ > 0 such that

k< inf m(K) - ¢)

- KeT Z TK|L(pL_pK)++G§;r)
LeN(K)

(7.59)
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Remark 7.6 Since the right hand side of (7.59) has a strictly positive lower bound, it is always possible
to find values k > 0 which satisfy (7.59). Roughly speaking, the condition (7.59) is a linear condition
between the time step and the size of the mesh. Let us explain this point in more detail: in most practical
cases, function g is regular enough so that |pr — px|/dk |z, is bounded by some C' only depending on g
and €. Assume furthermore that the mesh 7 is admissible in the sense of Definition 3.5 page 63 and
that, for some o > 0, dx» > ah, for all K € 7 and ¢ € £. Then the condition ¥ < Dh, with
D = ((1—-¢&a)/(d(C + |lgllL=(09))), implies the condition (7.59). Note also that for all g € L?(99Q) we
already have a bound for [pr|;,7 (but this does not yield a bound on |pr, — px|/dk|r). Finally, note
that condition (7.59) is easy to implement in practise, since the values 7x|;, and px are available by the
pressure scheme.

Remark 7.7 In the problem with source terms, the condition (7.59) will be modified as follows:

k < inf m(K) (1=¢) .
- KeT Z TriL(pL — pr) T + G v
LeN(K)
The initial condition is discretized by:
ul = L/ uo(z)dx, VK € T. (7.60)
m(K) J 7

We extend the definition of @ by 0 on 992~ x IR, and we define u};, for K € 7 and n € IN, by

1 (n+1)k
W= u(x,t)d dt, if m(0K N o2 0
ol I P UGG )#0, (7.61)

at =0, if m(OK NoN) =0.
Hence the following function may be defined on 02 x IR :

urk(z,t) = Uk, Ve € 0K NI VK € T,Vt € [nk,(n+ 1)k), n € IN.

The finite volume discretization of the hyperbolic equation (7.51) is then written as the following relation
between u7! and all u}, L € 7.

m(K)(ult —ul) — k [ ST e p(pr —pr) ARG —u’;{G;)} =0, VK €T, ¥neNN, (7.62)
LeN(K)

in which the upstream value u%, ; is defined by

u?@L = u?{a if PK 2 pPL,

. 7.63
uy  =up, if pr > pk. ( )

The approximate solution, denoted by w7 i, is defined a.e. from 2 x IR, — to IR by
ur k(z,t) =ulk, Ve € K,VK € T,Vt € [nk,(n+1)k), Vn € IN. (7.64)

Remark 7.8 In the case of source terms, the following term is defined:

1 (n+1)k
s = ——— s(x, t)dxdt
i wmil, o

and the term k(s’}(Vl((” - “?{VI((_)) is added to the right hand side of (7.62) .
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7.3.5 Estimates on the approximate solution
Estimate in L>(Q x IR"})

Lemma 7.1 Under the assumptions 7.2 and 7.3, let T be an admissible mesh in the sense of Definition
3.5 page 68 and k > 0 satisfying (7.59). Then, the function ur defined by (7.52)-(7.54) and (7.60)-
(7.64) satisfies

HUT,kHLw(Qx]Rp < maX{HUOHLw(Q)y HﬂHLm(am ><]R_j_)}' (7.65)

PROOF of Lemma 7.1

Relation (7.62) can be written as

uitt = k[l s (X mnlox - )+ GRO))+
LeN(K)
—( Z TriLut (pr — pr)T + ng)ﬂ%)'
LeN(K)

Using

Z Tre|L(pL — pr) T+ Gy = Z TriL(Px —pL)” + Gy,
LEN(K) LEN(K)
and Inequality (7.59), the term u?(H may be expressed as a linear combination of terms v}, L € 7, and
', with positive coefficients. Thanks to relation (7.58), the sum of these coefficients is equal to 1. The

estimate (7.65) follows by an easy induction. ]

Remark 7.9 In the case of source terms, Lemma 7.1 remains true with the following estimate instead
of (7.65):

[uz kll=@xmy) < max{||uollL= (), @] L= @+ xw1): 5]l L @xms) }-

Weak BV estimate

Lemma 7.2 Under the assumptions 7.2 and 7.3, let T be an admissible mesh in the sense of Definition
3.5 page 63. Let h = size(7T) and « > 0 be such that d, > ah for all o € Eng. Let k > 0 satisfying (7.59).
Let {u%, K € T, n € IN} be the solution to (7.60)-(7.63) with {px, K € T} given by (7.52)-(7.54). Let
T >k be a given real value, and let N, be the integer value such that Np ik < T < (N + 1)k. Then
there exists H, which only depends on T, ), ug, u, g, a and &, such that the following inequality holds:

Ntk Ntk

n n n =N H
’fz Z TK\L|pK_pL||uK_U'L|+kZ ZG;:)WK—UMSW- (7.66)

n=0 K|LEEns n=0KeT

PROOF of Lemma 7.2
For n € IN and K € 7, multiplying (7.62) by u% yields

m(K) (ui e —ufeul) — k(Y mrppute ul(pr — pic) TG — (u)?GY)) = 0. (7.67)

LeN(K)
Writing wf ™ ul — upul = —2(upt —up)? — L (uh)? + $(u)")? and summing (7.67) on K € T and

n€{0,...,Npy} gives
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Ntk
5 S M)W — )+ g 3 m(E) (@~ ()
n=0KeT KeT
Nopr (7.68)
au Gy - (ug)’Gi)) =0

_kz Z ( Z TR LWk, LUk (PL — PK) + Wicu

n=0KeT LeN(K)

Using (7.63) gives, for all K € T,

> e (ox —p)t = D Trppuiui(pn — )T

- Z TK|LUTJL<,LU?'<(Z7L —PK) =
LEN(K) LEN(K)

LeN(K)
Then,
=D D i —pi) = D D mrin(ui)? — uiui) (px —pr)*
KeT LeEN(K) KeT LeN(K)
Therefore, since (uf;)? — ufuf = §(uf —up)® + b(uf)” - (u)?),

- Z Z TK\LU?(,LU'T}L{(pL —PK) = % Z Z T L (Uk — UZ)Q(]DK —pr)*

KeT LeN(K) KETLEN(K)
+31Y . > TK|L (uje)*(px —pr)*
KeT LeN(K

QZ Z i1 (ul)*(px —pr)*t

KeT LEN(K)

= 13 > ik —up)(ox —po)t

KeT LEN(K)

+3Y Y (k) (px —pr)

KeT LEN(K)

and, using (7.58),
=Y Trpukouikr—p) = Y Y Trn(ul —ul)(px —po)t

KeT LEN(K) KeT LEN(K)
n ]‘ - n
300 G i) - 5 Y G (i)
KeT KeT

Hence

Nr i
_kZ Z ( Z TK|LU?(7LU,7IZ((pL —pK) + ﬂ?(urll(G(];r) _ (urIL()2Gg;)) _

n=0KeT LeN(K)
Nt 1
0 Tl —pol(ul —up)? + Y G (ul — ak)?) —~ (7.69)

n=0 K|LEEnt KeT
Ntk

YN (6P @h)? - 65 (wi)?).

n=0KeT

Using (7.62), we get

]\/YTJC NTk
> D mE) g™ —uj)* =) Z (> miwulenlpn —pi) + TG — i Gi)”
n= OKeT LeN(K)

n=0KeT
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Then, for all K € 7, using again (7.58) and the definition (7.63),

Nt 1

3 mew?l —up)? =

n=0KeT

Nt 5
3 Z (> mrpn(ul — uhe)pr —pr)* + G (@ —uge))
n= OKeT LEN(K)

The Cauchy-Schwarz inequality yields

NT,k' NTk
D> mE) (it —uk)? < Y Z ( > rxilor —pr)t A+ ng))
n=0KeT n= OKET LeN(K)
S e — pr) (] — u)? +G<K+><a;z —ug)?).
LeN(K)

Using the stability condition (7.59) and reordering the summations gives

Nr i Ntk
o> mE)(uptt —uk)? < Y k(1-€)
n=0KeT n=0 (7.70)
S mnlpr = prclul - wi)? + S0 G (@ - up)?).
K|LEEint KeT

Using (7.68), (7.69) and (7.70), we obtain

> m(E) ((up™ ) = (uk)?)

KeT
Nt 1
ek (D milpre —prl(ui —up)? + Y G (i — ak)?) (7.71)
n=0 K|LEEn: KeT
Nt
k> ST @ P @) - G ) <o.
n=0KecT

Then, setting Cy = m(Q)||u0||%x(Q) + 2TG(+)||1_L||%OQ(BQ+X]R*+) which only depends on 2, ug, T', g and 4,

N i
S R kY Y6 <
KeT n=0KeT
(this inequality will not be used in the sequel) and
Ntk Ntk c,
KD > mwinlp = pul(uie — )+ kYD Y GRS (ke - w0 < (7.72)
n=0 K|LEEint n=0KeT
The Cauchy-Schwarz inequality yields
Ntk Ntk
kYD Y Ticle —prlluie —ui |+ kY0 GR lu — <
n=0 K|LEEn n=0 KeT
NT,Ic NT,Ic
n =N 1
(kY > mlex —pol(ule —uf) + kD0 Y G (ufe — aj)?)? (7.73)
n=0 K|LEEint n=0KeT

Ntk

(kZ( Z TK\L|pK—pL|_|_ ZG(I:)))%

n=0 K|LEEnt KeT
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The expression W, defined by W = Z Ti|L|PKr — pr|, verifies

K‘Legint
1 1 1
W<( > mww)?( Y, Trnlpr —pr)?)? <Cs( Y kL) (7.74)
K|LEEins K|LEEins K|L€Eint

using (7.57). Recall that C3 only depends on g and €.
Since

1 dm(2)
> i< ) m(K|L)dk|L) 575 < —5ps (7.75)
KlLegint K\Leé’im

and

Gy = /6 @)

KeT
we finally conclude that (7.66) holds.

Nt i
Remark 7.10 In the case of source terms, one adds the term k Z Z VI((+)|'LL?'( — s'%| in the left hand
n=0KeT

side of (7.66) (and H also depends on v and s).

7.3.6 Theorem of convergence

We already know, by the results of section 3.2 page 62, that the pressure scheme converges. Let us now
prove the convergence of the saturation scheme (7.62). Thanks to the estimate (7.65) in L>(Q2 x R})
(Lemma 7.1), for any sequence of meshes and time steps, such that the size of the mesh tends to 0, we can
extract a subsequence such that the approximate saturation converges to a function u in L>(2 x RY})
for the weak- topology. We have to show that w is the (unique) solution of (7.49), (7.51) (the uniqueness
of the solution is given by Assumption 7.3).

Theorem 7.1 Under assumptions 7.2 and 7.3, let £ € (0,1) and a > 0 be given. For an admissible mesh
T, in the sense of Definition 3.5 page 63, such that d, > « size(T) for all o € &y and for a time step
k > 0 satisfying (7.59), let ur i be defined by (7.52)-(7.54) and (7.60)-(7.64). Then urj converges to
the solution w of (7.49), (7.51) in L=(Q x RY) for the weak- topology, as size(T) — 0.

PROOF of Theorem 7.1

In the case g(x) = 0 for a.e. (for the (d—1)-dimensional Lebesgue measure) x € 952, the proof of Theorem
7.1 is easy. Indeed, Vp(x) = 0 for a.e. x € Q and, for any mesh and time step, px — pr, = 0 for all K,
L € T. Then, u% = uf for all K € T and all n € IN. Therefore, it is easy to prove that the sequence
ur, converges, as size(7) — 0 (for any k...), to u, defined by u(z,t) = uo(z) for a.e. (z,1) € Q x Ry;
note that w is the unique solution to (7.49), (7.51).

Let us now assume that g is not the null function in L?(952).

Let (Zp, km)men be a sequence of space meshes and time steps. For all m € IN, assume that 7;, is an
admissible mesh in the sense of Definition 3.5, that d, > asize(7Z,,) for all o € &y, and that k,, > 0
satisfies (7.59) (with k = k,, and T = 7,;,). Assume also that size(7,,) — 0 as m — .

Let u,, be the function wy j defined by (7.52)-(7.54) and (7.60)-(7.64), for 7 = 7,, and k = k,,. By
Lemma 7.1, the sequence (um)men is bounded in L>*(Q x IR’ ). In order to prove that the sequence
(um)mew converges in L>(Q x IR%) for the weak-x topology to the solution of (7.49), (7.51), using a
classical contradiction argument, it is sufficient to prove that if u,, — u in L>(Q x IR%) for the weak-*
topology then the function w is a solution of (7.49), (7.51).
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Let us proceed in two steps. In the first step, it is proved that k,, — 0 as m — oo. Then, in the second
step, it is proved that the function u is a solution of (7.49), (7.51).
From now on, the index “m” is omitted.

Step 1 (proof of k — 0 as m — o0)
The proof that k — 0 (as m — o00) uses (7.59) and the fact that size(7) — 0.Indeed, define

Ar= ) w(K|L)px - pel,
K|L€EEint

and, for o € &y, define x, from Q x 2 to {0,1} by

Xo(z,y) =1, if o N[z, y] #0,
Xo(z,y) =0, if o N[z,y] =0.

Let n € R\ {0} and @ C Q be a compact set such that d(@,Q¢) > 7. Recall that pr is defined by
pr(x) = pi for a.e. x € K and all K € 7. For a.e. x € @ one has

pr@+n) —pr@)|< > Xolwz+n)lpx — prl,
o=K|LEEn:

integrating this inequality over @ yields, using [ xo(z,z +n)dz < |[njm(0),
lpr(-+n) =Pl @) < InlAr. (7.76)

Assume A7 — 0 as m — oo. Then, since pr — p in L'(Q2), one deduces from (7.76) that Vp = 0 a.e. on
Q which is impossible (since g is not the null function in L?(9Q)). By the same way, it is also impossible
that A7 — 0 for a subsequence. Then there exists a > 0 (only depending on the sequence (p7)men,
recall that p7 = pz,, since we omit the index m) such that A7 > a for all m € IN.

m

Therefore, since Ay = Z Z m(K|L)(pr — pr)" > a, there exists K € 7 such that

KeT LeN(K)
m(K
5wl - pr)* > o)
LeN(K)
Then, since 7x |, = m(K|L)/dk |z and dg |z, < 2h,
i m(K)
Z Tr|L(PL — Pr)T > a2hm(Q)’

LeN(K)
which yields, using (7.59),
2
E<(1- {)m(Q)Eh.
Hence k — 0 as m — oo (since h — 0 as m — 00). This concludes Step 1.

Step 2 (proof of u solution to (7.51))

Let ¢ € D(QT x R4). Let T > 0 such that, for all t > T — 1 and all z € Q, ¢(z,t) = 0. Let m € IN such
that h < 1 and k < 1 (thanks to Step 1, this is true for m large enough). Recall that we denote 7 = 7,,,,
h = size(7,,) and k = ky,. Let Npj € IN be such that Ny ik < T < (Npj + 1)k. Multiplying equation
(7.62) by p(xxk,nk) and summing the result on K € 7 and n € IN yields

El,m + E2,m = 07

with
Ntk

Eim= Y > m(K)(up™ —uk)p(rw,nk)
n=0 KeT
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and
N i

Ban ==Y k> (3 mipubenon —pi) + G w% - G uk el nk).
n=0 KeT LeN(K)

It is shown below that

hm ELm = Tla (777)
where
1=~ [ [ ute.eledsdt — [ uoo)pla,0)da,
R, JQ Q
and that
hm E27m = T2a (778)
where

Tzz/]R+/Qu(a:,t)Vp(x)-V@(x,t)dxdt—/R+ /89a(x,typ(x,t)g(x)dy(x)dt.

Then, passing to the limit in E4 ,, + E3 ,, = 0 proves that u is the (unique) solution of (7.49), (7.51) and
concludes the proof of Theorem 7.1.

Let us first prove (7.77). Writing E ,, in the following way:

s (s, (n — 1)k) — p(ax, nk)
T, (N — — TK,N n
Eim=Y Y mE)ZE : P wg = m(K)ulep(ax, 0),
n=1 KeT KeT

the assertion (7.77) is easily proved, in the same way as, for instance, in the proof of Theorem 4.2 page
112.

Let us prove now (7.78). To this purpose, we need auxiliary expressions, which make use of the conver-
gence of the approximate pressure to the continuous one. Define E3 ., and Ejy ., by

Nt

Fap = Yok 30 (e —up) 2 | RCRDEE

d
n=0 K|LEEns K|L

Ntk
+n§::0kK§E;T(U?( —ul) /BKN)Q g(x)o(z,nk)dy(x)

and

(n+1)k
Eypm = n%n:\]/nk (/QuT,k(x,t)Vp(x) -Veo(z,nk)dr — /89 ﬂT,k(x,t)ga(x,nk)g(m)dv(m))dt.

We have Ey ,,, — T> as m — oo thanks to the convergence of ur 5 to u in L*>( x IR) for the weak-x
topology and to the convergence of iz to @ in L=(9QF x IRy ) for the weak-+ topology (the latter
convergence holds also in LP(9Q x (0,5)) for all 1 < p < oo and all 0 < S < oo). Let us prove that
|E3 m — E4m| — 0 as m — oo (which gives Es ,, — Th as m — 00).

using the equation satisfied by p leads to
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Ntk

Eim = Zk‘ Z (ule —ul) /KL o(z,nk)Vp(z) - ng, dy(z)

n=0 KlLeEint
Ntk

PRS- ) [ gla)ple k)i (o).

n=0 KeT OKNON
Therefore,

Ntk

Bum—EBim =3k 3 (i —up) [ (P45~ Vpla) i n)ee by (o)
n=0 K|LEEnt KL KIL
Ntk

SN DI (P = Vala) (o k) ()

n=0 KeT  LEN(K) AL
Using the equation satisfied by the pressure in (7.47) and the pressure scheme (7.53) yields

Nt

By = Evm = k> ui( Y /KlL(M — Vp(@) nic,n) (o, nk) — o, nk)dy()).

n=0 KeT  LEN(K) AL

Thanks to the regularity of ¢ and p, there exists C5 > 0, only depending on p, and Cg, only depending
on ¢, such that, for all K|L € &y,

PL — PK
dgr

|pL — PK
g1,
and, for all K € T,

1
— Vp(x) -nk.r) <| — m(KIL) / Vp(x) - ng rdy(x)| + Csh, Vo € K|L

lo(z,nk) — o(zk,nk)| < Csh, Vx € K, Vn € IN.

Thus,
Nt i
Bsn = Eanl < S 6> il (S Imnlor—pi) = [ Vi) i pdy(@)]) Coh
n=0 KeT LEN(K) KL
Ntk
+) kY ukl( ) m(K|L)CsCsh?),
n=0 Ke&T LeN(K)

which leads to |Es3 ,, — E4,m| — 0 as m — oo, using (7.56), (7.75) and the Cauchy-Schwarz inequality.
In order to prove that Es,, — T5 as m — oo (which concludes the proof of Theorem 7.1), let us show
that |E2 pm — E3m| — 0 as m — .

We get, using (7.58) and (7.63)

Nt

Esm= =Y k Y 7rp(uf —uk)(pr —pr)e(vi, nk)
n=0 K|LEEns
Ntk

SR () — ui) G p(ax, nk).

n=0 KeT
This yields
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Ntk
Es3 . — Ea = Zk Z Tr|L (Wi —ul)(pL — pK) P 1+
n=0 K|LEEim:
o (7.79)
Dok Y (uf — wj) G ok,
n=0 KeT
where
i ),
no = —— o(z,nk)dy(z) — p(xk,nk), VK € T, VL € N(K)
oL m(K|L) K|L
and

G gn = / (i, nk)g(2)dy(z) — G plaxc, k).
OKNoN

We recall that, for all z € 9Q, p(x,nk)gT(z) = ¢(x,nk)g(z), by definition of D(Q* x IR, ). Therefore,
there exists C7, which only depends on ¢, such that |¢% ;| < C7h and G(I;r)|¢?<| < Gg)Cﬁh, for all
K €T, L € N(K) and all n € IN. Therefore, using Lemma 7.2, we get |E3 ,,, — Fa | < C7h% which

yields |E3  — B3| — 0 and then Es ,,, — T» as m — oo. This concludes the proof of Theorem 7.1.
=

Remark 7.11 In the case of source terms, the convergence theorem 7.1 still holds. There are some minor
modifications in the proof. The definitions of Es ,,,, E3 ,, and Ey ,, change. In the definition of Ej ,,, the
quantity ng)ﬂ’}g — G(I;)u’}'( is replaced by ng)a?( — G(I;)u?{ + VI({HS’}'( — VI({)U’}'(. In the definition of
Es ., one adds

Ntk
k (u —s%) | v (z)e(z,nk)dx.
;::0 KEE:T K~ SK /K ¥

The quantity E3,, — E4,,, does not change and in order to prove E3,, — Es,, — 0 it is sufficient to
remark that there exists Cg, only depending on ¢, such that

|/ go(x,nk)v*’(x)dx — VI((+)30(xK,nk)| < VI(('HCgh.
K

7.4 Boundary conditions

In the industrial context, efficient numerical simulators are often developped after a long “trial and error”
procedure. The efficiency of the simulators may be evaluated, for instance, by the fact that the solution
satisfies some natural constraints and that it is in agreement with experimental data. In some cases,
estimates on the approximate solutions allow to obtain the convergence of some sequences of approximate
solutions as the discretization size tends to 0. However, it is not easy to give the answer to the following
question: “Which problem is the limit of the approximate solutions the unique solution to 77.

This paper will focus on the problem of boundary conditions needed in the discretization of non linear
hyperbolic equations or systems of equations; this problem is not yet clearly understood in many cases.
Two different cases will be presented: a two phase flow in a pipeline and a two phase flow in a porous
medium.
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7.4.1 A two phase flow in a pipeline

Description of the system A “simple” model for a two phase flow in a pipeline (see [60], for instance)
leads to a 3 x 3 system of conservations laws. The unknown w is a function from (0,1) x R in R?,
solution of the following system:

we + (F(w))z =0, x € (0,1), t € Ry, (7.80)

where (+); and (), denote the derivatives with respect to ¢ and z variables. The first two equations of
(7.80) give the mass conservation of the 2 phases (gas and liquid) and the third one is the momentum
equation for the mixture. The expression of the given function F' : R? — R? is quite complicated. It
takes into account thermodynamical laws and a hydrodynamical law. System (7.80) is hyperbolic: for
any w € R3, the Jacobian matrix DF (w) is diagonalizable in R. The three eigenvalues can be ordered:
A(w) < Ag(w) < Az(w). In real situations, the first eigenvalue, A1 (w) is negative and the third, A\3(w), is
positive (they correspond to some “pressure waves” which are related to a “sound velocity”). The second
eigenvalue, \2(w), corresponds to some mean velocity between the two phases and can change sign. One
can also note that the field related to this second eigenvalue is quite complicated because it is not, in
general, a genuinely non linear field or a linearly degenerate field. In petroleum engineering, the wave
associated to this second eigenvalue is a “void fraction wave”; engineers require a good representation of
this wave in the numerical simulations.

Remark 7.12 In real situations, the function F in System (7.80) also depends on x, in order to take
into account, for instance, the variation in the slope of the pipeline. Moreover, some source terms have
to be added to the system, in order to take into account, for instance, some friction terms.

In order to complete System (7.80), an initial condition is prescribed:

w(z,0) = wo(x), z € (0,1), (7.81)

and it is also necessary to give some boundary conditions. This appears to be not so easy. Indeed,
classically, a general principle is that the number of boundary conditions needs to be equal to the number
of positive eigenvalues of the Jacobian matrix at x = 0 and to the number of negative eigenvalues of the
Jacobian matrix at z = 1 (and these boundary conditions have to satisfy some compatibility conditions).
However, this principle is not so easy to understand when an eigenvalue changes sign during the simulation
(or in the case of a null eigenvalue). A very interesting case is the so called “severe slugging” case in
a pipeline. For this case, there are always two positive eigenvalues at x = 0 and two natural boundary
conditions are prescribed at x = 0, namely the fluxes of gas and liquid; these boundary conditions can be
taken constant in time. At x = 1, there is one natural boundary condition, namely the pressure (which
is the same for the two phases, in this model), to be prescribed. It can also be constant in time. The
true physical solution, which is measured by experiments (and the aim is to modelize these experiments),
is periodical in time and it appears that, at x = 1, the first eigenvalue is always positive and the third
one is always negative but the second eigenvalue changes sign during the simulation. In the sequel, one
presents different ways to take into account the boundary conditions and one gives a convergence result
in a simplified case.

Discretization of the problem In order to discretize Problem (7.80), (7.81) and some boundary
conditions, which will be introduced later, let h = % (with N € IN*) be the mesh size and k& > 0 be
the time step (assumed to be constant, for the sake of simplicity). The discrete unknown are the values
w € R3 for i € {1,...,N} and n € N. The discretization of the initial condition leads to

ih
o 1

w; wo(x)dz, i€ {1,...,N}. (7.82)

T h (i—1)h

For the computation of w}" for n > 0, one uses an explicit, 3-points scheme:
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h

E(w;”l —w!)+F', —F',=0,ie{l,...,N}, neN. (7.83)
2 2

Fori:e1,...,N — 1, one takes Fi’i% = g(w}',w}, ), where g is the numerical flux. It has to satisfy, in

particular, the classical consistency condition, namely g(a,a) = F(a), and needs to be chosen in order
to obtain some stability properties for the numerical scheme under a so called CFL condition on the
time step (see Sect. 5.5 for the study of a scalar model). In the case of two phase flow in a pipeline,
the classical numerical fluxes such as the Godunov flux (see [77]) or the Roe flux (see [128]) may not be
implemented, because of computational difficulties. A convenient choice is obtained with a simplified Roe
flux, namely g(a,b) = M + | A(a,b)|(a — b), where A(a,b) is some appoximation of the Jacobian
matrix, depending on a and b, but not satisfying the so called Roe condition, see [60].

Remark 7.13 In fact, for the simulation of a two phase flow in a pipeline, the magnitude of the so-
called fast eigenvalues, A1 and X3, is much greater than that of A2; the choice in [60] is to use an implicit
scheme with respect to the fast eigenvalues, whereas the eingevalue s, which corresponds to the void
fraction wave, is handled with an explicit second order discretization, since the void fraction wave needs
to be simulated precisely (see [60] for details).

Let us now define the fluxes I'{" and F; 41 at the boundary.
2 2

Boundary conditions for the discretized problem In order to compute T (and similarily Fy, 41 )
2 2

a good way is to know, or to determine, some artificial value wi € R? (and wl,,; € R?) and to take
Fg = go(wy,w?) (and F;\?}+§ = g1(wi, wR ;). The numerical fluxes go and g; can be chosen equal to
g, but this is not at all necessary (see the convergence result of sections 5.5 and 6.8); in fact, there are
numerous situations where one should take gg and g; different from g. Indeed, the scheme is often very
sensitive to the computation of the boundary fluxes and it is often worthwhile to use a more precise, but
also more expensive numerical flux (such as the Godunov flux, for instance) for the computation of the
boundary fluxes than for the computation of the interior fluxes. The difficulty is now to determine these
artificial values, wy and wy, ;.

Remark 7.14 In some cases, the choice of wy and wy,, is quite easy. A well known example is given
by the wall-boundary condition for the Euler equations (with a perfect gas state law or a more general
state law). For the sake of simplicity, let us mention the one-dimensional case; the generalization to a
multi-dimensional case is quite easy. The Euler equations may be written the form (7.80), corresponding
to conservation of mass, momentum and energy, with w = (p, pu, E)t, where p is the density of the fluid,
u its velocity, and E its energy. The wall-boundary condition at x =0 is u = 0, and the only component
to compute for the boundary condition is the second component of Fg which is equal here to the pressure

at x =0 (since u =0 at the wall), say p'y. The value w} may be computed from the values pT, ut and
2
pt. A natural choice for wy is to take py = pt, ugy = —u} and p§y = pt. The flux Fg (that is the value
P ) is then obtained with FT = go(w{,w}) and a convenient choice of the numerical flux go. We suggest
2 2

to choose gy as the Godunov flux (or as a linearized Godunov flux, see [19] for instance). Numerical
tests which were performed in [19] show that this choice is very satisfactory, even in the difficult case of
a strong depressurization at the boundary. These tests also show that the pressure obtained with the Roe
flux is not so satisfactory and neither is the choice p’g = p} which may seem natural (in particular, in

2D simulations, using a dual mesh obtained with a finite element primal mesh).

In most cases, however, the choice of wy and wy,, ; is not so easy. A possible method, which is described
in [53], is now layed out, for a fixed n and go given:

1. Compute DF (w?), its eigenvalues {\1, A2, A3} and a basis of R?, {1, @2, p3}, such that DF(w?)p; =
)\igoia 1= 1) 273
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2. Write w} on the basis {¢1, p2, @3}, namely w] = ai1p1 + az2p2 + azps,

3. Let p be the number of positive eigenvalues, compute wjj = 191+ P22+ 0303 and FY = go(w{, wi),
2

where the three unknowns 31, (2, and (3 are determined by the p equations stating the boundary
conditions (note that these equations involve the components of F7') and by the 3 — p equalities
2

67; = oy for \; < 0.

This method leads, at each time step, to a non linear system of 3 equations with 3 unknowns (except if
A; = 0 for some 4), namely (1, B2 and f3; note that some compatibility conditions are needed in order
that this non linear system has a solution. Several variants of this method are possible. For instance, a
boundary condition may be imposed on w{ rather than F g A similar method is, of course, possible at
point z = 1 (changing the role of positive and negative eigenvalues).

This method is not always satisfactory. In the case of severe slugging for the simulation of two phase flow
in a pipeline, the method seems to perform well at = 0, where the eigenvalues A\; and A\, are always
positive and the two boundary conditions (gas and liquid fluxes) are convenient. However, at @ = 1,
the second eigenvalue sometimes becomes negative and one needs a second boundary condition (the first
one is a condition on the pressure). A natural condition seems to be @; = 0, where @ is the second
component of the flux F', that is the liquid flux, but this condition does not lead to good results. Other
possible choices of this additional boundary condition at = 1 were tested and did not give good results.
A possible interpretation of this problem is the fact that the sign of Ay is computed with wf,. Roughly
speaking, it is “too late” when Aq(w},) becomes negative (see Sect. 5.5 for the study of a simple scalar
case). Indeed, good results (in agreement with experiments) are obtained with the unilateral condition
Qi > 0 (whatever the sign of A2(w§)). It consists in using the preceeding method (for the boundary
condition at 2 = 1) and in replacing, in the numerical scheme (7.83), the second component of F 1
by its positive part. Then, if A2(w}) < 0, two boundary conditions are given at = 1 (pressure and
Q= 0) and if A2 (w}) > 0, one boundary condition is given at z = 1 (pressure) but, in (7.83), the second
component of F +1 is replaced by its positive part.

We studied in Section 5.5 page 145 the sense of this boundary condition in the simplified scalar case.

7.4.2 Two phase flow in a porous medium

A second example is given by the modelization of a two phase flow, oil and water (for instance), in a
porous medium. Phases are immiscible. Compressibility and capillarity effects are neglected. The model
is obtained using the conservation of mass for each phase and Darcy’s law. This study is limited to the
one dimensional case. In this case the pressure can be eliminated and the problem is reduced to a single
equation, namely (5.48) with :

_ fiw)(a+ Bfa(u))
flu) = :
Ji(u) + fa(u)
The unknown is the saturation of one phase, say water, and is denoted by u. The quantity « is the total
flux, which is constant in space, thanks to the incompressibility of the phases. One assumes also that it
is constant in time and positive. The quantity 3 is the difference between the densities of the phases.
The functions f; and fy are the mobilities of the phases. The function f; is nondecreasing, regular and
satisfies f1(0) = 0. The function fo is nonincreasing, regular and satisfies fo(1) = 0. The function f; + fo
is bounded from below by a positive number.

(7.84)

Remark 7.15 For the equivalent two or three dimensional model, the pressure cannot be eliminated and
the resulting model is a coupled system of two partial differential equations and two unknowns (pressure
and saturation). The problem to which the limit of the approzimate solutions is solution is then much
more complicated to determine. See [49] for a partial study of this question.
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Here again, an initial condition is prescribed, namely (5.49), with ug € L*((0,1)), 0 < ug < 1 a.e.. The
boundary condition will be given later.
The numerical scheme is as in Sect. 5.5.1; it is given by (5.50) and (5.51) with (5.52). The choice of the
numerical flux, g, satisfying (C1)-(C3), is usually given, for this model, using an “upwinding phase by
phase”, that is (see [15], for instance) :

g(a,b) _ fl(a)(a—’—ﬁfQ( )) if —a—i—ﬂfl(a) S 0
Lt By (7.85)
m@mzfl at O if —a+ Bfi(a)>0

fi(a) + f2(b)

Let us then define fT and fy 41 On considers here the case of an injection of pure water at x = 0.
2 2
Then :

"—a, n>0. (7.86)

At z = 1, The boundary condition is quite complicated. A simple example is (see [56] for a more complete
study):

filuy)a
no= . 7.87
Ived = Flup) + o) 7

Then, the approximate solution is given with (5.50)-(5.52), g given by (7.85), and (7.86)-(7.87).

In order to prove that the approximate solutions converge, as h and k go to zero, and to determine
the problem which the limit of the approximate solutions is the unique solution to, one proceeds as
in Sect. 5.5.3. One has to find go and g; satisfying (C1)-(C3) and w,u € L*>°(R4) such that f7 and

f;\h%, respectively defined by (7.86) and (7.87), satisfy (5.53). This is again performed in [56]. The most
interesting case is obtained for 5 f1(1) > «a and when the function f is increasing on (0, uys) and decreasing
on (upr,1), as in Sect. 5.5.3. In fact, the main point is the existence of a unique wu,, € (0, 1)such that
f(um) = f(1) = a and that f is increasing on [0, u,,] and greater or equal to a on [y, 1]. Then, it is
quite easy to prove that (7.86) gives

fg == gG(umvurll)v
where gg is the Godunov flux given in Sect. 5.5.3.

For the boundary condition at z = 1, it is possible to construct (see [56]) a function g; : [0,1]> — R
satisfying (C1)-(C3) such that (7.87) gives :

fNir = a(uy, 1)

It is now possible to use Theorem 5.4.

Let L be a common Lipschitz constant for g (given by (7.85)), gg and g1 (on [0,1]?) and let ¢ > 0. If
k < (1 — ()%, the approximate solution uy, j, that is the solution defined by (5.50)-(5.52) (with g given
by 7.85), and by the boundary fluxes (7.86)-(7.87), takes its values in [0,1] and converges towards the
unique solution of (7.88) in LY (]0,1] x Ry) for any 1 < p < oo, as h — 0:

loc
u e L*®((0,1) x (0,00)),
/ / (u—K) e+ signg (u— ) (F(u) — F(x))p,)dedt

+M/ £0(0, t)dt+M/ (1 —r)Ep(1,t)dt (7.88)

+/ (ug — k) o(x,0)dz > 0,
Wi € [0,1], Vi € CL(0,1] x [0,00), Ry,
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where M is a bound for |f’| on [0,1] (f is given by (7.84). As in Sect. 5.5.3. It is possible to give the
sense of the boundary condition if u is regular enough. Indeed, let u be a regular solution of (7.88). Then,
u satisfies the boundary conditions in the sense given by [9], that is :

sign(u(0,t) — wm)(f(u(0,t)) — f(K)) <0, V& € [tm, u(0,t)], for a.e. t € Ry,
(f (u(1,t

t = f(r)
sign(u(1,t) — )(f(u(1,t)) — f(k)) >0, V& € [1,u(1,t)], for a.e. t € Ry,
)

with [a,b] = {ta+ (1 — )b, t € [0,1]} and sign(s) =1 for s > 0, sign(s) = —1 for s < 0, sign(0) = 0.
This gives w(0,t) = uy, or w(0,t) = 1 and u(1,t) < uy, or u(l,t) = 1. In particular, at x = 0, one has
f(u(0,t)) = « (only water is injected) and, at x = 1, f(u(1,?)) < a if u(1,t) < u,, (which states that
there is some oil production).
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